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Abstract—Large Language Models (LLMs) require substantial
computational resources, limiting their deployment on resource-
constrained hardware. Ternary LLMs mitigate these demands
through weight quantization via ternary values, achieving sig-
nificant compression often with 50 — 90% sparsity. However,
existing approaches have limitations: methods optimized for
ternary weights, such as BitNet, redundant segment reduction
(RSR), and its improved version RSR++, do not exploit sparsity
structures, while conventional sparse formats neglect ternary
characteristics, foregoing dual optimization opportunities.

In this paper, we introduce Sparse Segment Reduction (SSR), a
ternary matrix multiplication method designed to accelerate the
inference of ternary LLMs and general Ternary Weight Networks
(TWNs). SSR has a dedicated optimized ternary data format
and an algorithm that systematically exploits sparsity patterns
through computation trees that scale with the sparsity. SSR
provides theoretical gains with asymptotically faster inference
than RSR++ for sparsity above 50%, while practical evaluations
reveal performance improvements across all sparsity levels. Eval-
uation results show that SSR achieves 2.1-11.3x speedup over
RSR++ on ternary GEMM with 45-95% sparsity. Furthermore,
SSR achieves 3.5-6.3x end-to-end speedup and 4.9% of memory
saving over RSR++ on the Llama-3 1B model inference.

Index Terms—Sparse GEMM, Ternary LLM, Edge Computing

I. INTRODUCTION

Large Language Models (LLMs) have emerged as a pow-
erful tool across many domains, yet their substantial com-
putational and memory requirements limit their usage on
resource-constrained devices [1]. Quantization addresses this
[2], [3] by reducing bit precision of weights and activations,
decreasing the memory usage, the energy consumption, and
the inference time while aiming to close the accuracy gap.
For example, Nvidia and AMD GPUs adopt FP8, FP6, and
even FP4 quantization for LLM inference.

Binary Weight Networks (BWNs) constrain weights to
{—1, 41} for extreme compression, which introduces an accu-
racy drop and requires dense computation [4]. Ternary Weight
Networks (TWNs) expand the weight space to {—1,0,+1},
enabling higher accuracy and efficiency while introducing
sparsity [5], [6]. Compared with FP8 quantization, TWNs
achieve a 4x compression and replace the multiplication
operations in GEMM with lightweight addition and subtraction
operations [5], [7]. Ternary-Weight LLMs apply TWNs to large
language models, reducing size and accelerating inference [8].
Ternary-Weight LLMs inherit the features of TWNs in the
LLM era and share the same addition-based sparse GEMM
on ternary weights and dense activations.

Ternary LLM and general TWNs exhibit high sparsity which
frequently exceeds 50% and even surpasses 90% in prac-
tice [9]. For example, induced weight sparsity by learning bi-
nary gate variables reaches 95.84% [10], Faraone et al. achieve
97.6% sparsity in ternary networks using quantization thresh-
old regularization and pruning [11], and up to 99.58% has
been reported in recent work [9]. Since zero-valued weights
contribute nothing to matrix multiplications, this inherent
sparsity provides significant opportunities for computational
and memory optimizations. Conservative methods typically
target around 50% sparsity for balanced trade-offs [12], [13],
whereas in practice 90-95% sparsity is achievable without
notable accuracy loss [9].

However, the ternary-weight dense-activation sparse GEMM
(ternary GEMM) is under-optimized. Traditional sparse for-
mats such as CSR, JDS, and COO [14]-[16] are designed for
general scientific computing and cannot exploit the structural
properties of ternary networks. Similarly, general-purpose li-
braries such as Figen and PyTorch Sparse provide optimized
sparse GEMM kernels but do not exploit the ternary structure
of TWNs. Consequently, existing inference frameworks fail
to translate the given structural properties into meaningful
computational benefits. For example in our experiments, Py-
Torch Sparse GEMM based on CSC is slower than PyTorch
Dense GEMM with 90% or lower sparsity on CPUs, which
is much lower than the 10x theoretical speedup of sparse
GEMM. Though related works have proposed algorithms that
use the ternary structure such as BitNet.cpp [17], RSR, and
RSR++ [18], they do not fully exploit the sparsity feature
of ternary weights to reduce the computation complexity. In
addition, their data formats have redundant values that brings
larger memory footprint in ternary GEMM.

