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Abstract

Intermodulation distortion is one of the key design re-
quirements of Radio Frequency circuits. The standard ap-
proach for analyzing distortion using circuit simulators is
to mimic measurement environments and compute the re-
sponse due to a two-tone input. This considerably increases
the CPU cost of the simulation because of the large num-
ber of variables resulting from the harmonics of these two
tones and their intermodulation products. In this paper, we
propose an analytical method for directly obtaining the in-
termodulation distortion from the Harmonic Balance equa-
tions with a only single-tone input, without the need to
perform a Harmonic Balance simulation. The proposed
method is shown to be significantly faster than traditional
simulation based approaches.

1. Introduction

Technological advances and recent trends in consumer
products have lead to a significant increase in the complex-
ity of wireless communication circuits. At the same time,
the commoditization of wireless components has consider-
ably increased competition and made reducing the design
cycle, and thus the time-to-market, an important compet-
itive advantage. These factors have placed increasing de-
mands on existing Computer Aided Design (CAD) tools,
due to increases in circuit complexity and the requirement
for faster simulations. Therefore new more efficient simu-
lation and design automation algorithms are required. One
of the main design specifications for Radio Frequency (RF)
circuits is that of linearity, and one of the key figures of
merit that RF circuit designers rely on for analyzing the lin-
earity of the circuit is that of the third order intercept point
(IP3) [6], which is the subject of this paper.

There are two main classes of techniques for comput-
ing the value of IP3 in a circuit. The first are methods that
are analytical in nature, and are primarily based on Volterra

Series techniques [8]. The Volterra kernels provide an ef-
ficient way to obtain the intermodulation distortion. How-
ever, such approaches require complex analytical manipu-
lations of circuit expressions in order to derive the higher
order Volterra kernels necessary for the computation of IP3.
This makes such methods very difficult to automate for arbi-
trary circuits and nonlinearities. The second class of meth-
ods used for obtaining IP3 are simulation based approaches
which rely on computation of the steady-state response of
the circuit due to a multi-tone input, such as the Harmonic
Balance (HB) method [3], [5]. The value of IP3 is then
determined from the output spectrum. While such meth-
ods are fully automated, the computation of the steady state
response requires a large CPU cost due to the presence of
multi-tone inputs, thereby making them inefficient.

In this paper we propose a semi-analytical method for
obtaining the IP3 of a circuit. The new method is analytical
in the sense that it does not rely on performing a multi-tone
simulation using a steady-state analysis technique (such as
the Harmonic Balance method), but is rather based on com-
puting the relevant Volterra kernels in the frequency do-
main. However, we use the term semi-analytical because
these Volterra kernels are in fact computed numerically, and
the computation is done directly from the original harmonic
balance equations of the circuit. It is to be noted that while
the HB equations are used in the proposed approach, their
solution is not required. This approach also eliminates the
need to perform complex analytical manipulations which
are topology dependent and makes the method easily au-
tomated for arbitrary topologies. The computation com-
plexity of obtaining these kernels is now reduced to solving
a set of linear and sparse equations where the number of
variables is due to only a single-tone input. This makes it
very efficient compared to a traditional Harmonic Balance
simulation which requires the solution of a set of nonlin-
ear equations with a dense Jacobian matrix. Furthermore,
the fact that only the single-tone equations are required (as
opposed to the simulation based approaches which require
multi-tone equations) significantly reduces the number of
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variables in the system and thus the CPU cost, while retain-
ing the generality and accuracy of the method. As shown in
the examples in Section 7, a very large CPU speedup can be
achieved over traditional HB simulations.

This paper is organized into eight sections. Following
the introduction, Section 2 outlines the Harmonic Balance
formulation of a system and Section 3 outlines the single-
tone formulation of IP3. An overview of the proposed
method is then presented in Section 4 with the details of
the derivation in Section 5. The method for computing the
moments is described in Section 6. Two numerical exam-
ples are shown in Section 7 in order to illustrate the speedup
and accuracy of the new method, followed by conclusions
in Section 8.

