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Abstract—Modern multi-FPGA systems often integrate multiple
dies to expand logic capacity and address the increasing complex-
ity of integrated circuit designs. To overcome the limitations of
physical I/O pins, these systems typically employ time-division
multiplexing (TDM) technology. However, higher TDM ratios
introduce considerable signal delays, resulting in higher critical
connection delays. This paper focuses on optimizing the TDM
ratio to tackle this challenge. We formulate the TDM ratio
assignment problem as a block-angular convex program and
solve it using Lagrangian decomposition, obtaining a (1 + ¢)-
approximate solution for any given ¢ > 0. We further introduce a
delay-aware TDM wire assignment scheme to achieve efficient
signal assignment. Experimental results demonstrate that our
method enables efficient, high-quality die-level routing in modern
multi-FPGA systems, achieving up to 10.8% reduction in critical
connection delay compared to the state-of-the-art approaches.

Index Terms—Die-level multi-FPGA systems, Time-division
multiplexing, Lagrangian decomposition

I. INTRODUCTION

With the growing complexity of large-scale integrated cir-
cuit (IC) designs [1], a single field-programmable gate array
(FPGA) can no longer provide sufficient logic capacity or per-
formance. Consequently, multi-FPGA systems have become an
important platform for IC logic emulation and prototyping [2].
To further align with larger design scales and higher operating
frequencies, 2.5D packaging technology has integrated multiple
dies within a single FPGA package [3], forming die-level multi-
FPGA systems that significantly enhance logic resources.

Fig. 1(a) illustrates a die-level multi-FPGA system, where
each FPGA comprises multiple dies interconnected through a
limited number of Super Long Lines (SLLs) [4], [5]. Inter-
FPGA communication occurs through physical inter-die con-
nections (Fig. 1(b)), constrained by the limited I/O pins [6].
To improve bandwidth utilization, time-division multiplexing
(TDM) is widely employed in multi-FPGA systems [7]. TDM
partitions each clock cycle into multiple time slots and assigns
them to different signals, so that multiple signals can share
the same physical wires and pins, resulting in significantly
enhanced channel utilization. Fig. 1(c) illustrates that TDM slot
allocation may vary across different physical wires.

In multi-FPGA systems, system routing is a critical step for
generating the routing topology and assigning TDM ratios to
inter-FPGA signals [8]. While traditional FPGA-level routing
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Fig. 1. (a) A multi-FPGA system with 2 FPGAs and 8 dies, interconnected via
multiple physical wires (SLLs or TDM wires); (b) TDM I/O implementation;
(c) Clock waveform and transmission schedule of signals on the two wires
connecting Die 0 and Die 4.

treats each FPGA as a single monolithic device and focuses
solely on inter-FPGA connections, die-level routing requires
precise signal routing across multiple dies. Moreover, inter-
FPGA communication typically relies on TDM to share limited
channels, which introduces additional signal delays [9] and
increases the overall problem complexity.

Most existing work focuses on FPGA-level routing [10] and
on optimizing the maximum total TDM ratio of NetGroups.
Lin et al. [11] used an approximate Steiner tree [12] for initial
routing and Lagrangian relaxation for TDM ratio assignment.
Zou et al. [13] proposed a weighted Steiner tree routing with
a redistribution strategy to address net imbalance during TDM
ratio assignment. Zheng et al. [14] proposed a hybrid maze
[15] and fast minimum terminal spanning tree [16] routing
for multi-FPGA systems, with competition-based TDM ratio
assignment. Zhuang et al. [17] employed Dijkstra-based routing
for inter-FPGA nets and system-level delay optimization to
minimize the maximum TDM ratio of NetGroups. Lin et
al. [18] introduced a sequential method that first generates high-
quality routing topologies through pre-routing and congestion
evaluation, followed by network-based TDM ratio allocation.

