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Abstract—This paper firstly focuses on yield estimation prob-
lem on post-layout-simulation of high dimensional SRAM ar-
rays. Post-layout-simulation is much more credible than pre-
simulation. However, it introduces strong relationship among
SRAM columns. The Multi-Fidelity Gaussian Process model
between the small and the large SRAM arrays near Optimal
Shift Vector (OSV) is built. An iterative strategy is proposed and
Multi-Modal method is applied to obtain more prior knowledge
of the small SRAM arrays and further accelerate convergence.
Experimental results show that the proposed method can gain
5-7x speedup with less relative errors than the state-of-the-art
method for 384D cases.

I. INTRODUCTION

As fabrication technology scaling down to nanometers,
yields of industrial SRAM arrays usually consisting of mil-
lions of bit-cells suffer from process fluctuations. Therefore,
accurate failure rate estimations for both pre-simulation and
post-simulation should be accomplished within acceptable time
costs. The main challenges of SRAM yield estimation are
the extremely low failure rate (smaller than 10-6) [1] and the
high dimensionality [2]. The simulation time of SRAM arrays
grows extraordinarily as O(n3), where n is the number of bit-
cells [3]. Therefore, substantially reducing samples of large
SRAM arrays is the key to estimate their failure rates.

Monte Carlo (MC) method is the most well-known and
widely-used method to estimate yield. However, the extremely
low failure rate of SRAM circuits requires 107 or even 108

samples, which is intolerable for large SRAM arrays.
Importance Sampling (IS) method [4] is widely used in

SRAM yield estimation. The basic idea of IS is to find the
Optimal Shift Vector (OSV), i.e., the failure point nearest
to the origin, and sample near this OSV. Many prior works
are based on the IS method. Importance Boundary Sampling
(IBS) [5] can handle multiple failure regions effectively in low
dimensional cases, but it hardly works in high-dimensional
cases. Ref. [6] (MFRIS) applies Multiple Starting Points
(MSP) and Sequential Quadratic Programming (SQP) process
to search OSVs in linear time complexity for high dimensional
cases. However, it needs a repetition at each failure region.
Ref. [3] applies Bayesian inference to obtain high dimensional
yield distributions from low ones and gains 6x speedup to
MFRIS. However, the method of finding OSVs is the same as
[6], which dominates the number of samples after efficiency
improvement.

In industrial productions, post-simulations on layouts are
more credible than pre-simulations for designers, since the in-
fluences of parasitic parameters of interconnects and transistors
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are taken into consideration. In this paper, we firstly focus on
estimating the yield on layouts of large SRAM arrays, which
has not been mentioned in existing papers, as far as we know.

In pre-simulations, with the assumption of the ideal conduct-
ing word lines, bit columns are independent indeed, and the
complicated influences on the delays of read/write operations
among columns can never be observed. In post-simulations,
however, experimental results show that the concerned perfor-
mances, i.e., voltage difference of bit lines of each column,
have similar values with strong correlations. Therefore, the
performances of multiple SRAM columns are interested and
failure rate estimation on post-simulation of an SRAM array
will definitely have multiple failure regions.

Multiple failure regions then lead to multiplying growth of
samples in OSV searching, which is a crucial step in most IS-
based methods. For a single failure region, the time complexity
of the state-of-the-art OSV searching algorithm MFRIS is
roughly linear O(n) with respect to the dimensionality of
circuits n. For m multiple failure regions, however, it becomes
O(m × n). Therefore, searching OSV dominates the total
simulation cost which is unacceptable for practical SRAM
arrays. In a word, although the existing algorithms developed
for pre-simulation can be easily ported to post-simulation, they
will be invalid due to their sharply degenerate efficiencies.

To accelerate the OSV searching for multiple failure regions
efficiently, we utilize the similarity between small SRAM
arrays and large ones, which is reasonable and can be easily
observed from experimental data. Specifically, we intensively
analyze the OSVs in small SRAM arrays first, where the time
of SPICE simulations is ignorable compared with large cases.
Then, we transfer such knowledge to large arrays and reduce
simulations on large arrays obviously.