2. Harmonic Balance formulation

One of the main advantages of the proposed method is
that the computation of the Volterra Kernels is done directly
from the Harmonic Balance equations of the circuit, and can
thus be easily automated for arbitrary circuit topologies. In
this section we will review the formulation of the Harmonic
Balance method, which is one of the standard methods for
calculating the steady-state solution of such a system. In
this approach, the periodic solution is expressed as a trun-
cated series of cosines and sines at the harmonics of the
inputs as well as the intermodulation products given by

x(t) = a0 +
H∑

k=1

(ak cos(ωkt) + bk sin(ωkt)) (1)

This transforms the Modified Nodal Analysis (MNA) [2]
circuit equations into a set of nonlinear algebraic equations
with the amplitudes of the sine and cosine coefficients as the
unknowns. The HB equations can thus be expressed as [5],

ḠX + C̄X + F (X) = Bdc + αBac, (2)

where X ∈ �Nh is a vector of unknown cosine and sine
coefficients for each of the variables in x(t). In this expres-
sion, Ḡ ∈ �Nh×Nh is a block matrix representing the con-
tribution of the linear memoryless elements, C̄ ∈ �Nh×Nh

is a block matrix representing the contribution of the lin-
ear memory elements at the frequencies of operation, α is
the amplitude of the input RF signal and Bac is a vector
showing the location of the input tone frequencies. Bdc is a
vector containing the contributions of the DC independent
sources. The size Nh of this system is typically very large
due to the large number of harmonics and intermodulation
products present in the case of multi tone inputs. Further-
more, the Jacobian of (2) is typically dense. This results in
a large CPU cost in the computation of the system solution
and the value of IP3.
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Figure 1. Definition of the input and output
third order intercept points.

3. Single-tone formulation for IP3

In this section we define the third order intercept point,
and derive a single tone expression for computing IP3 using
Volterra kernels which will lay the foundation for our pro-
posed algorithm described in the following sections. The
third order intercept point (IP3) is a measure of the third or-
der nonlinearity in a circuit. It is defined by taking note of
the fact that for low input powers, the output of a circuit with
two input tones (ω1 and ω2) behaves as follows: The funda-
mental tones (ω1, ω2) increase linearly with the input with a
slope of 1 on a dB scale, while the third order intermodula-
tion (IM3) products (2ω1 − ω2, 2ω2 − ω1) increase linearly
with the input with a slope of 3 on a dB scale. IP3 is defined
as the intersection of these two lines as shown in Fig. 1. The
output referred IP3 (OIP3) is simply the input referred IP3
(IIP3) adjusted by the gain of the system. Mathematically,
the input referred IP3 can be expressed as [7]

IIP3 = Pi +
1
2
[Po1 − Po3] (3)

where Pi is the input power, Po1 is the output power at the
fundamental frequency (ω1 or ω2), and Po3 is the output
power at the IM3 frequency (2ω1 − ω2 or 2ω2 − ω1). Note
that this definition inherently assumes that the fundamental
frequencies are in the pass band, and are sufficiently close to
each other so that the output powers at the two fundamen-
tal frequencies are the same, and the output powers at the
two intermodulation frequencies are the same. The standard
simulation based approach for obtaining IP3, is to perform
a multi-tone simulation using a steady state analysis method
such as the Harmonic Balance technique and then compute
IP3 from the HB solution using (3).

The value of IP3 can also be expressed analytically in
terms of the Volterra kernels. Note that it is possible to de-



fine IP3 both in terms of the upper side tones and the lower
side tones as follows [8],

IIP3 =

√
4|H1(jω1)|

3|H3(jω1, jω1,−jω2)| (4)

IIP3 =

√
4|H1(jω2)|

3|H3(jω2, jω2,−jω1)| (5)

Both definitions of IP3 in (4) and (5) are equally valid, and
since the two fundamental tones are typically chosen in the
passband and close enough to each other on the frequency
spectrum such that

H1(jω1) ≈ H1(jω2) (6)

H3(jω1, jω1,−jω2) ≈ H3(jω2, jω2,−jω1) (7)

the value of IP3 found using either (4) or (5) would be ap-
proximately the same. However, if the two input fundamen-
tal frequencies are chosen sufficiently far away from each
other such that (6) and (7) are no longer valid, the standard
definition of IP3 is no longer valid.

Note that the presence of two input tones in the above
formulations is simply to be consistent with measurement
and simulation based approaches where two input tones are
necessary in order to obtain the intermodulation product.
When the values of the Volterra kernels can be analytically
obtained for a given frequency, the approximations in (6)
and (7) are no longer necessary, and the intercept point IP3
can now be defined using only a single tone (ω1) as

IIP3 =

√
4|H1(jω1)|

3|H3(jω1, jω1,−jω1)| (8)

It is also important to note that the formulation in (8) gives
almost identical results as (4) because for ω1 ≈ ω2,

|H3(jω1, jω1,−jω2)| ≈ |H3(jω1, jω1,−jω1)| (9)

and any small variations are simply a matter of definition.

