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Abstract—The memory-processor bottleneck and scaling diffi-
culties of the CMOS transistor have given rise to a plethora of
research initiatives to overcome these challenges. Popular among
these is in-memory crossbar computing. In this paper, we propose
a framework for synthesizing logic-in-memory circuits based on
the behavior of paths of electric current throughout the memory.
Limitations of using only bidirectional components with this
approach are also established. We demonstrate the effectiveness
of our approach by generating n-bit addition circuits that can
compute using a constant number of read and write cycles.

I. INTRODUCTION

The subject of logic-in-memory crossbar, or crosspoint,
computing has been reinvigorated in recent years. This is due,
in part, to significant advances in memristor technology and
the potential for low-power computing. As a result, several
logic synthesis procedures have been proposed using crossbars

[1] [2] [3] [4] [5] [6] [7]. In this paper, we present an approach

to generate crossbar computing designs that compute a given
Boolean formula. As an example, we demonstrate how n-bit
addition can be computed in memory using O(1) number of
read/write operations as opposed to the O(n) steps required
by competing approaches (See Table I).

II. RELATED WORK

In-memory crossbar computing often uses memristors,
which can be thought of as charge-dependent programmable
resistors, as the underlying circuit element. In this context,
digital computing is largely based on the implication-falsity
logic presented in [8]. We briefly present an outline of this

procedure. Let P and Q denote two memristors with corre-
sponding states p, q ∈ {0, 1}, where 0 and 1 denote high-
resistance and low-resistance states (HRS, LRS), respectively.
Both devices are connected to the same load resistor RG

and let VCOND, VTH, VSET denote voltages such that VSET is

sufficient to switch a memristor to the LRS state, VTH is
the threshold voltage value that must be exceeded in order
to switch said memristor, and VSET − VCOND < VTH. Apply
voltage bias VCOND to P and VSET to Q. This will cause Q to
switch to or remain in the LRS state if p =⇒ q. See Fig. 1
for a visualization of the case when p = 1 and q = 0. It is easy

to see that Q will be switched to or remain in the LRS state
under the other 3 evaluations of p and q because the voltage

drop across Q will be VSET > VTH. A voltage VCLEAR can be
used to set the memristor to the HRS state corresponding to a
binary value of 0, or false. This combination of implication and
falsity is functionally complete for Boolean operations. This
result catalyzed a host of design methodologies [2], [3], [4],

[5] based on minimizing the number of implication operations
required to compute a formula of interest.
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Fig. 1: Memristor implication
logic. The green memristor P
is in the LRS state (p = 1)
and the black memristor is in
the HRS state (q = 0). The
voltage drop across Q will be
VSET−VCOND < VTH, so Q will
remain in the HRS state, mean-
ing that q = 0 = (p =⇒ q).

In [6] and [7], each intercon-

nect is a complementary resis-

tive switch consisting of two

memristors of opposite polar-
ity. The basic logical operation

on these interconnects follows
the equation Zt = (w ⇐=
b) ∧ Zt−1 ∨ (w �=⇒ b) ∧
¬Zt−1, where Zt is the state
of the device at time t, w (b) is
the wordline (bitline) such that
w = 1 (b = 1) in the presence

of a high voltage potential and 0 otherwise. This allows greater

control over the flows of current throughout the crossbar and

it is demonstrated how under this approach an n-bit NAND
operation can be computed in a constant number of steps.

III. PATHS-BASED LOGIC

Our approach utilizes the paths of current throughout the
crossbar (See Definition 1) in order to compute a Boolean
formula φ : Bp �→ B

q , where B is the set {0, 1}. By methodi-
cally programming the crossbar components to be variables in
φ, we can manipulate the trajectories of paths induced so that

there is a flow of current between two specified wires if and

only if φ holds. For the remainder of this paper, we utilize

capital letters to signify wires and components and lowercase

letters to denote their value. For example, we say that a wire
W has value w = 0 if there is negligible current on the wire
and w = 1 if there is a significant amount. Similarly, given

φ : Bp �→ B
q , we represent the set-theoretic version of the kth

formula φk as Φk, where Φk
i denotes the ith clause of Φk and

Φk
ij denotes the jth variable in the ith clause. For example,

given φ : B2 �→ B
2, where φ1 = (a ∧ b) ∨ (¬a ∧ ¬b) and

φ2 = (¬a∧ b)∨ (a∧¬b), we represent these formulas as sets
Φ1 = {{A,B}, {¬A,¬B}} and Φ2 = {{¬A,B}, {A,¬B}},
respectively. This representation facilitates later proofs.