The main contributions of this paper include: (1) A novel
and efficient yield estimation method is firstly proposed for
layouts of high dimensional and high sigma SRAM arrays.
Multi-Fidelity Gaussian Process (MFGP) [7] on performances
of columns between small SRAM arrays (low dimensional)
and large ones (high dimensional) are constructed. Because
both the MFGP models and OSVs are unknown, an adaptive
and iterative scheme is applied, starting with the OSVs of
small SRAM arrays. (2) A Multi-Modal (MM) optimization
problem is further formulated to find the failure boundaries
near OSVs. These failure boundaries serve as supplemental
knowledge to accelerate the convergence of the iterative flow.
(3) Experimental results show that SPICE simulations on the
high dimensional circuit can be reduced to 300-400 samples
with 2.4%-3.7% relative errors, which are 3-7x speedup com-
pared with the most well-known methods. Meanwhile, the
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proposed method can still work on pre-simulations, with about
1.7x speedup.

The rest of this paper is organized as follows. In section
II, the problem of yield estimation will be formulated, and we
will introduce background knowledge of our proposed work. In
section III, the proposed method will be explained in detail.
In section IV, the experimental results will be presented. In
section V, a final conclusion will be drawn briefly.

II. BACKGROUND

A. Problem formulation
Let x = [x1, . . . , xD]

T
be a D-dimensional random vari-

able that represents all the random process variables. We
suppose these variables are mutually independent and standard
normal. Then the joint probability density function (PDF) p(x)
can be written as

p(x) =

D∏
d=1

pd(xd) (1)

where pd(xd) is an independent PDF of process parameters
given by foundries, usually a normal distribution. The total
failure rate of an SRAM array can be represented as

P fail =

∫
Ω

p(x)dx =

∫
I(x ∈ Ω)p(x)dx (2)

where Ω denotes the total failure region. If x ∈ Ω, I(x ∈ Ω)
is 1, otherwise it is 0. If there are multiple performances of
interest, a failure occurs when at least one of them violates
the corresponding specification. Then there will be multiple
failure regions, and the total failure region is Ω =

⋃
N
k=1Ωk

where N is the number of performances of interest.
An SRAM array usually consists of M columns and each of

the columns consists of N bit-cells as shown in Fig. 1. To read
information saved in the first row, we pre-charge the bit lines
set and enable the corresponding word line. If any voltage in
the set of differential bit line voltages is smaller than the input
offset voltage of sense amplifier in a given delay, the read
operation fails.

B. Monte Carlo and Importance Sampling
MC method is the most common and traditional approach

to estimate SRAM failure rate. With a mass of samples drawn
from the given PDF of variables, the failure rate can be
probability estimated as

P̂MC =
1

N

N∑
i=1

I(xi) (3)

Fig. 1. An SRAM array with sense amplifiers.

where xi is the ith sample, N is the total sampling amount
which is often between 107 and 108.

Sampling efficiency can be improved by IS method [8]. The
main idea of IS-based method is to replace the original dis-
tribution p(x) by practical distribution q(x). With N samples
generated from the distorted PDF q(x), failure rate P fail can
be estimated as

P fail ≈ P̂IS =
1

N

N∑
i=1

I(xi)p(xi)

q(xi)
(4)

In yield estimation of post-simulation for large SRAM
circuits, there are multiple performances of interest which
can induce multiple failure regions. MFRIS [6] can address
the yield estimation problem in both high-dimensional and
multiple-failure-region cases. MFRIS is an IS-based method
whose main contribution is multi-failure-region OSV search-
ing. Searching OSV is a crucial step in most IS-based meth-
ods, which is equivalent to solve the following optimization
problem

min ‖v‖
s.t. I(v)=1 (5)

where v is in parameter space, ‖ · ‖ denotes the L2-
norm. MFRIS extends the idea of MNIS [8]. First, it pro-
poses a Multi-Starting-Point Sequential Quadratic Program-
ming (MSP-OSV) framework to search for OSVs. Next, it
constructs a Gaussian mixture distorted distribution based on
the multi-region-OSVs. Finally, IS method is used to estimate
the total failure rate.

