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Abstract—To host intelligent algorithms such as Deep Neural
Networks on embedded devices, it is beneficial to transform
the data representation of neural networks into a fixed-point
format with reduced bit-width. In this paper we present a
novel quantization procedure for parameters and activations
of pre-trained neural networks. For 8bit linear quantization,
our procedure achieves close to original network performance
without retraining and consequently does not require labeled
training data. Additionally, we evaluate our method for power-
of-two quantization as well as for a two-hot quantization scheme,
enabling shift-based inference. To underline the hardware ben-
efits of a multiplierless accelerator, we propose the design of a
shift-based processing element.

Index Terms—Quantization, Neural Networks, Hardware,
Multiplierless Acceleration

I. INTRODUCTION

Since Deep Neural Networks (DNNs) achieve super human-
level performance on tasks such as image classification [1],
they have gained extraordinary attention not only from a
machine learning point of view, but also from a hardware
perspective. DNNs are compute intensive and benefit from
dedicated accelerators for efficient and effective mobile appli-
cation. A variety of dedicated hardware accelerators has been
presented [2]-[4], where a majority focuses on architectural
improvements rather than on optimization of the mathematical
processing elements (PEs). However, nearly all approaches
benefit from a data representation with reduced bit-width. As
for training of DNNs typically GPUs are being used, the
resulting data representation is Float32. Therefore, we focus in
this paper on the transition of pre-trained DNNs to fixed-point
variants.

We make the following contributions with this paper:

o« We formulate a novel quantization procedure for pre-
trained DNNs and evaluate it on a variety of networks
for two tasks: classification and semantic segmentation.

« We investigate the effects of our proposed procedure for
8 bit linear quantization of weights, biases, and activa-
tions.

« Additionally, we evaluate our procedure for data repre-
sentations enabling multiplierless acceleration of DNNs.

o« We show that networks quantized with our procedure
achieve near to original performance without the need for
fine-tuning. Therefore, it does not require labeled training
data.
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This paper is structured as follows: The next section sum-
marizes related work. Section III introduces mathematical
principles of DNNs and discusses three quantization schemes.
In Section IV we propose a novel quantization procedure. Our
results are presented and discussed in Section V.

II. RELATED WORK

To benefit from reduced bit-widths, many works focus on
quantized training [5]-[7]. These methods strongly intervene
in the training procedure and cannot be applied to pre-trained
neural networks. In [8] a quantization procedure for pre-trained
networks based on arbitrary step size and an arbitrary zero-
point is proposed. However, to handle the nonsymmetric quan-
tization, additional online calculation is needed (see equation
(8) in [8]). Although weights and activations are quantized
to 8bit, biases are represented with 32bit. The results are
reported after a fine-tuning phase. Some approaches use in-
dividual bit-widths for different layers and parameters, such
as [9]. The drawbacks of such methods are additional hard-
ware requirements regarding individual bit-width handling.
Approaches evaluating multiplierless quantization schemes are
reported in [10]-[13]. All of them require a fine-tuning step to
recover from significant performance drop and none of them
investigates complex tasks such as semantic segmentation. In
[14] a quantization scheme enabling multiplierless acceleration
similar to ours is proposed. However, the authors evaluate their
method on rather simple classification tasks and do not provide
a detailed quantization procedure for pre-trained networks.
Instead, a retraining procedure is proposed. Yet, especially for
mapping tools where no training data is available, fine-tuning
is not an option. Additionally, their proposed PEs require
massive multiplexers in a hardware implementation.

III. METHODOLOGY
A. Deep Neural Networks

Typical Deep Neural Networks consist of convolutions,
pooling operations, and potentially fully-connected layers. The
network is built by stacking a number of layers, where the
output y(*) of a layer [ is input (1) to a following layer [+1.
Convolutional and fully-connected layers can be expressed
as weighted sums, followed by nonlinearity functions ® (-)
including a bias term b:

yO— (Z w2 4 b(l)) (1)
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State-of-the art networks typically feature one of the following
piecewise linear functions ® (-):

®(x) = ReLU(x) = max(x,0) or

®(x) = sign(z). @

For training of particularly Deep Neural Networks, Batch-
Norm layers may be used [15]. After training, the parameters
of these layers can be merged into the weights and biases of
preceding convolutional or fully-connected layers [8].