In this paper, we propose Sparse Segment Reduction (SSR)
to achieve efficient ternary GEMM for ternary LLMs and
general TWNs. We achieve asymptotic improvements over
BitNet [17] and RSR++ [18] in ternary GEMM independent of
hardware or structured sparsity constraints. SSR systematically
leverages the inherent sparsity patterns of TWNs through
preprocessing stages that exclude zero-pattern elements, yield-
ing compact computation trees that scale well with sparsity.
During inference, these optimizations eliminate redundant
operations and reduce memory traffic, achieving asymptoti-
cally superior performance for matrices with sparsity levels
exceeding 50%, while delivering practical performance gains
across low and high sparsity levels compared to RSR++ [18].
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We implement the SSR algorithm with code optimizations
like unrolling, AVX2 SIMD, and multi-threading on CPUs
(code is available at [19]). Evaluation results show that SSR
achieves 2.1-11.3x speedup over RSR++ on ternary GEMM
with 45-95% sparsity. SSR also achieves up to 59.4% faster
speed over PyTorch Sparse GEMM. SSR achieves 1.8-7.5x
speedup up to 17.8% of memory saving over RSR++ at the
layer level on Llama-MLP blocks. Furthermore, SSR achieves
3.5-6.3x end-to-end speedup and 4.9% memory saving over
RSR++ on Llama-3 1B model inference.

II. BACKGROUND AND RELATED WORKS
A. Target Problem

We target ternary LLMs and general Ternary-Weight Deep
Neural Networks, and Binary Weight Networks (BWNs) can
be seen as a special case of TWNs. Let X € RM*X denote a
dense activation matrix and W € {—1,0,1}X*N a ternary
weight matrix with a given sparsity level p. The primary
computation in these networks involves the matrix product

V=X W,

which forms the core of the inference workload. We represent
the elements, rows, and columns of a weight matrix W using
Wi, j], Wli,:], and W7, j], respectively. And &, is the j-th
row of a matrix X. We denote the sparsity level of a matrix
by p, representing the fraction of zero weights. Let o, be a
permutation of n elements in [n], i.e., a bijective mapping.
Finally, let pattern, be the random variable counting the
number of rows in a matrix that match the all-zero bit pattern.

B. Quantized Neural Networks

Quantization of neural networks has evolved from binary
weights [4], [20], [21] to ternary weights [5], [9], [22], with re-
cent work extending these approaches to large language mod-
els [8]. Advances also include hardware-friendly implementa-
tions [23] and new training methods for ternary networks [24].
Hardware-optimized solutions for quantized networks include
specialized accelerators using low-bit arithmetic [25]-[27],
configurable FPGAs [28], and symmetry-aware in-memory
computing [29]. Optimizations for general-purpose platforms
leverage ARM NEON SIMD [30], GPUs [31], and GPU
Tensor Cores for sparse ternary operations [32].

C. Ternary LLM Inference

Ternary LLMs such as BitNet b1.58 [33] achieve full-
precision performance using ternary weights {—1, 0,1}, offer-
ing a 2.71x speedup and 3.55x memory reduction, demonstrat-
ing the potential of extreme quantization for large language
models. Current state-of-the-art ternary GEMM methods in-
clude T-MAC [26], which uses lookup tables to achieve 4—5x
speedups via precomputed partial sums, and RSR++ [18],
which achieves logarithmic theoretical complexity improve-
ment through redundant segment reduction. However, RSR++
faces significant practical limitations: it ignores weight sparsity
by treating zeros as non-zero weights, transfers large amounts
of unnecessary data via dense permutation arrays, performs

many computations on elements that do not affect the output,
and causes non-linear memory access patterns that degrade
cache performance and increase computational overhead.

III. METHOD

We introduce SSR, a new sparsity-aware method inspired
by RSR++ that constructs block-wise indices excluding zero-
pattern elements during preprocessing, enabling compact com-
putation trees. During inference, these tree indices provide
direct access to non-zero elements, avoiding redundant com-
putations. Both stages are shown in Fig. 1.