C. Extension of Gaussian Process for variable fidelity data
sources

Gaussian Process (GP) regression [9] defines a supervised
learning problem, which is an effective method, especially for
a moderate size of data sets. We assume that dataset X,Y is
generated by an unknown mapping f(x)

Y = f(X) (6)

A typical GP model is defined by a mean function μ and a
covariance matrix K:

f(x) ∼ gp(μ(X),K(X)) (7)

where X = {x1, ..., xn} represents a training data set of size
N , μ is the mean function which is usually set as μ = 0 for
simplicity, while K is a kernel matrix.

Some previous works known as Multi-Fidelity methods
extend the GP regression framework to construct probabilistic
models that enable the combination of variable fidelity data
sources. Nonlinear Autoregressive Gaussian Process (NARGP)
[7] supposes that there are two fidelity levels of data. Xl and Yl

are the input and the output of the low-fidelity level, while Xh

and Yh are the input and the output of the high-fidelity level.
The relationship between the two different fidelity models can
be expressed as

fh(x) = zl(fl(x)) + δh(x) (8)

where fh(x) and fl(x) are GP models at the high-fidelity
level and the low-fidelity level, zl represents a mapping from
the low-fidelity model to the high-fidelity model. NARGP
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can learn nonlinear correlations between various information
sources. Because fl(x) is also a GP model, the function is
composited of two GP models. Therefore, we call the function
deep GP. With an assumption that zl and δh are independent
as mentioned in [10], the scheme can be written as

fh(x) = gh(x, fl(x)) (9)

where gh represents a GP model over variables vector x and
the predict value of the low-fidelity model fl(x).

III. PROPOSED APPROACH

A. Multi-Fidelity Gaussian Process model
Since an SRAM array is a regular matrix-like structure,

intuitively, there exist some relationships among performances
of different scale SRAM arrays. Fig. 2 gives concrete ex-
perimental results to show the correlations of performances
on different cases, where the small and the large SRAM
arrays are 1x4 and 8x4 respectively. Parameters x1 and x2
are respectively threshold voltage (Vth) of the transistor M2
at cell < 1, 2 > and cell < 1, 3 > as shown in Fig. 1,
and the performance is the minimum voltage difference of
bit lines among all 4 columns. It can be clearly concluded
that performances of different arrays have similar shape over
parameters.

Based on such similarity, we introduce MFGP model. The
high-fidelity data are from the layouts of required large SRAM
arrays. In order to obtain the low-fidelity data, the mutual
information (MI) dimensional reduction method as mentioned
in [3] is applied for all columns of the large SRAM array first.
The MI of two discrete random variables X and Y is defined
as

I(X,Y ) =
∑
y∈Y

∑
x∈X

p(x, y) log(
p(x, y)

p(x)p(y)
) (10)

where p(x,y) is the joint distribution and p(x), p(y) are the
marginal distributions. In this work, the same nonparametric
method as [3] is applied to calculate MI. Then, bit-cells
consisting of the dimensions with the highest MI will be
considered to be important. We select rows and columns only
including important bit-cells as the low-fidelity data sources.

Since the simulation time of small SRAM arrays is ignor-
able, we can build GP models on small arrays easily with

Fig. 2. Colormap for performances and parameters of small and large SRAMs.

plenty of samples. Then a nonlinear mapping from the low-
fidelity models to the high-fidelity models is built with another
GP model. In this way, one can use much fewer samples to
build high-fidelity models, which is the basic idea of MFGP.
Considering that yield estimation of SRAM with multiple
columns on post-simulation is a multiple-failure-region prob-
lem, in this work, we construct different MFGP models in
different failure regions. Since the process of OSV searching
can be very time-consuming, the two fidelity models and OSVs
are all undiscovered and need to be modified iteratively.

B. Iterative strategy

It is unnecessary to build accurate MFGP models over all
domain of large SRAM arrays. Following the idea of IS-based
methods, one only needs to build models accurately near the
OSVs. However, The OSVs of large scale circuits are still
unknown and calculating them directly is time-consuming.
Therefore, an iterative strategy is applied.