B. Quantization

In this section we discuss three quantization schemes which
enable embedded systems to efficiently deploy neural net-
works: linear quantization, power-of-two quantization, and a
novel generalized quantization scheme for hardware efficient
computation using bit-shifts.

1) Linear Quantization: Equation (3) describes the quanti-
zation function lin_quanty :  — x, for a signed data rep-
resentation, where clip(z, a,b) denotes the clipping function
to restrict value x to the interval [a,b], and two quantization
parameters N the bit-width and A the step size.

x4 = clip (round (%) ,

An example is given in Fig. 1 where original data distri-
butions are depicted alongside with quantized variants. The
supporting points of a linear quantization scheme are shown
with green circles.

2) Power-of-Twwo Quantization: For the multiplication a - b,
where the operand b is constrained to a power-of-two value
b € {2"n € Ny}, a hardware implementation can be
efficiently realized by a simple bit-shift « < log, (b). Equa-
tion (4) shows the mapping pow2_quanty : = +— x4, to
quantize value x using a signed power-of-two scheme with
N bits.

_oN=1 gN-1_ 1) A (3)

Zq = clip (round (log2 |§|) , 0, 2N’1) -2
x4 = sign (z) round (2%7) A

“

In (4) we subtract 2 after clipping, because we need a separate
code for the zero-value of z,. In case &, = —2, the value
x4 will be rounded to O in round (25”‘1). For a hardware
implementation value x, will be saved as Z, using N bits
including the sign bit of x,. This helps to effectively exploit
the available bit size.

The resulting supporting points for a power-of-two quan-
tized data distribution are shown in Fig. 1 (marked with orange
crosses). It can be seen that the number of sampling points
diminishes towards high values.

3) Two-Hot Quantization: While from a hardware per-
spective power-of-two quantization offers efficiency and area
advantages, it has a reduced resolution towards high values.
To provide an increased resolution while maintaining the
hardware advantages of bit-shifts, the factor b can be replaced
by two power-of-two values ¢,d € {2"|n € Np} where each
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(b) Weights of a dilated convolutional layer with multimodal distribution.

Fig. 1. Quantization of the weights of convolutional layers of a neural
network. Linear, power-of-two, and two-hot quantization is shown.

is using half of the bit-width N. The multiplication a - b can
then be expressed as

a-(c+d)=a<logy(c)+ a < logy(d), ®)

which still offers considerable energy and area advantages
for a bit-shift-based hardware implementation. The binary
representation of value b = ¢ + d carries at most two
"1’s. We therefore call the quantization scheme “Two-Hot
Quantization.”

To determine x,, value x is transformed into a power-of-
two value )55 based on the pow2_quant function defined

in (4) using half bit-width. A second value :zgSB is derived
from the remainder x4:

vsp  Pow2_quanty ()

T, = A
x
Ts = N xé”SB (6)
LSB pow2_quant /2 (xs)
q - A !

The proposed quantization function two_hot_quanty : © —
x4 is then:

zq = A (200)58 4+ 2[5P) | (e N,. (7

We introduce parameter ( as it offers an additional degree of
freedom and does not contribute to hardware cost once it is
fixed. 2¢ corresponds to a fixed bit-shift of one summand.
Instead of saving the two-hot-coded value 255 + LS55,
the exponent values £3/55, 2158 will be saved each using
N/2 bits, where both may include a sign bit. Our two-hot
quantization is a generalized representation of the 1-alphabet
introduced in [14].

The sampling pattern for our proposed quantization scheme
is depicted in Fig. 1 with red triangles. As can be seen, the
resolution is increased towards high values due to additional

supporting points in the neighborhood of power-of-two values.
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IV. FIXED-POINT TRANSFORMATION OF PRE-TRAINED
DNN

A. Quantization Optimization

While the bit-width N is based on a hardware architectural
decision, step size A is data dependent. In this section we
first discuss two straight-forward approaches to determine the
optimum step sizes for activations, biases, and weights. Then,
we introduce a novel optimization procedure which we found
to be especially suitable for neural networks.