A. Pre-processing

Given a weight matrix W € {-1,0,+1} %N we de-
compose W into two binary matrices W; and W5 such that
W = W1 —Ws, where Wi, j] = 1if Wi, j] = +1, otherwise
0; similarly, Wa[i, j] = 1 if Wi, j] = —1, otherwise 0. Then
W1 and Wy go through the following preprocessing steps. See
Fig. 1 for an example with W = W; — Wj.

1) Column Blocking: First, we partition a binary matrix
into consecutive column blocks of L columns each. The last
block may contain fewer columns in certain cases.

Definition 1 (L-Column Block). Given a binary matrix
W € {0,1}5*Y and a blocking factor L € N, partition
W into column blocks Wim fori e {1,...,[N/L]}, where
each block Wi[L] consists of columns W7, (i — 1) - L] to
W, min(¢- L — 1, N —1)].

If L is clear from the context, we simply write W; instead
of WZ-[L] to denote a L-column block. In Fig. 1 with L = 3,
we partition W5 into the column blocks W5 ;1 and Wy ».

2) Permutation: To efficiently aggregate grouped binary
patterns, we process the column blocks W; of a binary matrix
according to a permutation order that sorts the binary patterns
in lexicographic ascending order.

Definition 2 (Permutation Sequence). Let W; € {0,1}5*E
be a binary matrix. For each row r € {0,...,K — 1} of
W, define its key value x;(r) as the integer value obtained
by taking the concatenation of W;[r,0],..., W;[r, L —1]. The
permutation sequence of W;, denoted by o;, is a permutation
of {0,...,L — 1} such that

ki(0i(0)) < Ki(oi(1)) < -+ < Ki(oi(L = 1)).

Essentially, the permutation sequence o; for a column block
W, specifies how the rows of W; should be reorganized so that
their binary sequences, read as integer values, are arranged in
ascending order. In Fig. 1, W5 ; has binary patterns 000, 001,
and 101 from rows 2, 1, and 0. Their ascending order (000 <
001 < 101) gives the row permutation o2 1 = {2,1,0}.

Definition 3 (Reduced Permutation Sequence). Given a per-
mutation sequence o; of a column block W;, the Reduced
Permutation Sequence o/ is obtained by removing a prefix of
o;. Formally, let ¢ be the number of all-zero rows in W;. For
all j =0,...,9—1, we have

Kz(al(])) = 07
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Fig. 1: Pre-processing of the binary matrix W5, and inference with the row vector &; of the input matrix X for L = 3. The
length of the reduced permutation sequence equals the number of nonzero patterns in the column blocks: 2 for W5 ; and 1 for
W3 2. Row indices of all-zero rows are deleted and shown in red, while the remaining row indices are shown in blue.

and o is the subsequence of o; obtained by excluding these
first ¢ indices.

For the example in Fig. 1, W5 has the permutation se-
quence o2 1 = {2, 1,0}. Since the matrix contains a single row
with the all-zero pattern (row 2), this index can be removed
to form the reduced permutation o3 ; = {1,0}.

3) Segmentation: To facilitate efficient computation on
grouped binary patterns, we segment the sorted column blocks
W, using boundary indices that mark transitions between
different binary keys.

Definition 4 (Segmentation List). Let W; be a column block
with reduced permutation sequence o}, and let 7,/ (W;) be the
permuted block. The Segmentation Sequence s; consists of 2-
bounding indices of the interval containing the pattern

S; = {bo, e ,bQLfl},
such that, in the sorted smaller matrix 7, (W;), for all j €
{0,...,2L' — 2} and 7 € [bj,b;+1), we have k;(r) = j + 1,
as we do not consider the all-zero pattern.

A segment s encodes binary patterns as cumulative counts,
where consecutive differences give the number of occurrences
of each pattern. For W ; in Fig. 1, ignoring the all-zero pattern
000, we get s = [0,0,0,0,1,2,2,2] representing cumulative
counts for the bit pattern 001 to 111: the first four positions
remain 0 (no pattern 001-011), positions 4-5 increase from
0 to 1 to account for the single occurrence of 100, positions
5-6 go from 1 to 2 for the single occurrence of 101, and the
remaining positions stay 2 (no further patterns).