In the academic literature on die-level routing, Huang et
al. [3] combined the minimum Steiner tree algorithm with a
maze routing algorithm for the routing and applied dynamic
programming to assign TDM ratios. However, their method
lacks scalability for large designs. Wang et al. [8] proposed
a balanced routing algorithm that jointly optimizes connection
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delay and resource usage on SLL and TDM edges, using
Lagrangian relaxation [19] and margin-aware TDM ratio le-
galization, though without approximation guarantees.

In this paper, we propose a scheme for TDM ratio and TDM
wire assignment in die-level multi-FPGA systems, aiming to
minimize the critical connection delay. The main contributions
of this work are summarized as follows:

o We formulate the initial TDM ratio assignment problem
as a block-angular convex program, ensuring a provable
(1 + ¢)-approximation guarantee for any given ¢ > 0,
and employ a Lagrangian decomposition algorithm to
approximate the optimal solution.

o« We propose a delay-aware TDM wire assignment algo-
rithm that assigns signals to physical TDM wires while
minimizing local delay increments.

o Compared with the state-of-the-art method, our approach
achieves a 10.8% reduction in critical connection delay on
die-level multi-FPGA routing contest benchmarks.

The rest of this paper is organized as follows: Section II
introduces the preliminaries. Section III presents the die-level
routing method. Section IV details the initial TDM ratio assign-
ment and TDM wire assignment algorithms. Section V reports
experimental results, and Section VI concludes the paper.

II. PRELIMINARIES

This section introduces the die-level multi-FPGA system
model, presents its design constraints, defines the routing
problem, and outlines our proposed framework.

A. Die-Level Multi-FPGA System Model

In this work, the die-level multi-FPGA system is represented
as an undirected graph G(V, E), with a corresponding set of
netlists N specified as follows:

e Each vertex v € V represents a distinct die in the
system. Each edge e € E corresponds to a physical
connection between two dies, with capacity Cap, denoting
the number of physical wires in this connection. We define
Esrr, and Eppy as the sets of SLL and TDM edges,
respectively.

o The netlist set N contains the nets to be routed, where
each net n € N has a single driver node and a set of load
nodes. The dies hosting these nodes must be connected
through edges e € E.

o For each net n, the sequence of routing edges traversed
from its driver node to a load node forms a routing path
p. The set of all such paths for net n is denoted by P,
and the set of all paths in the system is P = (J,,cn Pn-

B. Design Rules

The die-level multi-FPGA routing problem is subject to the
following constraints:

(1) SLL edge constraints. Each physical wire on an SLL
edge can carry at most one signal. Thus, for any e € Egr1,,
the number of routed signals must not exceed Cap,.

(2) TDM ratio constraints. Let r,, denote the TDM ratio
of the signal associated with net n on TDM edge e. Each
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Fig. 2. Overview of the algorithmic framework.

Tne Must be an integer multiple of the TDM ratio step
Arp. For an edge e with capacity Cap,, the sum of the
reciprocals of the TDM ratios of all multiplexed signals
must not exceed Cap,.

(3) TDM wire constraints. An edge e € Erpyy consists of
Cap, parallel physical wires. For each physical wire, the
signals assigned to it must have the same 7., and the
sum of the reciprocals of these ratios must not exceed
1. All signals on the same physical TDM wire must be
transmitted in the same direction.

(4) Delay rules. The delay of a path p € P is defined as
the sum of the delays of all edges composing that path.
For e € Egyp, the signal delay is a constant dsry,. For
e € Erpu, the signal delay is expressed as dg + dy - Tye,
where n is the net to which path p belongs and dj and d;
are constants.

C. Die-Level Multi-FPGA Routing Problem Formulation

The problem can be formulated as follows:

Given: A graph G(V, E), a set N of nets.
Task: Find the routing paths from driver to load nodes for
each net, assign TDM ratios to the signals on edges
e € Erpwu, and assign the signals to specific physical
wires, with the objective of satisfying the design rules
and minimizing the critical connection delay:

min max E
peEP

e€(pNETpm)

(do+dy-mne) +dbiy | s

P _
where dsLL = Zee(pﬁESLL) dsLL.-

D. Overview

The overall workflow of our approach is illustrated in Fig. 2
and consists of two main stages:

o Inter-Die Routing: Each multi-fanout net is decom-
posed into die-to-die connections and routed using the
negotiation-based path-finding algorithm, which satisfies
the SLL edge constraints.

