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Abstract—Sparse direct solvers provide vital functionality for
a wide variety of scientific applications. The dominated part of
the sparse direct solver, LU factorization, suffers a lot from
the irregularity of sparse matrices. Meanwhile, the specific
characteristics of sparse solvers in circuit simulation and unique
sparse pattern of circuit matrices provide more design spaces
and also great challenges.

In this paper, we propose a sparse solver named FLU and
re-examine the performance of LU factorization from the per-
spectives of vectorization, parallelization, and data locality. To
improve vectorization efficiency and data locality, FLU introduces
a register-level supernode computation method by delicately
manipulating data movement. With alternating multiple columns
computation, FLU further reduces the off-chip memory accesses
greatly. Furthermore, we implement a fine-grained elimination
tree based parallelization scheme to fully exploit task-level par-
allelism. Compared with PARDISO and NICSLU, experimental
results show that FLU achieves a speedup up to 19.51× (3.86× on
average) and 2.56× (1.66× on average) on Intel Xeon respectively.

Index Terms—High Performance Computing, Circuit Simula-
tion, Sparse LU Factorization

I. INTRODUCTION

Integrated circuit simulation relies heavily on the SPICE-
based simulators [1]. As the modern VLSI system scales up,
simulation becomes extremely time-consuming and usually
takes days and weeks. The kernel of the SPICE-based cir-
cuit simulator is a sparse solver [2] (Ax = b), in which
Lower–Upper (LU) factorization based solution is proved to
be efficient and widely adopted for better robustness and reli-
ability. LU factorization factors a matrix into the product of a
unit lower triangular matrix (L) and an upper triangular matrix
(U). The runtime of the SPICE simulator is dominated by
repeatedly invoking the sparse solver, in which the dimension
of matrix A may be millions.

The inherent irregularity characteristics of sparse problems
inhibit sparse LU factorization from fully utilizing the power-
ful capacity of modern architecture. The complex computation
and memory access pattern make the situation even severe.
Existing works, such as PARDISO [3], SuperLU [4], and
MUMPS [5], concentrate on general-purpose sparse solvers
and has already achieved good performance. Sparse solvers
for SPICE simulators, such as KLU [6] and NICSLU [7]
[8], are based on the Gilbert-Peierls algorithm and NIC-
SLU implements the parallel version. SFLU [9] presents a

synchronization-free parallel mechanism and further improves
performance.

In this paper, we propose FLU, a novel LU-based sparse
solver, which further improves the performance of LU factor-
ization in circuit simulation. We consider the specific char-
acteristics of SPICE-based circuit simulation and extend the
design space from two perspectives: 1) the re-factorization
phase of a SPICE-based solver iterates thousands of times with
fixed symbolic structure and pivoting order; 2) the unique non-
zero elements distribution of circuit matrices requires a more
appropriate methodology for computation and data layout.

Our experiments show that on multi-core Xeon and many-
core Xeon Phi processors, FLU can achieve a speedup up to
19.51× (3.86× on average) and 39.94× (6.94× on average)
over PARDISO respectively; a speedup up to 2.56× (1.66× on
average) and 3.74× (1.84× on average) over the best-existing
approach NICSLU respectively.

Our primary contributions in this paper are listed as follows:

• By delicately manipulating data movement, we present
a register level method to improve data locality and
vectorization efficiency of supernode computation.

• We propose a multi-column method to alternatingly com-
pute multiple columns, which can further reduce off-chip
memory accesses of L.

• We present a fine-grained parallel scheme based on
an elimination tree, which can fully exploit task-level
parallelism and further reduce the thread waiting time.

• We evaluate our work with state-of-the-art sparse solvers
on 37 circuit matrices and 73 general matrices. We
analyze their performance and scalability.

The remainder of this paper is organized as follows. The
basics of G/P algorithm, advanced architecture features, and
motivation are introduced in Section II. We illustrate our opti-
mized approaches in Section III. Section IV demonstrates and
analyzes experimental results. We summarize related work in
Section V. Finally, conclusions are represented in Section VI.