Algorithm 1 combines the three pre-processing steps. Given
fixed ternary weights and block size L, preprocessing is
applied once, and inference repeatedly reuses the resulting
structures for runtime computation. The parameter L is se-
lected empirically per machine; in practice, optimal values are

Algorithm 1 Preprocessing

1: Input: Binary matrix W € {0, 1}5*¥ factor L € N
2. {W1,Ws,...,Winyr1} < Column Blocking of W
3: for each block W, do

4: o; < Permutation Sequence of W;

5 o, < Reduced Permutation Sequence from o;

6 s; < Segmentation Sequence of 7,/ (W;)

: Return: {(o},s;) |i=1,...,[N/L]}

~

small and strictly below log, N for the theoretical bound to
hold. Further, optimal L is decreasing with higher sparsity
and increasing with matrix size. Once determined, both pre-
processing and inference run with a fixed configuration.

B. Inference

During inference, given an input matrix X € RM*K with
row vectors Z; for j € {0,...,M — 1}, we compute the
matrix product XW by performing row-wise vector—matrix
multiplications Z; - Wi[L], where i € {1,...,[N/L]}, taking
advantage of the preprocessed structure of each WiL. It
involves two steps: segmented sum and tree computation.

1) Segmented Sum: Given Z; € R¥ and (o, s;) for Wi[L],
we compute the segmented sum.

Definition 5 (Segmented Sum). Let o, be the reduced per-
mutation and s; the segmentation sequence of Wi[L]. The
segmented sum u; is defined as

bg+171

ﬁl[g] = Z fj[ag(r)]a te {07 .- '72L - 2}7

r=by

where s; = {bg,...,bar_1}.



Each entry of w; thus aggregates the contributions of all
elements in a row Z; sharing the same binary pattern in a
column block Wl-[L].

2) Tree Computation: The tree computation can be viewed
as a recursive reduction that accumulates contributions from
elements according to the binary patterns of their positions.

Definition 6 (Tree Computation). Let L € N and let ; be the
segmented sum vector of length 2% — 1. Define a sequence of
vectors ¥y, U1, . . ., U1 recursively as follows:

—

Up = Uy,

Ug+1 = (Ug[?],ﬁg[ﬂw . e ,17@“17@‘ - 1}) for ¢ = {0, .. .,L - 2}.

The tree computation output is the concatenation of the sums
of the even-indexed entries of the vectors in reverse order:
L|'EL71|

fim (DT il o Dt w2,

The vectors vy, ¥1, . .., U1 have odd length, with vy = ;
of length 2% — 1. For ¢ > 0, ¥, is formed recursively by
taking every second element of ¥, from positions 2 to || —1,
roughly halving the length until |¢';,_1| = 1. The tree output
Z; concatenates the even-index sums of each vector in the
sequence, i.e. at each level in the tree, in reverse order, as
illustrated in Fig. 1. The corresponding sums are shown in
blue, red, and yellow and the concatenation in reverse order.

Algorithm 2 Inference

1 Input: X € RM>*K and {(0/,s;)} for all W"
2: for each row vector Z; € RX do

3: for each (o}, s;) corresponding to Wi[L] do

4 U; < Segmented Sum of Z; using (o7, s;)
5: Z; + Tree Computation of ;

6 Zj<_(217~-~7Z(N/L])

7. Return: Z € RM*N | where the j-th row is Zj

C. Theoretical Computation Complexity Analysis

The proposed SSR improves inference efficiency and
achieves asymptotically better operational complexity than
RSR++ for sparsity p > 0.5, as it requires fewer additions
and less memory accesses. The preprocessing complexity of
SSR remains O(K - N) like in RSR++.

TABLE I: Operation counts of SSR and related works.