« TDM Ratio Assignment: We formulate the initial TDM
ratio assignment as a block-angular convex program and
solve it using a Lagrangian decomposition method, yield-
ing a (1 + ¢)-approximate solution. Then, a delay-aware



TDM wire assignment algorithm is employed to assign
signals to physical wires, subject to the TDM ratio
constraint and TDM wire constraint.

III. DIE-LEVEL ROUTING IN MULTI-FPGA SYSTEMS

In the die-level routing stage, we follow the weight and
cost calculation formulations proposed by Wang [8]. In this
approach, each multi-fanout net is decomposed into die-to-die
connections, which are routed in descending order of their
routing weights. These weights are precomputed using the
Floyd—Warshall algorithm [20].

Routing is performed iteratively using a negotiation-based
path-finding algorithm [21], [22], which determines a path
for each connection while estimating the costs of both SLL
and TDM edges to balance resource utilization and connection
delay. The edge cost in [8] is defined as:

K We, e € Egr1,

COSte - d A demand. E
k{do+ Arpm + TG ). € € Erpm

where the SLL edge weight w, is set to 1 if the number of
nets on the die is less than half of the SLL capacity, and to
|V |41 otherwise. The factor x € (0, 1] balances edge reuse and
connection delay, while demand, denotes the number of signals
routed through edge e. By iteratively increasing the costs of
congested edges, the algorithm produces routing solutions that
satisfy the SLL edge capacity constraint.

IV. TDM RATIO ASSIGNMENT OPTIMIZATION

In this section, we formulate the initial TDM ratio assign-
ment problem as a block-angular convex program and then
solve it using the Lagrangian decomposition method with
theoretical guarantees. Subsequently, the proposed delay-aware
TDM wire assignment algorithm is applied to assign signals to
physical TDM wires.

A. Block-Angular Convex Programming
For each TDM edge e € Erpy, the feasible TDM ratio is

X = {xe = (Tne)nENe

where N, denotes the set of nets traversing edge e. Each vector
x® € X*° represents a possible assignment of TDM ratios 7.
for the nets using edge e. The global assignment is

reX = H Xe.

e€Erpm

Tne € [ATDM7 OO)} )

z=(z',... ,x‘ETDMl)T7

Here, ] denotes the Cartesian product of X¢€.
For each path p, let m, = |[p N Erpwm|. If m,, > 0 define

e dg
dc :d0+ SLL7

mp

f;(xe) = Jce + dlrnev

Accordingly, the connection delay of path p is expressed by:

fl@)= Y Y ).

e€(pNETpm™m) e€(pNETpm)

(d0+d1'rne)+d§LL =

Introducing an auxiliary variable )\, the problem can be equiv-
alently written as:

)y

e€(pNErpm)

foa®) <A VpeP
¥ :min{)\ }
¢ e X¢,

Ve € Erpum

Lemma 1: The above optimization problem exhibits a block-
angular convex structure.
This follows directly from the conditions for block-angular
convex programs established in [23], [24].

