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Abstract—This paper applies interval-arithmetic based verifi-
cation algorithms to circuit verification problems. In particular,
we use Krawczyk’s operator to find all DC operating points
of CMOS circuits. We present what we believe to be the first,
completely automatic verification of the Rambus ring-oscillator
start-up problem. Comparisons with the dReal and Z3 SMT
shows large performance and scalability advantages to the
interval verification approach. We provide an open-source im-
plementation that supports state-of-the-art short-channel device
models.

Key words—AMS verification, formal verification, interval
arithmetic, SMT solvers.

I. INTRODUCTION

DC operating point analysis is a crucial first step for sim-
ulation, analysis, and verification of analog and mixed-signal
circuits. Current designs can make frequent mode transitions
where digital control signals alter the operating points of
analog circuits to optimize power and performance. If a circuit
has spurious, stable operating points, such mode transitions
can cause design failures (e.g. see [1]). There are two main
approaches to finding DC operating points: homotopy-based
approaches and SAT and SMT based methods [2]-[4]. Homo-
topy methods derive a variation of the circuit for which finding
the operating point is straightforward. A homotopy function
is used to interpolate between the simple model and the
actual circuit. Under appropriate conditions, the DC operating
point(s) will move smoothly as the interpolation parameter is
varied. Prior work has shown methods for finding all or many
of the DC operating points using homotopy methods [5]-[7]
for circuits with up to a few dozen DC operating points. In
Section III we present results for circuits with hundreds of
operating points.

SAT based methods [3], [4] typically divide the range of
voltage values for each node in a circuit into a moderate
number of intervals and compute relations that must hold on
these quantized voltages at a DC operating point. The run-
time for such methods grows rapidly as finer quantizations
are used. Many SMT solvers extend SAT with decision proce-
dures involving real arithmetic. For example, Z3 [8], [9] uses
Collin’s cylindrical algebraic decomposition algorithm [10] as
a decision procedure for systems of polynomial equalities and
inequalities. Other researchers have used interval arithmetic in
an SMT context [11], [12]. Zaki et al. reported on using such
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solvers for DC operating point problems [2] and found that
they could only solve very simple examples.

We present an approach based on interval arithmetic and
interval verification algorithms [13], [14]. Specifically we
use the Krawczyk method [13, Sec. 13] that can prove the
existence and uniqueness of solution to a system of non-linear
equations given interval bounds. Our bisection based search
is similar to that of iSAT [11] or dReal [12]. By using the
Krawczyk method, our solver can establish the existence of
a unique solution to a system of non-linear equations in a
hyper-rectangle. The Krawczyk method also provides faster
convergence than bisection alone, allowing our approach to
scale to problems with hundreds of solutions.

The contributions of our work are as follows:

o We apply interval verification algorithms [13] to the ver-
ification of analog and mixed signal circuits. While other
researchers have used interval arithmetic, we believe that
our work is the first demonstration of these verification
algorithms for analog circuit verification.

o« We present the first, completely automatic verification
of the Rambus Ring Oscillator challenge problem. Prior
work includes a proof that relies on manual proofs of
monotonicity properties [15], adding assumptions that DC
equilibria in certain regions must be unstable [3], or using
particle filtering methods that provide a visualization, but
not a proof [16].

o To provide further comparison with other solvers, we use
our tool to analyze a Schmitt trigger circuit.

Algorithm 1 Solver

1: procedure SOLVER(f, Hp)
2 solutions < ()

3 workList < new stack()

4: workList.push(Hy)

5: while not workList.empty() do
6 H < workList.pop()

7 [status, Hx] < Krawczyk(f, H, solutions)
8

9

if status == 'unknown’ then
[H, Hs] = bisect(Hgk)
10: workList.push(H;)
11: workList.push(Hs)
12: end if
13: end while
14: return solutions

15: end procedure
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II. SOLVING NON-LINEAR SYSTEMS OF EQUALITIES

We solve for DC operating points using modified nodal
analysis. A circuit is a collection of capacitors and “devices”.
Devices include MOSFETs and inverter macro-models that are
voltage-controlled current sources. Let I40, (V') be the current
flowing in into a node from the devices given node voltages
V. From Kirchoff’s current law Iye, (V) 4+ CV = 0. At a DC
equilibrium point, V = 0. Thus, we are looking for solutions
to the system of equation Ije, (V) = 0. Algorithm 1 gives
an overview of our approach. This section first describes the
Krawczyk method and then presents the overall algorithm.