Definition 1 (Homogeneous Crossbar). A homogeneous cross-
bar is a tuple X = (M,R,C), where M = (Mij) is the set
of components such that mij = 1 (mij = 0) denotes an LRS
(HRS) node. The sets R = (Ri) and C = (Cj) denote the sets
of wordlines, or row wires, and bitlines, or column wires. A
value of ri = 1 (ri = 0) denotes the presence (absence) of
electric current in wire Ri. Let W = R ∪C denote all wires.
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Axiom 1 (Homogeneous Flow). Given a homogeneous cross-
bar X = (M,R,C), (ri ∧mij) =⇒ cj and (cj ∧mij) =⇒
ri always hold. As a result, property (1) holds.

|C|∧

j=1

⎛

⎝cj ⇐⇒
|R|∨

i=1

mij ∧ ri

⎞

⎠∧
|R|∧

i=1

⎛

⎝ri ⇐⇒
|C|∨

j=1

mij ∧ cj

⎞

⎠ (1)

As its name suggests, paths-based logic seeks to use
the paths of current throughout the crossbar as a means
of computation. An initial flow of current is generated by
applying a voltage bias to some source wire and ground-

ing another wire. A path is a sequence of nodes con-
necting two wires. For example, the path ΠRi→Cj =
(Mij1 ,Mi1j1 ,Mi1j2 ,Mi2j2 , . . . ,Mikj) connects wires Ri and

Cj , where π
Ri→Cj

d denotes the value of the dth component.
From Axiom 1, the following chain of implications holds.

(ri ∧mij1 =⇒ cj1) ∧ (cj1 ∧mi1j1 =⇒ ri1)∧
(ri1 ∧mi1j2 =⇒ cj2) ∧ · · · ∧ (rik ∧mikj =⇒ cj)

(2)

We can also show that (cj ∧mikj =⇒ rik) ∧ · · · ∧ (cj1 ∧
mij1 =⇒ ri). Thus, if every component in a path ΠWi→Wj

is in the LRS state, then current flowing in the source wire Wi

will be redirected to the destination wire Wj , and vice-versa.
We call this the symmetry property of paths. A general form
of this property is captured by equation (3).
(
wi ∧

∧

d

π
Wi→Wj

d =⇒ wj

)
∧
(
wj ∧

∧

d

π
Wi→Wj

d =⇒ wi

)

(3)

We have seen that paths can be treated as a conjunction
of variables mapped to components. Thus, it is convenient to
think of formulas in their disjunctive normal form (DNF). Any
Boolean formula can be written in DNF as a disjunction of
conjunctive clauses (i.e.

∨
i

∧
j φij). For the remainder of this

paper, we assume that all Boolean formulas are in DNF.
Given a formula φ : B

p �→ B
q and a crossbar X =

(M,R,C), we want to find a mapping of the components M
to variables b1, . . . , bp in φ and constants {0, 1} denoting the

HRS and LRS states. We define this mapping by P = (Pij),
Pij ∈ {B1,¬B1, . . . , Bp,¬Bp}∪{0, 1}. P defines the config-
uration of M as described by (4). See Fig. 2 for an example.

(mij = 1) ⇐⇒ (Pij = 1) ∨ ((Pij = Bk) ∧ bk)∨
((Pij = ¬Bk) ∧ ¬bk)

(4)

Definition 2 (Well-Formed Design). Suppose we are given a
Boolean formula φ : Bp �→ B

q and crossbar X = (M,R,C)
with input and output wires S, F ⊂ W such that the value
of the kth formula φk will be output to wire Fk. A well-
formed design is a mapping matrix P such that there are paths
ΠSi→Fj that satisfy (5) for all evaluations α ∈ B

p of φ.

q∧
k=1

(
fk ⇐⇒ φk

)
(5)

In order for (5) to hold, there
must be paths from the source

wires S to the destination wires
F such that current will flow from
source Si to destination Fj if and only if φj is true. Let us

elucidate this with an example. Suppose we want to find a
well-formed design for a 1-bit comparator using a 3×4 homo-
geneous crossbar X = (M, (R1, R2, R3), (C1, C2, C3, C4)).
Given two bits x and y, we want outputs indicating the
three possible outcomes (x ≡ y) = (x ∧ y) ∨ (¬x ∧ ¬y),
(y > x) = ¬x ∧ y, or (y < x) = x ∧ ¬y. Let S = (R1) and
F = (R2, C3, C4) denote the sets of source and destination
wires, respectively. Suppose s1 = 1 for all evaluations α ∈ B