B. Lagrangian Duality Relation and Block Solver
Let fe(x°) = (f£(®),..., fo(z*))" : X — RIPl and
F(@) =Y echopy F9(2¢) : X — RIFL Then the problem can
be written as
X' = min{A(e) = max{fi(e), .., fo(a)}}
= mi < .
min{A | f(z) < Alp} M

By von Neumann’s minimax theorem [25], \* admits the
following equivalent saddle-point representation:

* = mi L = in L
A min max (z,y) max min (,y),

where the dual variable y belongs to the unit simplex
Y={yeRF|1Ty=1y>0}.
The Lagrangian is

Liz,y)= Y Ly = > v f@)=y"fla)

e€Erpm e€Erpm

For each block e, define the local problem

I°(y) = min L°z%y) = min y” f¢(z°).

zeeXe zeeXe

Then the dual value decomposes:

To solve these block problems efficiently, we propose a block
solver which takes y € lel as input and returns x¢ € X°
such that 1¢(y) = y' f¢(z°) < o - opt,.(y), where opt,(y)
denotes the optimal block value and ¢ > 1 is the approximation
factor. The block solver approximately minimizes the block
Lagrangian associated with edge e:

miny ' f¢(2°) = min Z Yp - [ (z%)

pEP

= min Z Z Yp (df + di7ne)

neEN, pePg

= min Z Z Yp - d1mne + C.

n€N, pePg

where y,, is the dual weight of path p, P ={p e P, |e€p}
and C is constant with respect to x°.



Algorithm 1: Lagrangian Decomposition Algorithm

Input: An initial solution zo € X and a threshold parameter
e > 0.
Output: TDM ratio assignment 7, for each edge e with each
net n. B
1 Initialize © = w0, A = 0, A = A(x);
2 while (A — ) > e) do

3] d=A- A=A+ =2+
— 7 — 2 .
4 v= ﬁ’ t=%,7= P(Q?::-lot)’
5 while True do
6 (0,f) =0— 5 X ,cpIn(0 — fp(2));
7 0(f) = argmin{® (0, f) | M(z) < 6 < +00};
¢ 1 )
8 Y = Fa-rpay P b B
9 Compute 2° € X° for each e € Etpwm;
10 if ¥ (&) > 6(f) — 2t then
1 | break;
12 else
13 | e=(0 -7z +7-1;
14 if A\(£) < A2 then
15 T =2, A= X\a);
16 else
17 | A=

Let npe = Zpe pe Yp - di. Incorporating the edge capacity
constraint, the optimization problem solved by the block solver
can be written as:

min Z NneTne + C
neN,
D P
s.t. — a
Tne o Pe
neEN,

Tne Z ATDM; Vn € Ne-

Lemma 2: The above optimization problem admits an opti-
mal solution given by

* ZW'ENe

, Mn'e
ne Ve Cape ’

provided that %, > Arpy for all net n € N,. If some variables
violate this condition, i.e., r}, < Arpm, they are fixed at
Arpm, and the residual capacity is updated accordingly. Reap-
plying the same formula to the reduced set yields the optimal
solution. Under this procedure, the block solver achieves exact
optimality.

Proof: Introducing the Lagrangian multiplier ¢ > 0 for
the capacity constraint, we obtain

Lir,p) = ﬂne‘rnc+0+/~t< > :Cape)

neN, neN, ™€

Vn € N,

The first-order condition is

oL 1
— — s [
arne e 7"2 0 Tme Nne

ne

1
nENe 116

Enforcing the constraint

Z Ve
n’€N, \/'E

< Cap, gives

o Zn’ENe Vin'e
W= Cap,
ap,

=Cap, =

Hence,
x En’eNE Tin'e

r=———s-—
ne /e Cap,

If r}, < Arpy for some n, set r}, = Arpy and reduce the
effective capacity as:

|Fal
Arpm’

Cap’ = Cap, —

where Fa is the set of fixed indices. Reapplying the formula
to the remaining variables preserves feasibility and optimality.
Consequently, the block solver achieves 1-optimality. [ ]

C. Lagrangian Decomposition Algorithm

We formulate the TDM ratio assignment problem as a block-
angular convex program, and design a block solver that opti-
mally solves each subproblem therein. Leveraging Lagrangian
decomposition [24], we solve the primal-dual formulation
with a provable approximation guarantee. Specifically, for any
€ > 0, a (1 + ¢)-approximate solution can be obtained within
O(P(lnP + e 2Ine"1)) iterations [24], and the resulting
solution z € X satisfies f(z) < (1+€)A*1,.