II. BACKGROUND AND MOTIVATION

A. Gilbert-Peierls algorithm

Gilbert-Peierls algorithm (G/P algorithm) is widely used
in the state-of-the-art solvers, including KLU, NICSLU, and
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Algorithm 1 G/P algorithm without pivoting

1: L = I;
2: for k = 1 : N do
3: tempvec = A(:,k);
4: for j = 1 : k − 1 where U(j, k) != 0 do
5: tempvec(j + 1 : N)− = tempvec(j)× L(j + 1 : N, j);

6: end for
7: U(1 : k, k) = tempvec(1 : k);
8: L(k : N, k) = tempvec(k:N)

tempvec(k) ;
9: end for

SuperLU. It is a left-looking algorithm, i.e., the decomposed
column is updated by the dependent left-hand columns. Algo-
rithm 1 shows the pseudo-code of the G/P algorithm without
pivoting. G/P algorithm is based on Gaussian elimination. It
will traverse all the dependent columns on the left side and
may generate fill-ins. This procedure is illustrated in line 4
and 5 of Algorithm 1. Column k depends on column j if and
only if U(j, k) is a non-zero element (line 4).

Given that column k depends on column j (j < k), then
the update operation occurs (line 5). Firstly, column k will be
expanded to array tempVec with length N . N is the dimension
of the matrix. Secondly, the non-zero elements of L will
be read in sequence and multiply with tempVec. Finally, the
results will be subtracted and written back to tempVec.

The dependency relationship has been known before the
computation in Algorithm 1. This is decided by the specific
feature of circuit simulation: the first factorization needs to
be reordered and pivoted but the subsequent factorizations
can be performed directly because the non-zero pattern of the
matrices are fixed during Newton-Raphson iterations.

B. Advanced Architecture Features

Emerging architecture features bring both great chances and
challenges for many performance-critical applications.

a) Vectorization: By enlarging SIMD width from
AVX2(256 bit) to AVX512(512 bit) [10], Intel CPU can
provide better hardware performance at data level parallelism
(DLP). AVX512 offers 512-bit vector instructions and supports
gather/scatter for non-continuous memory read and write.

b) Parallelization: Current vendors are trying to in-
tegrate many more cores than before in a single machine
[11]. Machines with multi and many cores have become
quite common in data centers, for example, an Intel Skylake
machine may have up to 24 cores (48 HT) and an AMD Ryzen
Threadripper has 64 cores (128 HT). Considering NUMA-
based multi-socket architecture, there may be more than 100
cores in a single machine. Moreover, a single Intel Xeon
Phi(Knights Landing) [12] CPU has up to 68 cores (272 HT).

C. Motivation

By combining the advanced features of emerging hardware
and the sparsity patterns of sparse LU factorization, we an-
alyze the performance bottleneck and design space from the
following three perspectives:

0%
20%
40%
60%
80%

100% col-col runtime supernode-col runtime

Fig. 1. Breakdown of LU decomposition running time.

1) Supernode Computation. We break the running time of
LU factorization down to two parts on 17 representative sparse
matrices in Fig.1. The results show that supernode-column
related computation dominates the whole running time (from
70% to 98%, and 80% on average), which makes it reasonable
to fully pay more attention to supernode computation. Most
state-of-the-art solvers may use kernels like GEMM from
general BLAS libraries like OpenBLAS and Intel MKL for
better performance. However, the general kernel lacks consid-
eration of the unique characteristics of LU factorization, in
which GEMM is performed on rectangular matrices with a
large length-width ratio. It is necessary to customize a novel
supernode-column computation scheme to further exploit the
vectorization and memory access efficiency.

2) Parallelization. Data dependency is the dominating
obstacle to parallelizing sparse LU factorization. Threads
consume some time on waiting and they will become idle
threads in the worst case. Thus the advantage of multi-core
cannot be fully exploited. In general, the degree of parallelism
is decided by the elimination tree which is created in the
symbolic stage. This tree will not be fat when the matrices
are sparse. So the parallel mechanism level-by-level is not
appropriate for circuit simulation solver. It is necessary to
present a fine-grained parallelization scheme.