1) Based on Maximum Absolute Value: The first approach
derives the step size A from the maximum absolute value in
a data distribution. Let x represent values from a random data
distribution. Then, A, can be written as

max
A, = 72Ngi“> —1. ®)
For linear quantization, this procedure will introduce strong
quantization noise in case of far outliers. This approach is
used in [8] to quantize weights.

2) Based on Minimum Mean Squared Error: When quan-
tizing values x with a quantization scheme quanty(x,A),
where N is the bit-width and A is the step size, the resulting
quantization error can be written as an additive term 4, :

Xq = quanty (X, Ay) = X + 0. (€))

To reduce quantization noise, the following equation deter-
mines step size A, by minimizing the L?-norm of the error
vector and hence minimizes the mean squared error (MSE)
resulting from the quantization:

A, = argmin (|| — x,[l2) = argmin (3, [|2) . (10)
AX AX
This approach has been similarly proposed in [16] to quantize
activations.
3) Based on propagated Quantization Error: Here, we
propose to determine the step size A based on the propagation
of the quantization error § through the neural network. We

write y for the output of a layer with quantized weights w:

wy = quanty (W, Ay) = W + Oy,

gj:CD(waq—i-b),
y:q)(zgcw—i—b).

To determine the optimal step size A,, we minimize the
propagated quantization error (propQE) at the output of the
layer:

an

Ay =argmin(|| -y ||,)- (12)
Ay S—~—
propQE

For the step size A, of quantized input activations x follows:

gj:@(Zxﬂu—ﬁ—b),

. - 13
A, :argAmln(Hy—yHZ). (3

This procedure is also used for finding a suitable quantization
step size A, for biases.
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Our procedure weights the quantization error with the pa-
rameters, respectively activations, of the pre-trained network.
While determining the step sizes for a specific layer, we do
not quantize any other layer of the network to prevent the
influence of other quantization noise on the optimization. For
the proposed process, we do not need any training labels. We
use the intermediate values of the network based on valid input
samples to supervise the quantization procedure. Therefore, we
call this approach self-supervised.”

B. Fixed-Point Transformation

Once the quantization step sizes A,, A, A, are deter-
mined for activations, weights, and biases for each layer, we
transform the network into a fixed-point version. Therefore,
we round the step sizes A to the next power-of-two value
A e {2%|z € 7Z}. This allows a fixed-point multiply-
accumulate operation where the input values = are multiplied
with weights w and the bias b is added after a bit-shift:

Z TqWq + (bq < (logy Ay —log, A, —log, Aw)) . (14

V. EVALUATION

We evaluate our proposed quantization procedure on a
variety of networks and data sets. For an image classification
task we use the ILSVRC data set [22]. The data set consists
of more than 1 million RGB-images each labeled with one
out of 1,000 categories. We use a random subset of training
images at a resolution of 224 x 224 for our quantization
procedure and report our results on the validation set of 50,000
images. Reported performance figures are top-1 (highest rated
label correct) and top-5 accuracy (correct classification among
five highest rated labels). The networks for classification are
VGG16 [17], ResNet50 [18], and InceptionResNetV4 [19].

To include a more complex task, we also report results for
semantic scene segmentation in which each input pixel of a
given image is labeled with a certain class. As a benchmark,
we use the Cityscapes data set [23]. It consists of 5,000
RGB-images with fine-grained annotations for training and
contains a validation set of 500 images. The images have
a resolution of 2048 x 1024. We determine the quantization
step size on a subset of training images and report results on
the validation set. The network performance of two models
(Dilated Model [20] and FCN8s [21]) is reported using mean
intersection over union (mloU) and mean pixel accuracy (pix.
acc.) [24]. For the experiments with Dilated Model [20] we
use 4x-downsampled Cityscapes images with a resolution of
512 x 256.