At each iteration of the Lagrangian decomposition algorithm,
a dual vector y € Y is computed from the current solution x €
X according to the coupling constraints. Each block problem
is then solved independently using the block solver to obtain
¢ € X°, and the current solution is updated through a convex
combination (1 — 7)z° + 7 - £° with a suitable step 7 € (0, 1].

The complete procedure is summarized in Algorithm 1.

|Ne |
Cap, ’ ATpwm |-

The ternary search procedure (lines 2—4 and 14-17) iteratively
narrows the interval [\, ] to approximate the optimal \. The
function f(z) is scaled iteratively using the dual vector y
(lines 5-13), which is calculated using a logarithmic potential
function based on the current solution z (lines 6-8). The block
solver then computes the updated solution & corresponding to
y (line 9). Finally, the current solution x is updated as a convex
combination of z and % (line 13) until the stopping condition
on f(Z) in line 10 is satisfied.

Lemma 3: Let xf,z5 € X° be two feasible TDM ratio
assignments for edge e, satisfying ZneNﬁ i < Cap,. Then
their convex combination ¢ = (1 — 7)xf + 7 - x5, for any
T € [0, 1], also satisfies the same constraint.

Proof: The combined TDM ratio n € N, is:

As the initial solution, we set r,, = max(

Tne = (1 — T)Tfle +7- rﬂ;e.
Since h(t) = 1 is convex for t € [Appy, 00), we have:
1 1 1
7§(177)7+T77
Tne The The
1 <1 1 1
D D R IDIE S ETD S
neN, neN, 1 neN, ' ¢
1
= Z — < (1—-7)-Cap, + 7 - Cap, = Cap,.
rne
neN,
Thus, the convex combination ¢ remains feasible. |
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Fig. 3. Illustration of delay-aware TDM wire assignment: (a) Initial assignment with physical wire 5 selected for a TDM ratio increment; (b) Increasing the TDM
ratio on wire 5 by Arpy (assuming Appy = 2), with subsequent wires sequentially accommodating the next Apyy signals; (¢) Result after adjustment.

Algorithm 2: Delay-aware TDM Wire Assignment
Input: TDM edge e, TDM ratio 7.
Output: Assignment of signals to physical wires.
1 Compute directional capacity Capg;
2 for each direction of TDM edge e do

3 Sort signals by ascending 7., breaking ties by
descending maximum connection delay;
4 while the capacity Capg is not reached do
5 Select signal s with smallest 7,
6 Assign s to a new physical wire w;
7 Assign the next (r,, — 1) signals to w;
8 Set the TDM ratio of these signals to 7;
9 Reorder signals with identical TDM ratios on
physical wires;
10 while unassigned signals exist do
11 Select a physical wire with minimal connection
delay upon TDM ratio expansion;
12 Expand the TDM ratio of the selected wire and
assign additional signals;
13 Maintain signal order on the physical wire;

After the initial TDM ratio assignment, each TDM ratio is
rounded to the nearest integer multiple of the TDM step Arp,
without violating the capacity constraint Cap,. For edges with
remaining capacity, a refinement procedure iteratively reduces
the critical TDM ratios by ATDM following the guidance of
a max-heap prioritized by the maximum connection delay. In
each iteration, the top element is extracted and decreased if the
edge’s remaining capacity allows, then reinserted into the heap.
Refinement terminates when no further reductions are possible,
producing locally delay-optimized TDM ratios.