4. Overview of the proposed method

In this paper, we propose a semi-analytical approach to
evaluate the expression in (8), thus eliminating the need to
consider 2 input tones. The general steps of the proposed
approach are as follows. First, the single-tone moments of
the Harmonic Balance (HB) equations are computed, then
the values of the appropriate terms in equation (8) are ex-
tracted from the moments and used to compute IP3. Note
that the HB simulation is not performed in this proposed
approach, in fact the computation of the moments requires
the solution of a sparse set of linear algebraic equations and

1. Set up the single tone Harmonic Balance equations

according to the formulation shown in (2).

2. Calculate the moment vectors (An;n ≥ 0) defined

by (10) using only a single-tone simulation.

3. Obtain the single-tone Volterra kernels numerically

from the entries in the moment vectors at the

fundamental frequency locations of the first and third

moment vectors according to (22).

4. Determine the distortion by calculating the third order

intercept point according to (8).

Figure 2. Summary of the proposed algo-
rithm.

is thus much cheaper than finding the solution of the non-
linear HB equations which have a dense Jacobian. Further-
more, since only one tone is required to obtain the results,
the number of variables in the equations is considerably re-
duced (as will be illustrated in the numerical examples in
Section 7). This translates into a significant saving in CPU
cost. Finally, since this method is based on the HB equa-
tions, it is general for any circuit topology and is easily
automated. A summary of the main steps of the proposed
method’s algorithm is shown in Fig. 2. The details of the
method are presented in the next sections. In Section 5 the
moments of the Harmonic Balance equations are defined
and a relationship is derived in order to obtain the required
Volterra kernels from these moments.

5. Moments based computation of IP3

Consider a circuit whose Harmonic Balance equations
are given in (2). The Taylor Series expansion of the output
solution vector X with respect to the input RF power α is,

X = A0 + A1α + A2α
2 + A3α

3 + . . .

=
q∑

k=0

Akαk (10)

where Ak is the kth moment vector. As outlined in the pre-
vious section, the first step of the proposed algorithm is the
computation of the moments Ak efficiently (the details of
this step are outlined in Section 6). The next step of the al-
gorithm is to extract the terms required to compute equation
(8) from the moments. In this section, we focus our atten-
tion on this second step and derive the relation between the
single-tone moments and the terms in (8). This is first done
for memoryless circuits for illustrative purposes, and then
generalized for circuits with memory.



5.1. Memoryless case

To simplify the presentation, we first consider a memo-
ryless system. The output variable y is expressed as a power
series of the input v. The input output relationship can be
written as,

y = k0 + k1v + k2v
2 + k3v

3 + · · · =
∑

n

knvn (11)

In a single tone test, the input signal is defined as v =
α cos(ωt), with ω being the input RF frequency. Substi-
tuting this expression into (11), truncating after k3, and ex-
panding using trigonometric identities we obtain

y = k0 + [k1 cos(ωt)]α + [
k2

2
+

k2

2
cos(2ωt)]α2 +

[
k3

4
cos(ωt) +

3k3

4
cos(3ωt)]α3 (12)

By comparing (12) with (10), the location of the kn terms
in the system moment vectors Ak can be determined. The
relation given by (13) shows the contents of the first four
moment vectors at the three harmonic frequencies.∣∣∣∣∣∣∣∣∣∣∣

DC
ω
2ω
3ω
...
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0
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⎡
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0
k1

0
0
...

⎤
⎥⎥⎥⎥⎥⎦
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A1

⎡
⎢⎢⎢⎢⎢⎣

1
2k2

0
1
2k2

0
...

⎤
⎥⎥⎥⎥⎥⎦

︸ ︷︷ ︸
A2

⎡
⎢⎢⎢⎢⎢⎣

0
3
4k3

0
1
4k3

...