First, the OSVs of small arrays should reasonably be good
initials of the ones of large arrays. A 2D example of failure
boundaries and OSVs of post-simulations is shown in Fig. 3,
where the red and blue lines are the failure boundaries of 1x8
and 4x8 SRAM arrays, respectively. OSVL1 and OSVL2 are
the two low dimensional OSVs, while OSVH1 and OSVH2 are
high dimensional. The directions of low and high dimensional
OSVs are very similar, although their lengths are different.
Therefore, for the initialization, MFRIS is applied with enough
samples and negligible time on small arrays, to calculate
low dimensional OSVs and set them as the initials of high
dimensional OSVs. Meanwhile, for each low dimensional OSV
of multiple failure regions, we sample adequately on small
arrays as initial low-fidelity datasets.

For each iteration, for high-fidelity data, a small number of
samples around the current OSVs are added to the data set.
With the corresponding low-fidelity data set, the MFGP model
is updated. Then the new high dimensional OSVs are solved
by MSP-SQP optimization solver on the current MFGP model
instead of real SPICE simulations. The iteration repeats until
the OSVs converge. Because of the prior knowledge from low-
fidelity data, the high dimensional OSV will not be far off the
real even in early iterations.

Fig. 3. A case of failure boundaries and OSVs for small and large SRAMs.
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C. Prior knowledge of Multi-Modal method

We process a MM method on small scale SRAMs (low
dimensional) to further accelerate convergence. The basic idea
in this process is to find prior knowledge about the failure
boundary and bring the information to the iterative process.

To start the iteration, one needs to sample for initial data set,
which is termed cool start in GP modeling [11]. Generally, one
can simply sample near the current OSVs as shown in Fig. 4(a).
Although it works, it is not efficient enough. Intuitively, the
samples located near the boundaries are more informative as
shown in Fig. 4(b). Therefore, a MM optimal problem [12]
is formulated to obtain more informative samples. Then, the
failure indication function of the low-fidelity is formulated as

max
XS⊆D

|XS| (11)

where |.| is the size of a set, XS = {xlo
i , i = 1, 2, ..., n}, and

xlo
i is the local optimum of the black-box function

y =
∣∣perfL − spec

∣∣ (12)

where perfL is the performance of the low dimensional
SRAM and spec is the threshold performance for failure.
The local optimal of this black-box function will be failure
boundaries of small SRAM circuits. The optimal object of
the MM problem is trying to find the local minimal points
as many as possible. In this work, a widely-used multi-modal
solver NMMSO [13] is applied and the optimal results of MM
will be added to the initial data sets which can accelerate the
convergence of OSV searching distinctly.

D. Failure rate calculation

After the iteration stops, we can calculate the total failure
rate by an efficient IS-based method, i.e., sample around OSVs
and calculate the performances from the MFGP model without
any extra SPICE simulation. If there are M failure regions
with the corresponding OSV s∗i , we employ Multi-Mean-Shift
Importance Sampling (MMSIS) as [6]. Finally, we use (4) to
calculate the total failure rate.

q(x) =

M∑
i=1

wip(x− s∗i ) (13)

wi =
exp(− 1

2 ||s∗i ||2)∑M
i=1 exp(− 1

2 ||s∗i ||2)
(14)

Fig. 4. Illustration of prior knowledge from MM.

E. Experimental setting for small scale SRAM arrays

In yield estimations, a SPICE transient simulation is in-
voked, where the voltage difference yh of two bit lines of an
SRAM column is measured at a given time th. If the voltage
difference yh is less than the given specification yh0, it fails.
Usually, the measure time th is located on the slope of the
voltage difference as the black line shown in Fig. 5.

However, in actual post-simulation, the latency of the large
SRAM arrays is much longer than the time of the small SRAM
arrays, as the red line shown in Fig. 5. If the measure time
th of the large SRAM arrays is simply applied for the small
SRAM arrays, i.e., tl=th, the voltage difference of the small
arrays yl is near to 1, where the features of failure boundary
will be a little far away from the slope phase. Therefore, an
artificial setting of measure time tl for the small SRAM arrays
can be chosen to make the features of low-fidelity data more
similar to high-fidelity data.