3) Data Locality. As shown in Algorithm 1, loading data
from L and U and storing data to tmpVec always involve
lots of memory accesses. Due to the data being stored in
compressed format, a mass of indirect memory visits occur.
The principle of improving memory access efficiency is not to
convert irregularity into regularity, but to make it less irregular.
Improving data re-utilization and keep it stay longer in register
or cache is a promising direction to try.

III. FLU METHODOLOGY

A. Basic Idea

To address the challenges of mapping the irregular LU fac-
torization algorithm to modern architecture, our proposed FLU
re-examines the parallelization and vectorization approaches to
better exploit the computational capacity of multi/many-core
and large SIMD width from three perspectives:

• Register level vectorization for supernode computation;
• Multi-column scheme for better data locality;
• Fine-grained parallelization scheme.
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B. Register Level Supernodal Computation

Supernode-related computation occupies a large part of the
whole LU factorization procedure. We design a vectorization
scheme that operates data mainly at the register level. Illus-
trated in Fig. 2, the whole scheme involves three steps:

Register Initialization. Here we use register to indicate the
SIMD register in default. There are ω lanes in each register,
and ω varies depending on the architecture. For AVX512, ω
is 8 for double precision and 16 for single precision, and for
AVX2, ω is 4 and 8 respectively. We set ω to 4 in Fig. 2 only
for simplicity and better demonstration. For each computation
task, we need three registers: Reg1 for data from L, Reg5
for data from U, and Reg3 for intermediate data. In Fig. 2,
we conduct two computation tasks alternatingly, thus two
additional registers (Reg2 and Reg4) are introduced. Note that
Reg3 and Reg4 are set to zero in advance.

Register Level Computation. We load ω elements from
the first column of supernode into Reg1 and broadcast the
according elements from U into Reg5. Reg1 and Reg5 will
be multiplied and accumulated to Reg3. The computation of
supernode is thus converted to consecutive fmadd instructions
carried out mostly at register level. This procedure terminates
until all the columns in supernode and all the elements in U
are loaded, computed, and accumulated to Reg3. To further
improve the data locality, we carry out θ ( two or more)
computation tasks alternatingly. We set θ to two in Fig. 2
for simplicity. When the first ω elements are loaded to Reg1,
we also load the second ω elements from the same column
to Reg2. We compute Reg1 and Reg2 alternatingly and write
their results to Reg3 and Reg4 respectively.

Eliminating and Writing back. Intermediate results stored
in Reg3 and Reg4 need to be subtracted by according elements
in tempVec and written back. As elements in tempVec are not
always aligned and consecutive. We use gather instruction to
load data from tempVec and scatter instruction to write data
back to tempVec. This procedure moves to the next θ groups
of ω elements and repeats the same steps above.

Parameter Discussion. There are two parameters in our
register level vectorization method. ω indicates the SIMD
width and its value is fixed according to the underlying
architecture. Alternatingly executing θ groups occupy at least
(θ * 2 + 1) registers (Reg1, Reg3, and Reg5). Considering that
δ (the number of SIMD registers of underlying architecture)
is fixed, the value of θ is no larger than (δ -1)/2. θ also relies
heavily on the memory bandwidth and cache hierarchy. Even
if there are more SIMD registers available, too large θ may
involve an unnecessary memory footprint and thus ruin the
cache locality. For AVX512, we set θ = 2 in default.

C. Multi-column Scheme

When computing consecutive columns with similar non-
zero patterns, the same data of L may be loaded into cache
multiple times, which results in cache thrashing and perfor-
mance degradation. To relieve the memory pressure, FLU com-
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Fig. 2. Vectorized supernode-column computing

putes multiple columns(tempVec1, tmepVec2 ...) alternatingly.
Illustrated in Fig. 3 1, the whole scheme involves three steps:

Multi-column Detection. Columns with similar non-zero
element distribution access the same or adjacent columns in
L. Suppose that τ is the number of columns. We compare
the row index of non-zero elements of every τ consecutive
columns to see how many of them are identical. If non-zero
elements with identical row indices are larger than a specific
value ε, they will be computed alternatingly. Otherwise, they
would be computed one by one.