1) The Krawczyk Method: The interval-arithmetic notation
we use in this paper is based on [13]. We write IR to denote
the set of intervals over the reals, IR" to denote the set of
n-dimensional hyper-rectangles, and mid(X) to denote the
midpoint of hyper-rectangle X.

Let f : R™ — R™ be a differentiable function (e.g. Igey)-
We write F' : IR" — IR™ to denote the interval extension of
f where each arithmetic operation and elementary function is
replaced with its interval arithmetic equivalent. It is straightfor-
ward to show (see [13, Eq. 5.17]) that z € X = f(x) € F(X)
For each device in our examples, /4., (V') is monotonic in each
of its arguments. In this case, tighter bounds for /4., (V) can
be obtained by evaluating each device model at the corners of
V that minimize and maximize the node currents.

The Krawczyk method is an iterative method that computes
interval bounds for the solution of a system of non-linear
equations. Let X(*) be the interval bounds after the k'"
iteration. Then given an interval at iteration k, X (k).

KX®) = mid(X®) - Cf(mid(X*)) n
+(I — CI p(XE))(XE) — mid(X*)))
K denotes the Krawczyk operator; C' = J;(mid(X*)))~1isa

preconditioning matrix; I is the identity matrix; and J ;(X(*)))
is the interval Jacobian matrix at X(*). The Krawczyk op-
erator has the following properties (see [14, Thm. 8.2]): if
K(X®) ¢ X*) then f(x) = 0 has a unique solution for
r € XK if (K(X®)NX®*) =, then f(x) = 0 has no
solution for z € X*): otherwise, any solution of f(z) =0 in
X*) s in K(X®F) X E),

We implemented the Krawczyk operator using rounded
interval arithmetic where a unit of least precision is subtracted
from the lower bound of an interval and added to the upper
bound for rigorous interval bounds in our computation [17].
Our implementation of the Krawczyk method first checks if it
can refute the region by testing 0 ¢ F'(X). This check yields a
significant performance improvement because a single interval
evaluation of f is, generally, much faster than evaluating the
Krawczyk operator. If 0 € F'(X), then the Krawczyk operator
is applied and returns a status of ‘unique’, ‘unknown’, or
‘infeasible’. When a ‘unique’ solution is found, it is added
to the set of solutions. Conversely, if X(*) has been shown
to be ‘infeasible’, no further search of that hyper-rectangle is
needed. Finally, when the status is ‘unknown’, the Krawczyk
operator reduces the volume of the search region, often by
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Fig. 1: Rambus Ring Oscillator

a fairly large factor. One could be tempted to apply the
Krawczyk operator repeatedly to avoid the potential expo-
nential case-splitting of bisection. However, our experiments
show that bisection and 0 ¢ F(X) test are faster than
evaluating the Krawczyk operator; so we immediately return
to bisection after each Krawczyk test. We incorporate Caprini
and Madsen’s epsilon inflation method [18] as described by
Rump [13, Sec. 10.5] to ensure convergence when solutions
are near the boundary of a hyper-rectangle. Our experiments
showed the fastest convergence with a relatively small inflation
of 0.1% of the hyper-rectangle.

2) Overall Algorithm: Algorithm 1 depicts our main ap-
proach. The function SOLVER takes an argument f, and returns
a list of all solutions for f(z) = 0 with z € Hy. When
Krawczyk returns ‘unknown’, bisection divides the variable
with the largest interval in Hy into two segments. SOLVER
returns a list of hyper-rectangles, where each hyper-rectangle
contains a unique solution.

Our current implementation is written in Python using the
numpy package. The interval function and Jacobian compu-
tations were simple for the long-channel MOSFET model and
the inverter macro model — we implemented the interval ver-
sions of these functions manually. The short-channel MOSFET
model is more complicated, and we used the FADBAD++ [19]
C++ package for automatic differentiation with the interval
arithmetic package from MC++ [20]. We used the boost
library to create Python bindings for these C++ functions.
Our implementation is available as an open-source project at
https://github.com/iaakhter/nonLinearSolver.