2.
This means that there will be a flow of current on S1

regardless of the values in the evaluation vector. We want a
well-formed design P that assigns values to each component

Mij so that there will be paths ΠR1→R2 , ΠR1→C3 , ΠR1→C4

from the source wire to the destination wires resulting in
r2 ⇐⇒ (x ≡ y), c3 ⇐⇒ (y > x), and c4 ⇐⇒ (y < x).
For each α ∈ B

2, the paths are as follows (See Fig. 2).

• α = (x = 0, y = 0): ΠR1→R2 = (M11,M21)
• α = (x = 0, y = 1): ΠR1→C3 = (M12,M32,M33)
• α = (x = 1, y = 0): ΠR1→C4 = (M11,M31,M34)
• α = (x = 1, y = 1): ΠR1→R2 = (M12,M22)

+V

x
≡

y

y
>
x

y
<
x

¬y y 0 0

¬x x 0 0

x ¬x ¬x ¬y P =

R1

R2

R3

( ¬y y 0 0
¬x x 0 0
x ¬x ¬x ¬y

)
C1 C2 C3 C4

(6)

Fig. 2: Crossbar X = (M,R = (R1, R2, R3), C =
(C1, C2, C3, C4)) with well-formed design (6). If a voltage pulse is
applied to R1 and R2, C3, C4 are grounded, then we have an initial
flow of current r1 = 1. The red bars represent the current flow from
R1 to C3 when y > x, i.e. when y ∧ ¬x holds.

We must make a distinction between the case where the
input wire values are constant (i.e. si = 1 for all α ∈ B

p), as
is the case in Fig. 2, and the case where the value of an input
wire depends on the evaluation vector α ∈ B

p. It has been
shown by Jha et al. that any Boolean formula can be computed
on a constant-input homogeneous crossbar using paths-based
logic [9]. As we demonstrate in Theorem 1, this is not the case
under variable inputs. In particular, we show that ripple-carry

addition cannot be computed in variable-input homogeneous
crossbars.

An adder is defined by its sum and carry-out bits S and

Cout. Given bits a, b, and carry-in values ¬Cin and Cin, we
define (S|¬Cin), (S|Cin), (Cout|¬Cin), (Cout|Cin) in (7), where

(φ|ψ) is a formula denoting the value of φ when ψ holds.

S =(a ∧ ¬b ∧ ¬Cin) ∨ (¬a ∧ b ∧ ¬Cin)∨
(¬a ∧ ¬b ∧ Cin) ∨ (a ∧ b ∧ Cin)

Cout =(a ∧ b) ∨ (a ∧ Cin) ∨ (b ∧ Cin)

(S|¬Cin) =(a ∧ ¬b) ∨ (¬a ∧ b), (S|Cin) = (¬a ∧ ¬b) ∨ (a ∧ b)

(Cout|¬Cin) =(a ∧ b), (Cout|Cin) = a ∨ b
(7)

The following theorem may seem esoteric, but it provides a
guideline for determining which functions cannot be computed
on variable-input homogeneous crossbars using paths-based
logic. We motivate this limitation with a simple example.
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Suppose we are given a crossbar X = (M,R,C) with

variable inputs S = (R1, R2) and output F = (R3) such that

s1 = ¬Cin, s2 = Cin, and we want to compute f1 ⇐⇒ Cout.
Use the following figure as a ref-

erence. There must be a path ΠS1→F1

to compute (Cout|s1) = (Cout|¬Cin) =
a∧b and two paths ΠS2→F1 , Π′S2→F1

to compute the two clauses in (Cout|s2) = (Cout|Cin) =
(a) ∨ (b). Note that when α = (a = 1, b = 1,Cin = 0), we

have s1 = 1 and s2 = 0. Thus, path ΠS1→F1 will yield f1 = 1
as denoted by the solid red lines in the figure. However, path

Π′S2→F1 will then yield s2 = 1 as shown by the dotted lines,

which is a contradiction since s2 = Cin. This is due to the

symmetry of paths property (3) in homogeneous crossbars.

Theorem 1. There exists a class of Boolean formulas that
cannot be computed on variable-input homogeneous crossbars
using paths-based logic.