Multi-column Register Level Computation. In Fig.3, we
set τ to two for simplicity. In total, we need five registers:
Reg1 for data from L, Reg2 and Reg3 for data from U, Reg4
and Reg5 for intermediate data. Note that Reg4 and Reg5
are set to zero in advance. We firstly load ω elements into
Reg1 from L. Then we load and broadcast the according
elements of tempVec1 and tempVec2 into Reg2 and Reg3
respectively. Data in Reg1 will be used twice by both Reg2
and Reg3. Computation on τ columns is now converted to
τ separate but alternating forward reduction operation with
fmadd instructions. Reg4 and Reg5 store the final results after
the accumulation.

Eliminating and Writing Back. Results in Reg4 and Reg5
need to be subtracted and written back to tempVec1 and
tempVec2 respectively. Similar to the writing back procedure in
Section III-B, we suppose that the memory addresses in tem-
pVec1 and tempVec2 are discontinuous and use gather/scatter
instructions to load/store data. After this, the next ω elements
of L would be fetched into the register and the same procedure
repeats until τ columns are computed.

Parameter Discussion. τ columns computation requires τ
temporary vectors like tempVec1 and tempVec2. So, large τ

1Registers in Fig. 2 and Fig. 3 are independent, even if they may have the
same name. We name them only for simplicity and better demonstration.
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consumes huge memory space. Manipulating multiple large
vectors may severely ruin the cache locality. Besides, multi-
column computation is also carried out at the register level. It
occupies at least (τ * 2 + 1) registers (Reg1, Reg2, and Reg4).
Considering that the number of SIMD registers of underlying
architecture δ is fixed, the value of τ is no larger than (δ -
1)/2. Moreover, θ in Section III-B makes available registers
less. For AVX512, we set τ = 2 in default. The threshold
value ε is less than or equal to 1.0. ε = 0 means we only
detect identical columns, which are quite small in quantity.
When ε = 0.5 means we need to carry out 50% redundant
computation, which will offset the performance improvement
and even make it worse. We set ε = 0.75 in default.

D. Fine-grained Parallelization Scheme

The parallelization performance of LU factorization relies
heavily on the elimination tree. We introduce a poll-wait
mechanism into this scenario (Fig. 4). There are two steps:

Data Preparation. We construct a bitmap-based state vector
stateVec, in which stateVec[i] indicates whether the computa-
tion of column i completes. Note that all elements in stateVec
are set to zero in default. 0 indicates the column is unscheduled
or in progress, while 1 indicates the factorization of the column
has been completed. We take four threads namely T0, T1, T2,
and T3 for demonstration in Fig. 4.

Polling and Waiting. Before we compute a specific column,
we first check the state of all the columns it depends on. If it is
zero (means not ready), the current thread/task keeps waiting
and polling. Otherwise, the current thread/task starts to work.
Each thread/task updates according state in stateVec when it
completes, while other threads/tasks which are waiting for it
would be notified and continue to work.

E. Discussion

Though that FLU is designed for sparse solver in circuit
simulation, its methodology is also applicable to general-
purpose sparse solvers. The selection of parameters above,
like θ, τ , and ε, is heavily affected by underlying architecture
and input matrices. However, the given default value always
show modest performance on most of the input matrices. We

1 1 0 0 0 0Status

T0 T1 T2 T3 T0

Read

Write

Dependent

Will Write

Fig. 4. Fine-grained parallelization scheme.

enlarge τ if the fill-in ratio((nnz(L) + nnz(U))/nnz(A)) is
large. Note that the default values are selected for AVX512
platforms, but the same method of parameter selection is also
applicable to other architectures.

IV. EXPERIMENTS

A. Experiment Setup
Platforms. We conduct experiments on two representative

platforms with totally different architecture design decisions:
an Intel Xeon Phi based platform(many-core system) and an
Intel Xeon based platform(multi-core system). The Xeon Phi
platform has 68 cores and employs 64GB DDR4 memory,
running Debian 9.9. The Xeon platform has 32 cores and
employs 126GB DDR4 memory, running Ubuntu 18.04. We
use Intel C/C++ compiler version 19.0 with AVX512 enabled.