The post transient simulations of the small and the large
SRAM arrays at Typical-Typical (TT) corner are invoked
firstly. For example, Fig. 5 gives the voltage differences of
bit lines of the 7th column on 4x8 and 1x8 SRAM circuits.
We choose yl0 = yh0, and tl can be measured and set in the
slope phase as shown in Fig. 5. In this way, failure boundaries
of small arrays will be more possibly like the ones of large
arrays.

F. The framework of the proposed method

The framework of the proposed method is shown in Fig. 6.
First, the dimensional reduction is applied for the large SRAM
array with MI method, and the layout of the small SRAM array
is drawn. Then, we run post-simulation of the large and the
small layouts at TT corner and obtain the measure time tl and
voltage difference yl0 of the small array.

On the small SRAM, apply MFRIS for searching low
dimensional OSVs and solve MM optimization problem to
find enough failure boundary points. On the large SRAM,
iterative steps of building MFGP models on performances and
searching OSV are executed. Sample near current OSVs, call
SPICE to obtain performances, and add these samples into data
sets. Update the MFGP model, and solve the updated OSVs
with MSP-SQP solver. This iteration will not stop until the
convergence of OSV searching. Finally, the yield is estimated
based on the OSVs and MFGP models without any realistic
SPICE simulations.

Fig. 5. Measure time setting for the small SRAM circuits.
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Fig. 6. Framework of the proposed method.

IV. NUMERICAL EXPERIMENTS

To verify the accuracy and efficiency of the proposed
method, the multi-region failure rate estimations of large
SRAM arrays on post-simulation are evaluated. All test cases
are under a 28nm CMOS process.

MC needs more than 107 samples, which is unaffordable
for realistic SPICE simulation of large SRAM arrays. Golden
results are from MFRIS [6] with enough samples for its
simplicity and clarity in theory. Three different approaches,
i.e., MFRIS, DAC18 [3], and the proposed method, are imple-
mented in MatLab.

A. Estimation of the read failure rate for post-simulation
Table I summarizes the results of the read operation for an

8x4 SRAM array (8×4×6=192D). DAC18 seems less efficient
than the original paper because OSV searching of multiple
failure regions dominates the cost. The proposed method needs
340 (100 for dimensional reduction) samples, which is 3.0x
faster than the state-of-the-art method in DAC18, with 2.4%
relative error. Certainly, the proposed method needs extra
simulations on the small 1x4 SRAM array (1×4×6=24D) with
1.3 hours of CPU time, ignorable compared with total cost.

We further verify the proposed method with an 8x8 SRAM
array (8×8×6=384D) as shown in Table II. In this case, the
proposed method can be 5.3x faster than DAC18, with 2.7%
relative error. The improvement on effciency is much more
important than the improvement on accuracy which makes the
proposed method acceptable for industrial application.

B. Estimation of the write failure rate for post-simulation
Table III summarizes the results of the write operation for

an 8x8 SRAM array. Note that in SRAM arrays, the write

TABLE I
ACCURACY AND SPEED COMPARISONS FOR READ FAILURE RATE OF AN

8X4 SRAM ARRAY ON POST-SIMULATION

Failure Rate
(E-05)

Relative
Error (%)

#Samples
of 192D

Total CPU
Time (h/1c)

Speed
Up

Golden 5.31 N/A 7560 630.0 1.0
MFRIS 5.87 10.5 1626 135.5 4.6
DAC18 4.57 13.9 1026 85.0 7.3

Proposed 5.18 2.4 100+ 240 28.0 22.2

TABLE II
ACCURACY AND SPEED COMPARISONS FOR READ FAILURE RATE OF AN

8X8 SRAM ARRAY ON POST-SIMULATION

Failure Rate
(E-05)

Relative
Error (%)

#Samples
of 384D

Total CPU
Time (h/10c)

Speed
Up

Golden 2.98 N/A 4400 366.7 1.0
MFRIS 2.65 11.0 2398 199.8 1.8
DAC18 2.63 11.7 1798 150.2 2.4

Proposed 2.90 2.7 340 28.4 12.9

operation mode is very different from the read mode, while
our proposed method is still efficient. The proposed method
can be 6.9x faster than DAC18, with 3.7% relative error.