BitNet.cpp ‘ RSR++ ‘ SSR

2MNK 2MNK ( 1 ) AMN - K~/ leg2(1=p)
o .
3 log, K S2 1 log, K
: : 2MNK .
RSR++ requires, in the worst case, Tog, (K+2)=1 operations

MNK

[18], which for N > 2 gives the lower bound 2 - Togy K>
as shown in Table I. SSR exploits that elements mapped
to all-zero bit patterns contribute nothing to the final result,
allowing their exclusion from computation. Hence, for each

row and block Wim, the number of additions drop from K to

K — E[patterng), with E[patterny] = p* - K assuming
entries are independently zero with probability p. Setting
L = {log2 K/log, (ﬁ)—‘ and following the derivation in
[18] yields an upper bound on the computational cost, as
shown in Table I. The performance difference between RSR++
and SSR arises from both the exponent of K and the constant
factor. For p > 0.5, we have:

-1
logy(1 —p)
Hence, SSR achieves strictly better asymptotic performance
for p > 0.5, coinciding with RSR++ at p = 0.5. While SSR
has a larger constant factor, the reduced exponent dominates

for sufficiently large K. Specifically, for sparsity p € (0.5, 1],
SSR is more efficient when

c 1
K > (2¢)=71 with ¢ = log, <1> .
-p

—logy(l—p)>1 = <1

SSR further reduces computation and memory access. Ex-
cluding the all-zero bit pattern shortens the segmented sum
array by one entry, saving one addition per row and per column
block Wi[L] at each tree level, i.e., at least M - % additions.
Moreover, the permutation array and segmentation list are
shortened, reducing both the number of indices processed and
the corresponding memory accesses.

Similar to BitNet [17] and RSR++ [18], our SSR algorithm
is independent of the underlying hardware architecture. There-
fore, SSR can be implemented on both CPUs and GPUs. We
provide the benchmarking results on CPU only in the next
section because of the high engineering effort required.

IV. EVALUATION

We optimize the C++ implementation of SSR with loop un-
rolling, blocking, AVX2 SIMD intrinsics, and multi-threading
to achieve faster speed. We benchmark the SSR CPU imple-
mentation with ternary weight matrices at the GEMM level,
the layer level, and the model level. The experiments were
conducted on a Windows 11 Home 23H2 laptop with an AMD
Ryzen 7 8845HS @3.8GHz. The compiler is Microsoft Visual
Studio 2022 v143. All experiments are executed for 10 times
and we use the average time to draw the graphs. We extend the
experiments to Llama Multi-Layer Perceptron (MLP) block
and Llama models to systematically evaluate the performance
gain of our implementation.

A. Ternary Matrix Multiplication Evaluation

We perform a matrix-level evaluation against RSR and
RSR++ [18] for the single-threaded implementation, then
against more related work for the multi-threaded one. Figure 2
presents the ternary GEMM for both the basic SSR implemen-
tation and the AVX2-vectorized version. These experiments
are conducted with single-threaded code. The activation matrix
has dimensions 512 x 1024, and the ternary weight matrix
has dimensions 1024 x 4096. RSR and RSR++ are insensitive
to sparsity, as they have almost the same execution time
across different sparsity levels. In contrast, our SSR and Eigen
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Fig. 2: Execution time of single-thread ternary GEMM (X:
512x1024, W: 1024 %4096, L=06).

Sparse GEMM have shorter execution time with the increasing
sparsity consistently.

RSR++ consistently has 7.6%-9.1% improvement over RSR.
Our SSR Naive implementation has 2.9%-189.0% faster speed
over RSR++ thanks to the sparsity. The optimized SSR im-
plementation achieves 4.9-20.2x speedup over RSR++ when
the sparsity ranges from 45%-95%. Eigen Dense and Sparse
GEMM serve as a very good baseline. Our optimized SSR
implementation with AVX2 SIMD achieves similar speed as
the Eigen Sparse but cannot outperform it.

Next, we evaluate the multi-threaded, AVX2-vectorized
SSR implementation against established baselines, including
PyTorch Dense, PyTorch Sparse CSR and CSC, as well as
Eigen Dense and Eigen Sparse implementations.

We conducted both float and INT8 precision for all exper-
iments. However, the INT8 version of PyTorch and Eigen,
including Dense and Sparse GEMM, performed worse than
expected. Their INT8 implementations are much slower than
their FP32 versions, making these experiment results unusable.
For example, the Eigen Sparse GEMM INTS8 is 2.2-4.5x
slower than its FP32 version, while others may be even
slower than PyTorch Sparse CSR. Therefore, though our INT8
speedup is relatively better than the speedups in FP32, we
exclude these INT8 benchmarking results and only provide
Eigen Sparse GEMM INTS for reference.