Benchmark Suite. We use 110 sparse matrices collected
from the University of Florida Sparse Matrix Collection [13].
37 of them are selected from circuit simulation scenarios by
taking all the input matrices of previous research [6] [14] and
removing the redundant ones. The other 73 general matrices
cover various domains: web graphs, fluid mechanics, etc.

Comparison. We evaluate the performance of FLU with
two state-of-the-art solvers: NICSLU and PARDISO. NICSLU
is well suited for extremely sparse matrices, especially for
circuit matrices. PARDISO is a well-known sparse solver from
Intel MKL and is widely used in various fields. We run each
experiment 100 times and report the average factorization time.
NICSLU allocates one and only one thread on each physical
core. For a fair comparison, we run all experiments with 32
threads on Xeon and 68 threads on Xeon Phi.

B. Performance Results and Analysis
We compare the factorization time of FLU, NICSLU and

PARDISO with 37 circuit simulation matrices on two plat-
forms. Fig. 5 shows the execution time of FLU and NICSLU,
normalized to PARDISO. Fig. 5(a) depicts the experimental
results on Xeon platform with 32 threads. Similarly, Fig. 5(b)
depicts the experimental results on Xeon Phi platform with
68 threads. Compared with NICSLU and PARDISO, FLU
achieves an average speedup of 1.66× and 3.86× respectively
on Xeon platform. Accordingly, the average speedup is 1.84×
and 6.94× on Xeon Phi platform. It can be seen from Fig. 5
that FLU outperforms other two solvers for almost all matrices
except three relatively dense matrices: pre2, rajat31 and mem-
chip. Thus we can conclude that the proposed schemes of FLU
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Fig. 6. Performance comparison of FLU, NICSLU and PARDISO on 110
matrices(37 circuit simulation matrices and 73 general matrices). We show
the speedup of FLU and NICSLU over PARDISO for better demonstration.

improve the vectorization and parallelization efficiency of LU
factorization. Although the supernode-supernode and right-
looking mechanism of PARDISO make it much slower than
FLU and NICSLU on most input matrices, it performs well
on dense matrices. Fig. 5 also indicates that the performance
improvement of FLU on Xeon Phi platform is better than that
on Xeon. It demonstrates that FLU obtains a good and strong
scalability when up to 68 threads.

Table I shows the speedups of NICSLU and FLU over their
single-thread execution time, respectively. We analyze only
FLU and NICSLU because their performance is significantly

better than PARDISO, and omit the results on Xeon platform
due to space limitation. FLU achieves average speedups of
2.74×, 7.15×, and 12.29× when the number of threads is 4,
16, and 64, respectively. Table I indicates that the speedups
of FLU are higher than that of NICSLU. So FLU performs
better on multi/many-core systems.

To further explore the performance of FLU, we conduct
experiments on more sparse matrices from various domains.
Fig. 6 shows the speedup of 110 matrices (consisting of 37
circuit simulation matrices and 73 general matrices) on Xeon
and Xeon Phi platforms. Similar to Fig. 5, we normalize the
execution time of FLU and NICSLU to PARDISO for better
demonstration. On Xeon platform, FLU achieves average
speedups of 1.73× and 10.85× over NICSLU and PARDISO
respectively. Accordingly, the average speedup is 3.08× and
9.39× on Xeon Phi platform. The experimental results show
that the proposed schemes of FLU is suitable for not only
SPICE based circuit simulation, but also could be applied to
more extensive scenarios.

V. RELATED WORK

Sparse solvers are essential building blocks of many scien-
tific applications and have been studied for decades on various
matrices from diverse prospects [2] [15]. Many solvers have
been proposed to improve computational efficiency. However,
the sparsity and irregularity of the sparse matrices make it
difficult for the optimization of LU based sparse solver.

KLU [6] aims at circuit simulation and is widely used in
SPICE simulator. However, it has only serial implementation.
SuperLU [4] and MUMPS [16] are general solvers and can
run on a distributed system. These two solvers have one
thing in common that they exploit the dense sub-matrices
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TABLE I
SPEEDUPS OF NICSLU AND FLU OVER SINGLE THREAD EXECUTION ON

XEON PHI PLATFORM.