⎤
⎥⎥⎥⎥⎥⎦

︸ ︷︷ ︸
A3

(13)

5.2. Circuits with memory elements

In the case of systems with memory (i.e. containing en-
ergy storage elements such as capacitors and inductors), a
fundamentally similar analysis can be performed. The ad-
ditional complexity here comes from the fact that the output
is now represented as a Volterra series rather than a power
series. In this case a relation between the system moments
and the Volterra kernels, which is similar to equation (13),
can be derived. In order to derive these relationships we first
consider the system representation in terms of the Volterra
series,

y(t) = H1(v(t)) + H2(v(t)) + · · · + Hn(v(t)) (14)

where y(t) is the output of the system H(t), with v(t) being
the input. Hi(t) is the ith Volterra operator and is of the ith

order [8]. To determine the location of the kernels in the
moment vectors we substitute the expression for an input
function with a single tone of amplitude α, similar to the
case of memoryless systems, which is given by

v(t) = α cos(ωt) (15)

=
α

2
ejωt +

α

2
e−jωt (16)

= va(t) + vb(t) (17)

into (14). Truncating the resulting equations after n = 3
we obtain the following expressions for each Volterra oper-
ator [8]

H1(v(t)) = H1(va) + H1(vb) (18)

H2(v(t)) = H2(va) + H2(vb) + 2H2(va, vb) (19)

H3(v(t)) = H3(va) + H3(vb) + 6H3(va, vb, vb)(20)

Upon evaluation of all the terms in (18), (19) and (20), we
can then substitute the resulting expressions into (14). Fi-
nally, we rearrange the resulting expression by grouping
like powers of α to obtain the following input output re-
lation

y = H0 + [Re(H1(jω)ejωt)]α +

[
1
2
Re(H2(jω,−jω)) +

1
2
Re(H2(jω, jω)ej2ωt)]α2

+[
3
4
Re(H3(jω, jω,−jω)ejωt) +

1
4
Re(H3(jω, jω, jω)ej3ωt)]α3 (21)

The Volterra Series expression in (21) is similar to the
expression shown in (12) which proves that the proposed
method is essentially the numerical computation of the
Volterra kernels evaluated at a single frequency. In a similar
fashion to memoryless systems, the location of the parame-
ters to compute the value of the third order intercept point
are the entries in bold found in the moment vectors, given
by ∣∣∣∣∣∣∣∣∣∣∣

DC
ω
2ω
3ω
...
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Frequency

→
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→
→
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|H1(jω)|

0
0
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⎤
⎥⎥⎥⎥⎥⎦
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A1

⎡
⎢⎢⎢⎢⎢⎣

0
3
4 |H3(jω, jω,−jω)|

0
1
4 |H3(jω, jω, jω)|

...

⎤
⎥⎥⎥⎥⎥⎦

︸ ︷︷ ︸
A3

(22)

For the case of memoryless systems, the expressions for
these kernels simplify to the terms k1 and k3 in (13).

6. Computation of the moments

In this paper we use the algorithm proposed in [1] in or-
der to compute the moments of the Harmonic balance equa-
tions as defined in (10). In this section, we present a brief
overview of the algorithm of [1] in order to show the com-
putational efficiency of obtaining the moments as compared
to a traditional multi-tone Harmonic Balance simulation.
Note that in this paper, only the moments due to a single
tone input are required, while a simulation based computa-
tion of IP3 requires a multi-tone Harmonic Balance simula-
tion.



The moments of a system are defined as the coefficients
of the Taylor series expansion of the solution vector X of
the system described by (2) with respect to the input RF
power α. If the solution is expressed using (10), then Ak

are the k moment vectors. The zeroth moment vector A0,
is obtained by simply finding the DC solution of the system
described by (2). The first moment vector A1, is then found
by solving the system of equations given by

ΦA1 = Bac (23)

where,

Φ = Ḡ + C̄ +
∂F (X)

∂X

∣∣∣∣
(α=0)

(24)

In this relation, the first moment vector can be obtained us-
ing one LU Decomposition to solve (23). It is important
to note that the matrix Φ has the same structure as a Jaco-
bian matrix but is evaluated only at DC which makes it very
sparse. As for the remaining moment vectors An, these are
found by solving the following recursive relation

ΦAn = − 1
n

n−1∑
j=1

(n − j)T jAn−j (25)

The right-hand side of equation (25) is calculated using the
values of the previous moments (An−j) that have already
been obtained, in addition to the values of the partial deriv-
atives of the non-linear vector functions with respect to the
solution vector (T j). As can be seen from (2), (23) and
(25), the computation of the moment vectors is a solution
of a set of linear algebraic equations where the left-hand-
side matrix is the same throughout and is therefore very
efficient. Furthermore, this left-hand-side matrix is essen-
tially the single tone Harmonic Balance jacobian evaluated
at DC, which is a very sparse matrix compared to a typical
Harmonic Balance jacobian.