D. Delay-Aware TDM Wire Assignment

Upon finalizing the TDM ratio assignment under the TDM
ratio constraints, the process advances to the TDM wire assign-
ment stage. Each TDM edge consists of Cap, parallel physical
wires, and signals on the edge must be mapped to specific
wires while strictly adhering to the TDM wire constraints. Since
each physical wire supports only unidirectional transmission,

the total capacity Cap, of a TDM edge e is divided into two
directional capacities Cap‘ej, allocated in proportion to the traffic
demand of each direction. The demand is quantified as the sum
of the reciprocals of the corresponding TDM ratios. Formally,

1
ZTLEN& rd_ —‘
— 1 )

ne

1
Z:TLENe

Tne

Cap? = \‘Cape-

where |-] denotes rounding to the nearest integer.

In the TDM wire assignment process, all signals mapped to
the same physical wire must share an identical TDM ratio, and
the sum of the reciprocals of these ratios must not exceed 1.
Equivalently, the assigned TDM ratios collectively determine
the maximum number of signals that a physical wire can
accommodate. Due to limited capacity, this assignment often
necessitates increasing the TDM ratios of specific signals, leav-
ing a margin between demand and available capacity on each
TDM edge. However, such adjustments inevitably introduce
additional delay for some connections. To efficiently utilize
physical wires while minimizing critical connection delay, we
introduce a delay-aware TDM wire assignment strategy. The
core idea is to balance the feasibility of wire capacity with
delay optimization. The TDM ratios are expanded only when
necessary, and when capacity becomes insufficient, the algo-
rithm selects the wire whose expansion results in the minimum
connection delay.

Algorithm 2 outlines the procedure. For each direction of
edge e, signals are first sorted in ascending order of their
TDM ratios 7ye; ties are broken by prioritizing signals with
larger maximum connection delays (line 3). Unassigned signals
are then grouped and allocated to physical wires until the
directional capacity Capz is reached. Specifically, the signal
with the smallest r,. is chosen as the baseline, and the next
(rne — 1) signals are grouped onto the same physical wire, with
their TDM ratios adjusted to r,e(lines 4-8). This ensures that
all signals mapped to the same wire share an identical TDM
ratio. Note that aligning larger TDM ratios downward to smaller
ones consumes more physical wire capacity. Nevertheless,
this approach prioritizes minimizing the maximum connection
delay. Smaller TDM ratios typically correspond to signals on
high-delay connections; if instead they were aligned upward
to larger ratios, more wire capacity would be freed, but at the



TABLE I: Benchmark statistics and comparison of critical connection delay with the contest winners and state-of-the-art methods.

Benchmark | Dies Nets SLL Wires Cap. | TDM Wires Cap. Ist 2nd 3rd Adapted [26] [3] [8] Ours
designl 8 5 122,040 200 6.5 6.5 6.5 6.5 6.5 6.5 6.5
design2 8 86 122,040 200 7.5 7.5 7.5 12 7.5 7.5 7.5
design3 8 84 122,040 10 11.5 14.5 11.5 28 11.5 11.5 11.5
design4 8 449 122,040 20 19.5 19.5 18.5 32 18.5 18.5 9.5
design5 12 5,083 183,060 220 1355 136 132.5 185 131 136 131
design6 12 145,660 183,060 5,100 213 260 287 FAIL? 211.5 163 160.5
design? 16 76,258 244,080 4,250 84.5 102.5 76 270 78.5 74 70.5
design8 16 86,139 244,080 3,450 124 145.5 123 505 113.5 107.5 104.5
design9 16 871,588 244,080 71,000 150 196.5 177 FAIL 154.5 122.5 122.5
design10 20 3,324,963 305,100 37,500 4657.5 | 4745 | 5700 FAIL 4739.5 | 4207.5 | 4200

Normalized 1.213 1.355 | 1.280 2.639 1.185 1.108 1.000

a “FAIL” indicates that the routing result is invalid due to violation of the SLL edge constraint.

cost of excessively increasing the maximum connection delay. x10-2 1073
Therefore, our strategy at this step is to favor preserving delay — [BIKDE 4| BIERE

performance over maximizing wire capacity utilization.