In this section we first compare three procedures for deter-
mining quantization step sizes: based on maximum absolute
value, minimal MSE, and minimal propagated quantization er-
ror. We then evaluate the power-of-two and two-hot quantiza-
tion schemes for weights of pre-trained networks which enable
multiplierless (i.e. bit-shift-based) acceleration. No fine-tuning
of network parameters takes place after quantization. We do
not use any annotations of images. All of our experiments are
conducted using NV = § bit.
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TABLE I
PERFORMANCE OF CLASSIFICATION NETWORKS (VGG16, RESNET50, AND INCEPTIONNETV4) AND NETWORKS FOR SEMANTIC SCENE SEGMENTATION
(DILATED MODEL AND FCN8S) WITH N = 8 BIT QUANTIZED ACTIVATIONS FOR DIFFERENT OPTIMIZATION STRATEGIES (MAX ABS, MIN MSE, MIN
PROPQE) TO DETERMINE THE STEP SIZE A.,(,l) OF EACH LAYER. FURTHER INCREASING THE NUMBER OF IMAGES DOES NOT INCREASE PERFORMANCE.

. VGG16 [17] ResNet50 [18]  InceptionResNetV4 [19]  Dilated Model [20] FCNS8s [21]
Quantization 8“3$$222§ top-1  top-5 top-1  top-5 top-1 top-5 mloU  pix. acc. mloU  pix. acc.
P [%] [%] [%] [%] [%] [%] [%] [%] [%] [%]
Number of training images used 100 100 100 36 10
Float32 Baseline - 69.58 89.04 7299 90.93 75.61 92.48 55.63 92.85 66.48 94.65
yq lin quant max abs 66.36 88.82 64.75 86.69 0.00 0.02 51.70 91.14 64.68 93.41
yq lin quant min MSE 68.51 88.79 70.08 88.95 69.66 89.40 54.23 92.00 65.04 93.29
yq lin quant min propQE  69.09 8897 71.31 90.61 73.89 91.67 55.65 92.79 66.49 94.46
Ya(propQL) 049 007 -1.68 -0.32 -1.72 -0.81 +0,02 -0.06 4001  -0.19
vs baseline

A. Linear Quantization of Activations

In Table I the results for linear quantization of activations
is presented. Quantization step sizes are determined based
on three different procedures (max abs, min MSE, and min
propQE). For these experiments we kept weights and biases
at Float32 precision. The number of input images to create
stable and reproducible results is reported.

Distributions of activations tend to have an increased num-
ber of outliers. Our method (propQE) helps to correctly clip
outliers and effectively use the dynamic range of a linear
quantization scheme especially for activations. Particularly,
the activation values of InceptionResNetV4 have far outliers
which leads to a complete failing of the network after quan-
tizing the activations using max abs. The quantization of
some of the networks leads to an increased performance. We
suppose this effect emerges from a better generalization due
to regularizing effects of the quantization procedure.

B. Linear Quantization of Weights and Biases

When searching for the optimal quantization step size for
parameters, we use the original network with no quantization
of activations. This prevents interference with quantization
noise from activations. As a consequence, the order of the
step size analysis is irrelevant. For the experiments, Batch-
Norm layers have been merged into the convolutional layer
parameters w and b [8]. Hence, no separate quantization of
Batch-Norm layers is necessary.

For the results reported in Table II, we jointly apply
parameter and activation quantization, where the quantization
of activations is based on minimal propQE. Our proposed
procedure performs best compared to max abs and min MSE.
When comparing the results for minimal propQE with Table I,
we see that parameter quantization does not further decrease
the network performance.