Figure 3 shows the ternary GEMM time with a small weight
matrix of size 1024 x 4096. PyTorch Dense GEMM is a strong
baseline as it has been optimized by many engineers and
widely applied in the industry. However, the PyTorch Sparse
CSR (Compressed Sparse Row) performs worse than other
sparse methods. It only outperforms RSR++ with 75% or
higher sparsity. Our SSR achieves 14.0%-43.8% faster speed
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Fig. 3: Execution time of multi-thread ternary GEMM (X:
256x1024, W: 10244096, L=4).

300

—e—PyTorchDens!
—a—EigenSparse
—m—RSR++
~o—PyTorchSpCSR

—e—PyTorchSpCSC
EigenSparse_INT8
;-SSR

TIme (ms)
= - N N
o (4 o [
o o o o

@
o

45% 50% 55% 60% 65% 70% 75% 80% 85% 90% 95%
Sparsity

Fig. 4: Execution time of multi-thread ternary GEMM (X:
512x2048, W: 20488192, L=0).

than PyTorch Sparse CSC (Compressed Sparse Column) with
45%-T75% sparsity, but is up to 35% slower than it with very
high sparsity. Similarly, SSR is 14.7%-62.2% faster than Eigen
Sparse INT8 GEMM when the sparsity is lower than 80%. As
RSR++ has similar execution time for different sparsity levels,
our SSR achieves 2.6-11.3x speedup over RSR++.

Fig. 4 shows ternary GEMM with a larger weight matrix,
zoomed in to highlight performance trends. Eigen Sparse
GEMM tends to perform better on smaller matrices, as its
relative speed compared with PyTorch Dense GEMM shifts
slower compared with Fig. 3. The trend is similar to the
previous graph. SSR is up to 59.4% and 82.5% faster than
PyTorch Sparse CSC and Eigen Sparse INT8 with 70% or
lower sparsity, but becomes slower at higher sparsity. SSR
achieves 2.1-8.4x speedup over RSR++ for 45-95% sparsity,
due to large matrix sizes (N>>2) and lower memory footprint,
which we evaluate later in layer-level benchmarking.

The performance curves in Fig. 3 and Fig. 4 show that our
SSR seems to do not utilize the sparsity as good as other
methods. The reason is that these experiments use a fixed L
factor. Based on our experiments, the optimal L value changes
with both the matrix size and the sparsity level. Therefore,
dynamically selecting the L value based on a performance
profiling can overcome this limitation.

B. Layer-Level Evaluation

We evaluate the ternary GEMM performance at Llama-3
Multi-Layer Perceptron blocks. As one MLP block contains
one up projection (e.g., up_proj in Fig. 5: 1024x4096),
one gate projection (1024x4096), and one down projection
(4096x1024), it reflects how the GEMM performance con-
tributes to the layer-level performance. The activation function
like GeLU or SiLU are omitted here to only evaluate the
ternary GEMMs. The sizes of other projections changes with
the up projection accordingly in Fig. 6.

Fig. 5 presents the execution time of one small MLP block.
Though the MLP block execution time is about 2.5-3x as
long as one single GEMM across different methods, it shared
similar trend as the GEMM evaluation results. SSR is up to
75.8% faster but up to 31.9% slower than PyTorch CSC, which
shows a better scaling curve across the sparsity than the single
GEMM case. The crossing point is still below 80% sparsity.
SSR has 2.6-7.5x speedup over RSR++ at this MLP block.

Fig. 6 presents the execution time of one Llama-3 1B MLP
block, which is about 8§x as large as the small MLP block.
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Fig. 5: Execution time of one small Llama MLP block (X:
2561024, up_proj: 1024x4096, L=6).

Similar to the GEMM benchmarking, the Figen Sparse INT8
has a worse speed than the small case, and is 13.7-34.2%
slower than the PyTorch CSC. SSR is up to 38.5% faster and
31.5% slower than PyTorch CSC. Compared with PyTorch
Dense, it achieves faster speed at 95% sparsity, which is the
same as PyTorch CSC and Eigen Sparse INT8. SSR achieves
1.8-7.5x speedup over RSR++.