C. Estimation of the failure rate for pre-simulation

The proposed method can also work on pre-simulation
cases. Experimental results with a 32x1 SRAM array on pre-
simulation are shown in Table IV. In this case, there is only
one performance of interest, leading to one failure region.
Therefore, the superiority of our proposed method is not as
distinct as the multiple failure region cases. However, the
proposed work can still gain 5.0x speed up over MFRIS and
1.7x speed up over DAC18.

D. Computational complexity vs circuit scale

The computational complexity is evaluated with the growth
of both rows and columns. As mentioned in [3], only a few
variables have an impact on performance, which makes the
number of important variables grows very slightly with rows.
Therefore, the computational complexity of both proposed
method and DAC18 can be roughly constant to the increase
of rows as shown in Fig. 7(a). we start from an SRAM array
with 4 rows and 1 column only (24D) and add the number of
rows to 64 (384D).

However, with the grow of the column number, there will
be more failure regions as well as influential variables. This
increases simulations for both MSP searching process and SQP
process in OSV searching, which will domain the total cost

TABLE III
ACCURACY AND SPEED COMPARISONS FOR WRITE FAILURE RATE OF AN

8X8 SRAM ARRAY ON POST-SIMULATION

Failure Rate
(E-06)

Relative
Error (%)

#Samples
of 384D

Total CPU
Time (h/10c)

Speed
Up

Golden 5.74 N/A 3833 319.8 1.0
MFRIS 6.07 5.7 2746 229.1 1.4
DAC18 5.27 8.1 2206 184.0 1.7

Proposed 5.53 3.7 320 26.7 12.0

TABLE IV
ACCURACY AND SPEED COMPARISONS FOR READ FAILURE OF A 32X1

SRAM COLUMN ON PRE-SIMULATION

Failure Rate
(E-05)

Relative
Error (%)

#Samples
of 192D

Total CPU
Time (h/1c)

Speed
Up

Golden 3.33 N/A 2368 197.3 1.0
MFRIS 3.22 3.3 1069 89.0 2.2
DAC18 3.13 6.0 369 30.7 6.4

Proposed 3.45 3.6 210 17.5 11.3
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Fig. 7. Number of simulations versus rows and columns.

on large scale cases. Therefore, the total cost will be roughly
linear to the increase of columns for DAC18. As shown in
Fig. 7(b), we start from an SRAM array with 4 rows and 1
column only (24D) and increase the number of columns to 16
(384D). With the prior knowledge and the iterative strategy,
simulations for OSV searching are needless. Therefore, the
cost of the proposed method can grow very slightly with
columns, which is very appealing for large arrays.

E. Robustness of OSV searching

We further verify the robustness of iterative OSV searching
for large arrays. Fig. 8(a) is the standard convergence process
where the initial point is the OSV of the small array. In
Fig. 8(b), the initial OSV is given about 25% disturbance. As
shown in Fig. 8, the proposed iterative OSV searching strategy
can converge rapidly and accurately in both cases.

F. Effect of Multi-Modal method

The optimal results of MM method contain more informa-
tion of failure boundaries, which makes them more valuable
than the naive Gaussian samples. The experimental results
based on a 4x8 SRAM array are shown in Table V, while the
golden total failure rate is simulated by MFRIS with sufficient
samples. Adding 30 extra samples, Gaussian samples have
no improvement on the relative error, while MM method can
improve 29% (38.1%-9.1%) of the relative error.

Fig. 8. Robustness of OSV searching in large SRAM arrays.

TABLE V
EFFECT OF MULTI-MODAL METHOD FOR FAILURE RATE ESTIMATION

Failure Rate
(E-06)

Relative Error Total Samples

Golden 7.44 N/A 8755
No extra samples 4.60 38.1% 300+0
Gaussian samples 4.06 45.4% 300+30

MM samples 6.76 9.1% 300+30

V. CONCLUSIONS

In this paper, we firstly propose an efficient method to
handle yield estimation problem on post-simulation for SRAM
with multiple columns. We take advantage of low dimensional
data adequately in the process of both searching OSV and
building MFGP models. Experimental results verify that the
proposed method can earn 5-7x speedup with higher accuracy
over the state-of-the-art method with 384D cases.
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