We found that it is important to introduce separate quantiza-
tion parameters for biases. An identical quantization of weights
and biases (i.e. Al()l) = Ag)) using 8 bit significantly reduces
accuracy. While from a hardware perspective an identical
quantization of biases and activations (i.e. A,()l) = Ag)) is
easy to implement, the networks performed poorly under this
constraint. For all of our experiments we allowed individual
step sizes for activations, weights, and biases.
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C. Power-of-two Quantization of Weights

We also investigate the impact of power-of-two quantiza-
tion on the network performance. The results are shown in
Table III. While our approach of minimizing the propagated
quantization error works better than using maximum absolute
values, the networks experience a strong performance drop
with power-of-two quantization. ResNet50 fails completely
and the impact on InceptionResNetV4 is remarkable. We
suppose this observation emerges from the specific data rep-
resentation offered by the quantization scheme: Power-of-two
quantization exhibits an extremely high dynamic range DR:

DR,z = 20log, (227 72) ~ (2¥71 = 2) 6.02 dB. (15)

Hence, it either over-resolves values close to zero or offers
unused quantization steps outside of the data distribution.
Especially for multimodal distributions (typical for layers with
dilated convolutions [20]), power-of-two quantization offers
few sampling points for modes not centered at zero (see Fig. 1

(b))

D. Two-Hot Quantization of Weights

Two-hot quantization offers a significantly different resolu-
tion than power-of-two quantization. While it still enables a
hardware efficient implementation of multiplications, it also
provides a well suited nonuniform quantization for represent-
ing weights of neural networks. Two-hot quantization can
be regarded as a power-of-two quantization with additional
quantization steps in the neighborhood of each supporting
point (see Fig. 1).

The results of our experiments are shown in Table III.
We observe a performance drop of less than 1.5% for top-1
accuracy compared to a linear quantization scheme (first line).
Even for the rather complex task of semantic segmentation, the
performance drop is negligible (<0.5% mloU drop). Specifi-
cally, our linear quantization as well as two-hot quantization
outperforms previous work on the FCNS8s network which
included a fine-tuning step [12]. The dynamic range DRy,
of this quantization scheme is in the order of 2"/> smaller
than DR, for the same bit-width V:

N
DRy, ~ (221 — 2+ logy (1 + 2<)> 6.02 dB.  (16)
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TABLE 11
WE EVALUATE THREE QUANTIZATION ANALYSIS PROCEDURES FOR LINEAR QUANTIZATION OF PARAMETERS: MAX ABS, MIN MSE AND MIN PROPQE.
THE RESULTS REPORTED HERE ARE BASED ON NETWORKS WITH QUANTIZED ACTIVATIONS 74 (SEE MIN PROPQE IN TABLE I). WE USE N = 8 BIT.

Quantization VGGI16 [17] ResNet50 [18] InceptionResNetV4 [19]  Dilated Model [20] FCNSs [21]
Quantization Optimization top-1 top-5  top-1  top-5 top-1 top-5 mloU m. pix. acc. mloU m. pix. acc.
[%] [%] [%] [%] [%] [%] [%] [%] [%] [%]
Number of training images used 100 100 100 36 10
Float32 Baseline - 69.58 89.04 7299 90.93 75.61 92.48 55.63 92.85 66.48 94.65
wWgq, by lin quant max abs 68.72 88.86 70.73  90.35 73.52 91.43 55.33 92.74 66.29 94.40
wq, bg lin quant min MSE 68.88 8891 7092 90.44 73.44 91.44 55.53 92.75 66.37 94.41
wq, by lin quant min propQE  69.12  89.06 71.67 90.73 73.71 91.57 55.62 92.78 66.47 94.44
wy, bq (PropQE) 046 4002 -132  -0.20 -1.90 -0.91 -0.01 0.07  -0.01 -0.21
vs baseline
TABLE III

THREE QUANTIZATION SCHEMES (LINEAR, POWER-OF-TWO, AND TWO-HOT QUANTIZATION) FOR WEIGHTS ARE COMPARED. WE QUANTIZE

ACTIVATIONS AND BIASES USING LINEAR QUANTIZATION, OPTIMIZED BY MIN PROPQE. (N = 8 BIT)