After the initial assignment, signals with identical TDM
ratios are sorted in descending order of their maximum connec-
tion delay, and the physical wires are adjusted accordingly (line
9). Specifically, if the physical wires wy,ws,ws are assigned
the same TDM ratio, then the maximum connection delays of
the signals on these wires satisfy delay(w;) < delay(ws) <
delay(ws). At this stage, both the TDM ratio of each physical
wire and the maximum delay among the signals it carries are
determined. This maximum delay is then used as the criterion
for wire selection in subsequent steps. Remaining unassigned
signals are accommodated by incrementally expanding the
TDM ratios of selected wires. At each iteration, the wire whose
expansion yields the minimal connection delay is selected, and
new signals are drawn from the higher-ratio group, prioritizing
those with the largest delays (lines 10-13).

Fig. 3 presents an example of delay-aware TDM wire as-
signment. In the initial configuration (Fig. 3(a)), signals with
identical TDM ratios are arranged sequentially. The algorithm
selects the physical wire for TDM ratio expansion that incurs
the minimum connection delay after expansion. Since signals
within each ratio group are pre-sorted by delay, only wires with
differing TDM ratios are considered. For example, in Fig. 3(a),
wires 5 and 10 are considered for expansion. Suppose that
increasing the TDM ratio of wire 5 incurs a smaller connection
delay than increasing the TDM ratio of wire 10, then wire 5 is
selected. In Fig. 3(b), increasing the TDM ratio of wire 5 by a
step size Appy enables it to accommodate Apy; additional
signals. Then, the first Arpy signals on wire 6 (those with
the largest delays in the TDM ratio-12 group) are reassigned
to wire 5, and the updated assignment is shown in Fig. 3(c).

V. EXPERIMENTS

We implemented our algorithm in C++ and evaluated it on
Windows with an AMD Ryzen 5 4600H CPU (3.00 GHz) and
16 GB RAM. Benchmark datasets from the Die-Level Routing
Contest 2023 [27], provided by an industrial vendor [28]. To
assess the effectiveness of our approach, we compared it against
the top-3 winning solutions from the contest as well as recent
state-of-the-art methods [3], [8]. Additionally, we refer to [8],
which adapts the FPGA-level routing method of [26] to the die-
level setting, showing that such simple adaptation is ineffective
due to fundamental problem differences.

w
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Fig. 4. Delay distribution of connections. KDE: Kernel Density Estimate.

Table I summarizes the benchmark statistics and compares
the critical connection delays, with the best results highlighted
in bold. Compared with the top-3 contest entries, our approach
reduces the critical connection delay by 21.3%, 35.5%, and
28.0%, respectively. Furthermore, relative to the state-of-the-
art die-level multi-FPGA routing methods [3], [8], our method
achieves reductions of 18.5% and 10.8% in critical connection
delay. Notably, since we adopt the same routing strategy as [8],
these improvements directly reflect the effectiveness of our
TDM ratio assignment and delay-aware TDM wire assign-
ment strategies, which provide a (1 + ¢)-approximation
guarantee in the TDM ratio assignment phase and minimize
additional delay during wire assignment.

Fig. 4 presents the kernel density estimates (KDE) of connec-
tion delays for design8 and designl0. Compared with [8],
our approach achieves a substantial reduction in critical connec-
tion delay and yields a tighter overall distribution, resulting in
more pronounced and concentrated peaks. This improvement
is attributed to our balanced TDM ratio assignment, which
enables more efficient utilization of TDM resources across
connections.

VI. CONCLUSION

This paper tackles the die-level routing problem in multi-
FPGA systems with a focus on the TDM stage. We formulate
the TDM ratio assignment problem as a block-angular convex
program and apply Lagrangian decomposition to obtain a
(1 + ¢)-approximate solution. Furthermore, we introduce a
delay-aware TDM wire assignment strategy that maps signals
to physical wires while minimizing incremental local delay.
Experimental results show that, under the same routing method,
our TDM optimization framework outperforms the SOTA ap-
proach, reducing critical connection delay by up to 10.8%.
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