TABLE II: Memory usage of one Llama-3 1B MLP block

After Initialization
129-146 MB
122-124 MB

During Inference
177-259 MB
160-213 MB

RSR++
SSR

In addition to the speed analysis, we provide the memory
usage of the MLP block in Table II. The memory usage
after initialization shows the data format size that store the
ternarized weights. Compared with RSR++, SSR reduces 5.4-
15.1% of memory thanks to the efficient data format that
removes redundant all-zero indices. The memory usage during
inference shows the dynamic memory in execution. As SSR
can utilize the sparsity to skip computation with zero weights,
we reduces the memory usage by 9.6-17.8% compared with
RSR-++. Such a smaller memory footprint not only enhances
performance but also lowers energy consumption due to fewer
memory accesses

C. End-to-End Evaluation

We report the Time-To-First-Token latency of a ternary
llama-3.1 1B model in Table III. The MLP blocks of the
llama model are replaced with corresponding ternary MLP
blocks, and the activations like SiLU are added back to
these MLP blocks. The attention part are implemented using
libTorch C++ APIs with dedicated PyTorch native Multi-Head-
Attention functions to maximize its efficiency. We set the
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Fig. 6: Execution time of one Llama-3 1B MLP block (X:
512x2048, up_proj: 2048x 8192, L=6).

TABLE III: Time-To-First-Token of one Llama-3.1 1B model
(Sequence Length = 512)

Sparsity 50% 70% 90%
RSR++ | 36.23s | 36.30s | 36.19 s
SSR | 10.49 s 8.80 s 571s

sequence length to 512 to reflect a relative long user query
to that language model.

The Time-To-First-Token latency of RSR++ ternary Llama
is very stable across the tested sparsity levels, as it does not
exploit sparsity to remove redundant computations. In contrast,
our SSR achieves lower latency and faster inference, with a
1.84x speedup at 90% sparsity compared to at 50%. This
relative speedup is smaller than the 5x theoretical speedup
because the attention layers are not ternarized. Compared
with RSR++, SSR achieves a 3.45-6.34x speedup for long
queries with 512 tokens, with further improvements possible
by ternarizing Multi-Head Attention and dynamically selecting
L instead of using a fixed value.

At the full model level, RSR++ requires up to 3113 MB
to execute the ternary LLaMA-3.1 1B model with a se-
quence length of 512, whereas SSR reduces this to 2960 MB,
achieving a consistent memory overhead reduction as the
GEMM-level and layer-level benchmarking results. The 4.9%
of memory reduction percentage is smaller than the MLP
blocks due to the addition of the attention functions.

V. CONCLUSION

In this paper, we present Sparse Segment Reduction (SSR)
as an optimized ternary GEMM method for ternary LLMs and
general TWNSs. Related works BitNet [17] RSR++ [18] reduce
the complexity of ternary GEMM but overlook zero values.
Therefore, we leverage the zero weights in the ternary GEMM
to reduce storage and eliminate redundant computations. SSR
features a specialized compact data format that reduces up to
15% memory size than RSR++ and a sparse GEMM algorithm
that achieves another log-scale improvement on the computa-
tion complexity. We present the pre-processing algorithm for
the data format and the inference algorithm with tree-reduction
in mathematic equations. We also mathematically show the
computation complexity of SSR and the boundary conditions.
We implement the proposed SSR in C++ and optimize the
code with standard optimizations like loop unrolling, AVX?2
SIMD, and multi-threading. Evaluation results show that SSR
achieves a speed up to 75.8% faster than PyTorch Sparse
CSC and a speedup of 2.1-11.3x over RSR++ in the ternary
GEMM. SSR achieves 3.5-6.3x end-to-end speedup over
RSR++ on the ternary Llama-3 1B model with 4.9% of total
memory reduction.

We hope that this work can facilitate the adoption of ternary
LLMs and general TWNs. The limitation of this work is the
lack of implementation for GPUs and more LLM architec-
tures. This points to future work in GPU implementation and
inference demonstration on open-weight ternary LLMs. Given
the strong performance of related works BitNet and RSR++
on GPUs, SSR is also expected to yield further improvements
with GPU-specific optimizations.
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