Quantization VGG16 [17] ResNet50 [18] InceptionResNetV4 [19] Dilated Model [20] FCN8s [21]
Quantization Optimization top-1 top-5  top-1 top-5 top-1 top-5 mloU m. pix. acc. mloU m. pix. acc.
P [%] [%] [%] [%] [%] [%] [%] [%] [%] [%]
Number of training images used 100 100 100 36 10
lin-quant Baseline min propQE  69.12  89.06 71.67 90.73 73.71 91.57 55.62 92.78 66.47 94.44
wq power-of-2 quant max abs 58.55 81.12  0.70 2.36 24.83 47.65 30.13 72.87 55.19 88.58
wq power-of-2 quant min propQE  63.85  86.76 0.69 2.66 37.77 64.55 49.52 90.13 60.75 92.10
wq 2-hot quant, { =0  min propQE  68.82 89.51 7024  90.05 71.99 90.74 55.23 92.71 66.21 94.40
wq 2-hot quant, ( =2  min propQE 6891 89.54 70.84 90.35 72.47 91.11 55.34 92.74 66.24 94.41
i two-hot vs - 021 052 083 038  -1.24 -0.46 028 004 023 -0.03
in quant baseline
Compared to the fixed dynamic range of a power-of-two
scheme, DRy, is dependent on the bit-shift parameter ( 8 8 *8 *8
introduced in (7). We conducted experiments with varying ¢ [sfwisfw] [ x| L w | [ x |

and found the highest performance for ¢ = 2 for all networks.
Therefore, a hardware implementation can be realized where
the addition of the products ©* < u?éwSB and z < 111553
incorporates a fixed bit-offset by 2.

Dilated convolutions used in the Dilated Model typically
exhibit a multimodal distribution as shown in Fig. 1 (b). Two-
hot quantization offers a higher resolution for the second
mode than power-of-two quantization and we assume that
consequently a better performance can be seen.

E. Hardware

To underline the advantages of the two-hot quantization
scheme, we propose dedicated processing elements using two-
hot quantized weights. These PEs are based on bit-shifts
and hence enable an efficient hardware acceleration of the
inference of Deep Neural Networks. An overall architecture
of hardware accelerators is out of scope of this paper. Here,
we merely focus on the arithmetic cores. The design of
the proposed PE including an accumulator stage is depicted
in Fig. 2 (a). For comparison, a multiplier-based PE plus
accumulator register is shown in Fig. 2 (b). The shift-based
engine uses two 3-bit values of W and shifts the input value
X accordingly. The bit-adjusting parameter ¢ is implemented
as a fixed bit-shift resulting in an addition with bit-offset,
respectively. The results are added or subtracted depending
on the first sign bit. Based on the second sign bit, the value is
added or subtracted to the accumulator register (acc reg). For
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Fig. 2. Two designs for PEs are depicted. (a) shows a PE for two-hot quantized
weights. (b) shows a PE for linear quantized weights.

the multiplier design, weights and activations are represented
in two’s complement representation. In contrast, both 4-bit
values of the two-hot weight-composite are represented in a
sign-magnitude representation and only the activation value is
represented in two’s complement format.

Fig. 3 shows an exemplary output of the Dilated Model
using linear quantization for activations and biases with (a)
linear quantization and with (b) two-hot quantization for
weights. The mutual difference is shown in Fig. 3 (c).

Design, Automation And Test in Europe (DATE 2019)



(a) ()

(©)

Fig. 3. Exemplary output of the quantized Dilated Model using linear quantized activations and biases with (a) linear quantized (mloU 55.62%) and with (b)
two-hot quantized weights (mIoU 55.34%) for N = 8 bit. In (c), differently labeled pixels between (a) and (b) are marked black.

VI. CONCLUSION

In this paper, we present a novel quantization procedure
for pre-trained neural networks with little to no performance
drop for N = 8 bit while not fine-tuning nor retraining the
network. We evaluate the procedure on several networks for
classification as well as semantic segmentation. Additionally,
we show that two-hot quantization for weights performs
nearly as good as a linear quantized variant. To the best of
our knowledge, we are the first to present a multiplierless
quantization scheme without fine-tuning while achieving close
to original network performance. Therefore, our procedure is
a well-suited candidate for DNN quantization and mapping
tools with no access to labeled training data. Additionally,
we propose the design of processing elements with two-hot
quantized weights for the implementation in dedicated DNN
accelerators.
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