III. RESULTS

We tried our solver on two sets of examples: finding all DC
equilibrium points for the Rambus ring oscillator [1] and a
Schmitt trigger circuit. We compare the results of the solver
described in this paper with dReal [12] and Z3 [8] SMT
solvers. All times are reported for executions on a MacBook
Air with a 1.6GHz Intel i5 processor and 4 GB memory.

A. Rambus Ring Oscillator

Jones et al. [1] presented the Rambus Ring oscillator shown
in Figure 1 as a challenge problem. It consists of an even num-
ber of stages connected in a Md&bius topology. The Rambus
researchers reported that examples of this design had failed
intermittently in their test lab. When the forward inverters
(labeled as fwd) are much stronger than the cross-coupled
inverters (labeled as cc), the n stage oscillator functions as
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a ring for 2n inverters and has two stable equilibrium points.
If the cross-coupled inverters are much larger that the forward
ones, then the circuit has 3" equilibrium points, of which 27
are stable — we discovered that the number of DC equilibria in
this case is 3" by seeing the patterns in the solutions generated
by our tool. Designers typically want to make the cross-
coupled inverters as small as possible. However, if the cross-
coupled inverters are only slightly too small, then failures will
only occur for rare initial conditions. This rare but fatal failure
motivates using formal approaches to verification.

We employed three models for the inverters. With the
first, each inverter has a transfer function given by a tanh
function. In particular, I,,; = g * tanh(a * Vi) — Vo
where a < 0 is the inverter gain (we use a = —5), and g
models the output conductance. We also modeled an inverter
as being composed of two CMOS transistors with the long-
channel MOSFET model from [2] and the MVS short-channel
MOSFET model from [21]. When bisecting on a voltage
interval, many transistors will have no changes to the voltage
intervals for their terminals. By memoizing the results of
transistor model evaluations for both the long-channel and
short-channel models, we obtain a significant improvement in
performance over a direct implementation.

Table I shows the results for the Rambus oscillator example.
The entries for g, are the ratio of the size of the cross-coupled
inverters to that of the forward inverters. When g.. = 0.5,
an n-stage oscillator should have 3 equilibrium points. When
gee = 4.0, then there should be 3" equilibrium points.

For dReal, we attempted to find all solutions by finding
them one-at-a-time and then adding constraints to exclude a
small region around the solution. This is unsound because the
exclusion region could accidentally enclose another solution,
but dReal does not provide a way to enumerate all solutions.
dReal requires a § value that determines the amount of per-
turbation to the original system. With a § value of 10~1*, for
the tanh model, an exclusion rectangle of diameter 4 1014
was sufficient (note that tanh values are in (—1,+1)). For
the MOSFET models, we had to increase the size of the
exclusion rectangle to a diameter of 2 * 107! for dReal to
find all solutions. As seen in Table I, dReal is faster than our
method for the three simplest examples. For larger problems,
our method using interval-verification algorithms has much
better performance and scalability.

We approximated the tanh function using a three segment,
fifth-degree, piece-wise polynomial. Z3 found the solution at
the origin for all six instances of the oscillator but failed to
find any of the other solutions. The long-channel MOSFET
model is piecewise polynomial, and therefore can be expressed
in Z3’s theory of non-linear arithmetic. However, Z3 timed
out before finding any DC equilibria for any of the circuits
with the long-channel model. We did not include the short-
channel MOSFET model in Z3 trials because the model makes
extensive use of transcendental functions.
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B. Schmitt Trigger

An inverting Schmitt trigger [22] circuit exhibits hysteresis.
There is a range of input voltages for which the output can
settle high, or low, depending on its history. For such voltages,
there is also a third equilibrium where the output settles at an
intermediate value.