7. Numerical examples

In this section we compute the value of IP3 using the pro-
posed approach and compare it to that obtained using tradi-
tional approaches to demonstrate the accuracy and speedup
of the method on two example amplifier circuits.

7.1. Example 1

The first example considered is the Two Stage Low
Noise Amplifier circuit shown in Fig. 3 [4]. This circuit is
matched to 50Ω source and load impedances at a frequency
of 500 MHz. The input and output matching networks in
addition to the biasing circuitry and DC blocking capaci-
tors are also shown in Fig. 3. The input RF voltage signal
has an amplitude of 1mV (input RF power of -47dBm when
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Figure 3. Two-stage low noise amplifier circuit
diagram.

Table 1. Comparison of CPU cost between the
proposed method and the Harmonic Balance
solution for circuit of example 1.

Harmonic Proposed Overall
Balance Method Speedup

CPU time 30.73 s 0.14 s
Jacobian Size 2825 x 2825 375 x 375 219
IIP3 [dBm] -9.76 -9.56

matched to a 50Ω source impedance). In order to measure
the IP3 of the circuit, the brute force simulation approach
was first used by applying two -47 dBm tones at the RF in-
put, with f1 = 500 MHz and f2 = 501 MHz, and performing
a standard Harmonic Balance analysis. The calculated IIP3
in this case was -9.76 dBm.

The distortion was then analyzed using the proposed ap-
proach by computing the moments of the system using only
a single-tone test at f = 500 MHz. The Volterra kernels at
the output fundamental frequency in the first and third mo-
ment vectors were then extracted, and the value of IIP3 was
computed. In this case the resulting value of IIP3 was found
to be -9.56 dBm, therefore showing a discrepancy of around
0.20 dBm with the original two-tone test. It is important to
note that this discrepancy occurs due to the difference in the
definition of IP3, rather than numerical error. A comparison
of the CPU times between the proposed method and the HB
solution using a prototype Matlab simulator and seven har-
monics is shown in Table 1. As can be seen, the proposed
method presents a speed-up of 219 times over the Harmonic
Balance solution.
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7.2. Example 2

The second example considered is a BJT differential am-
plifier circuit with emitter degeneration inductors as shown
in Fig. 4. A current mirror topology is used to implement
the DC bias current source. The input and output match-
ing networks in addition to the DC voltage biasing circuitry
to set VBB1 and VBB2, are not shown in Fig. 4. The input
RF voltage signal has an amplitude of 0.1mV (a power of
-67dBm matched to 50Ω source impedance). Once again,
the linearity of the circuit was measured first using the Har-
monic Balance method by applying two -67 dBm tones at
the RF input, with f1 = 1.000 GHz and f2 = 1.001 GHz,
and performing a standard Harmonic Balance analysis. The
value of IIP3 in this case was found to be -7.24 dBm.

The value of IIP3 was then obtained using the proposed
approach by computing the moments of the system using
only a single-tone test at f = 1 GHz. After computing the
moments, the Volterra kernels at the output fundamental fre-
quency in the first and third moment vectors were extracted,
and the value of IIP3 was computed. In this case the re-
sulting value of IIP3 was found to be -7.20 dBm, therefore
showing a discrepancy of around 0.04 dBm with the origi-
nal two-tone test. A comparison of the CPU times between
the proposed method and the HB solution using a prototype
Matlab simulator and seven harmonics is shown in Table 2.
As can be seen, the proposed method presents a speed-up
of 415 times over the traditional Harmonic Balance solu-
tion. It is important to note that the speedup becomes more

Table 2. Comparison of CPU cost between the
proposed method and the Harmonic Balance
solution for circuit of example 2.

Harmonic Proposed Overall
Balance Method Speedup

CPU time 64.81 s 0.16 s
Jacobian Size 3277 x 3277 435 x 435 415
IIP3 [dBm] -7.24 -7.20

significant using a single-tone analysis, as the number of
nonlinear elements present in the system increases.

8. Conclusion

In this paper, a new simulation method for measuring
distortion at the output of a non-linear circuit based on the
calculation of the system moments with respect to a single-
tone input was presented. The new approach is applicable
to arbitrary circuit topologies and was shown to be accurate
when compared to two-tone Harmonic Balance simulations.
This method presents significant reduction in the size of the
system over two-tone methods, therefore providing signifi-
cant CPU speed-up.
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