Dataset NICSLU FLU
T=4 T=16 T=64 T=4 T=16 T=64

pre2 2.95 5.12 6.40 2.83 5.22 9.06
rajat31 2.78 5.55 5.72 2.87 6.55 11.47

memchip 2.78 5.50 6.86 2.93 6.13 11.05
mult03 2.08 4.08 4.22 2.88 8.39 17.40

onetone1 2.91 9.79 13.24 2.95 8.71 20.26
cir5M dc 2.53 4.42 5.39 3.08 5.57 8.53
Freescale1 2.56 3.90 4.80 3.15 6.21 9.51

hcircuit 1.41 2.76 2.64 2.12 5.08 10.22
asic100ks 2.74 8.38 11.09 2.83 8.49 14.96
asic100k 2.64 6.59 8.51 2.85 7.96 13.84
rajat25 2.74 7.45 10.44 2.84 8.62 18.26
rajat28 2.90 8.30 10.35 2.94 8.16 18.89
rajat20 2.73 7.60 10.77 2.84 8.48 18.19
rajat13 1.15 1.64 0.60 1.75 3.03 2.71

ckt1 2.39 6.51 9.20 2.89 9.10 16.87
onetone2 3.08 9.55 8.81 3.16 10.40 16.77
rajat16 2.81 8.03 9.97 2.98 9.48 20.37
rajat17 2.82 8.01 9.52 2.96 7.94 16.41

G2 circuit 2.13 5.06 6.97 2.70 7.47 11.03
mult01 2.32 4.13 5.13 3.17 9.50 18.00
rajat24 2.48 5.20 6.36 2.63 7.36 10.45

asic320ks 2.59 6.52 6.74 2.80 8.16 13.66
asic320k 2.49 5.12 5.80 2.82 7.24 12.46
rajat18 1.45 2.82 2.86 2.17 5.13 9.03
scircuit 1.78 4.28 5.09 2.76 6.61 10.53

transient 2.45 5.35 5.38 2.73 7.58 11.90
asic680ks 2.45 5.36 5.43 2.63 7.41 10.36
asic680k 2.38 4.59 4.18 2.65 6.39 8.58
circuit 1 2.55 2.86 1.66 2.12 3.95 3.18

G3 circuit 2.59 6.36 7.87 3.10 8.47 11.77
mult02 2.34 4.62 4.17 3.11 9.81 19.47
trans4 2.07 3.69 3.84 2.55 6.01 8.88

dc2 2.15 4.14 4.57 2.53 6.09 8.80
dc1 2.04 4.12 4.37 2.49 5.97 8.88

trans5 2.08 4.05 4.39 2.58 5.98 8.94
rajat03 3.13 6.02 3.60 3.14 8.33 9.95

circuit 3 1.58 2.07 0.67 2.03 3.47 3.96

Arithmetic mean 2.41 5.39 6.15 2.74 7.15 12.29

to accelerate the process of LU factorization by calling the
functions of dense matrices, which are referred to as supernode
and multifrontal technologies. But the state-of-the-art solvers
don’t optimize supernodal computation properly. They invoke
the functions of CBLAS library directly. NICSLU [8] and
PARDISO [3] aim at multi-core shared-memory system. The
parallelization of these two solvers is based on a level-set
and divides the execution into two modes according to the
distribution of data dependent columns. Besides, many studies
also focus on GPU [17] and FPGA [14] platforms. SFLU [9]
presents a synchronization-free method to further improve the
parallel performance on GPU platform.

VI. CONCLUSION

To further explore the design space of LU-based sparse
solver in circuit simulation, we propose FLU, a novel sparse
solver with full consideration of vectorization, parallelization,
and data locality. FLU introduces a register-level supernodal
computation method that could both improve vectorization ef-
ficiency and data locality. By alternatingly computing multiple
columns, FLU further reduces the off-chip memory accesses
greatly. Evaluation on 37 circuit matrices shows that FLU
performs much better than NICSLU and PARDISO. Though
that FLU is designed for circuit simulation, its methodology

is also applicable to general sparse solvers. We extend the
benchmarks to 73 general matrices and the experimental re-
sults indicate a speedup up to 39.94× and 2.56 over Intel MKL
PARDISO and best-existing approach NICSLU respectively.
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