With the long-channel MOSFET model, the Jacobian matrix
is singular for combinations of node voltages where either both
n-channel devices or both p-channel devices are in cut-off.
The Krawczyk method returns ‘unknown’ when confronted
with such a singularity. In order to avoid this issue, we
added a leakage term in the form of le — 8 x (V; — V%)
to our current function where V; and V, are the drain and
source voltages respectively. Using the long-channel model,
dReal found the unique DC equilibrium for the V;,, = 0 and
Vin = power cases in 0.19 and 0.17 seconds respectively. The
Vinn = 0.9 case took 4.14 seconds to find all three solutions.
Our algorithm found the solutions for V;,, = 0, 0.9, and
power in 0.27, 0.69, and 0.21 seconds respectively. For the
short channel MOSFET model, our approach was able to find
solutions for V;,, = 0, 0.5, and power in 0.51, 1.87 and 0.47
seconds respectively whereas dReal timed out.
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Fig. 2: Eigenvalues of the Schmitt Trigger’s Unstable Equilib-
rium Point

To illustrate a further application of our DC operating point
analysis, we analyze the effectiveness of the Schmitt trigger
for resolving metastability. The Jacobian of f characterizes
the equilibrium point: if all eigenvalues have negative real
parts, the equilibrium point is stable; otherwise, the largest
positive eigenvalue gives the rate of escape from the unstable
equilibrium point. Figure 2 shows the positive eigenvalue of
the Jacobian of f for the unstable equilibria. The effectiveness
of the Schmitt trigger approaches zero as it gets closer to the
ends of the hysteresis interval. Even at its peak, this eigenvalue
is less than 2x 10~ for this example. For comparison, a cross-
coupled inverter pair (like those in the Rambus oscillator) has
a positive eigenvalue of 3 x 1073, The cross-coupled inverter
pair is more than 15X as effective at resolving metastability.
These experiments used the short-channel MOSFET model for
transistor currents and a “normalized” capacitance of 1.

IV. CONCLUSIONS

We presented a new approach for finding all DC equilibrium
points of circuits using interval arithmetic based verification
algorithms. While interval arithmetic has been used by solvers
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TABLE I: Rambus Ring Oscillator — comparison of our algorithm and dReal

Model # Stages | gce | # solutions | #bisect — our method | Time — our method (s) | Time — dReal (s)
tanh 2 0.5 3 473 0.921 0.075
tanh 2 4.0 9 305 0.593 0.342
tanh 4 0.5 3 17189 52.763 0.480
tanh 4 4.0 81 12925 44.663 incomplete
tanh 6 0.5 3 570503 2458.652 time-out
tanh 6 4.0 729 486119 3496.199 prior time-out
LCMOSFET 2 0.5 3 545 5.722 4935.832
LCMOSFET 2 4.0 9 163 1.948 incomplete
LCMOSFET 4 0.5 3 24064 324.251 time-out
LCMOSFET 4 4.0 81 5022 73.316 prior time-out
LCMOSFET 6 0.5 3 986510 18400.544 prior time-out
LCMOSFET 6 4.0 729 139149 2951.956 prior time-out
SCMOSFET 2 0.5 3 1623 16.166 time-out
SCMOSFET 2 4.0 9 450 5.439 time-out
SCMOSFET 4 0.5 3 42128 556.849 prior time-out
SCMOSFET 4 4.0 81 17910 285.650 prior time-out
SCMOSFET 6 0.5 3 1056304 24353.846 prior time-out
SCMOSFET 6 4.0 729 513694 12567.220 prior time-out

Note: “time-out” means that the solver did not complete in 10 hours. ‘incomplete” means that the solver
found some, but not all solutions before reaching the 10 hour time out. “prior time-out” means that because
solver timed out on a smaller version of the problem, we did not try the larger one.

such as iSAT [11] and dReal [12], the use of interval ver-
ification algorithms (e.g. the Krawczyk method) for analog
and mixed signal verification is new. Our method finds all
DC equilibrium points. We have demonstrated our approach
using a simplified, tanh-based macro-model, a simple long-
channel MOSFET model, and a state-of-the-art short-channel
MOSFET model. Our tool achieves the first, fully automatic
solution to the Rambus Ring Oscillator challenge problem [1]
and shows much better scalability than the state-of-the-art
solvers dReal [12] and Z3 [8].
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