Proof. Suppose there is a well-formed design P for a crossbar

X = (M,R,C) with source/destination wires S, F ⊂ W for

some φ : Bp �→ B
q and assume the following statements hold

under some evaluation vector α ∈ B
p for some β, ω, i, j, k, k′:

(i) sβ∧¬sω , (ii) φi is satisfied, (iii) (Φi
k|sω) ⊆ (Φi

k′ |sβ), (iv)

(φi
k′ |sβ) is satisfied.
Since (Φi

k|sω) ⊆ (Φi
k′ |sβ) and (φi

k′ |sβ) is satisfied, (φi
k|sω)

is also. For every Sh ∈ S, there must exist a path ΠSh→Fh′ for

each clause in (Φh′ |sh). Thus, there must be paths ΠSβ→Fi ,

ΠSω→Fi corresponding to (Φi
k′ |sβ) and (Φi

k|sω), respectively.

Since we have chosen α such that (φi
k′ |sβ), (φi

k|sω), and sβ
are satisfied, implication (8) follows from the symmetry of

paths property, yielding the contradiction sω ∧ ¬sω .

(
sβ ∧

∧

d

π
Sβ→Fi

d =⇒ fi

)
∧
(
fi ∧

∧

d

πSω→Fi
d =⇒ sω

)
(8)

Suppose we want to find a well-formed design P for a

ripple-carry adder. Given a crossbar X = (M,R,C) with

source/destination wires S, F ⊂ W , let the inputs be defined

by s1 = ¬Cin and s2 = Cin, where (Cout|s1) = {{A,B}}
and (Cout|s2) = {{A}, {B}}. Given evaluation vector α =
(a = 1, b = 1,Cin = 0), conditions (i)–(iv) from Theorem 1
hold. Indeed, we have (i) s1 ∧ ¬s2, (ii) Cout is satisfied, (iii)
(Cout1 |s2) ⊆ (Cout1 |s1), and (iv) (Cout1 |s1) is satisfied. From

Theorem 1, we know that symmetry (3) yields s2. This is a

contradiction since s2 = 0 = Cin holds due to α.

IV. HETEROGENEOUS CROSSBARS

The use of heterogeneous crossbar designs defined below

gives us greater control over the paths induced by allowing

the use of unidirectional components. This changes the dy-

namics of the crossbar. The flow behavior in heterogeneous

crossbars follows Axiom 2. The mapping matrix P , where

Pij ∈ {B1,¬B1, B2,¬B2, . . . , Bp,¬Bp}∪{0, 1, D}, satisfies

(4) and (mij = D) ⇐⇒ (Pij = D).

Definition 3. A heterogeneous crossbar is a crossbar X =
(M = (mij), R, C), where each mij is chosen from a set of

multiple components. For the purposes of our paper, this would
be the set {0, 1, D} of bidirectional OFF and ON components
and row-to-column unidirectional components, respectively.

Axiom 2 (Heterogeneous Flow). Given a heterogeneous
crossbar X = (M ∈ {0, 1, D}|R|×|C|, R, C), (ri ∧ mij ∈
{1, D}) =⇒ cj and (cj ∧ mij = 1) =⇒ ri hold.
Consequently, equation (9) holds.

⎛
⎝ |C|∧

j=1

cj ⇐⇒

⎛
⎝ |R|∨

i=1

(mij ∈ {1, D} ∧ ri)

⎞
⎠
⎞
⎠∧

⎛
⎝ |R|∧

i=1

ri ⇐⇒

⎛
⎝ |C|∨

j=1

(mij = 1 ∧ cj)

⎞
⎠
⎞
⎠

(9)

It follows from (9) that symmetry (3) does not hold for a

path ΠWi→Wj with D ∈ πWi→Wj . This is intuitive since D
is a unidirectional component that allows the flow of current

to traverse from rows to columns, but suppresses current in

the opposite direction. That is, if mij = D, we have (cj ∧
mij) �=⇒ ri. This would violate the symmetry equation (3).

Recall that symmetry causes the contradiction in Theorem 1.

V. DESIGN AUTOMATION

Bounded model checking (BMC) algorithms construct a

formula MBMC (13) from a state-transition system based on an

initialization condition I , a transition relation τ , a specification

to be checked ψ, and a time bound T denoting the maximum

length of a trajectory in the state-transition graph [10]. If

a state is found wherein MBMC is evaluated to be false, a

counterexample is produced. We will build a state-transition

system such that said counterexample produces a well-formed

design P that computes a given formula φ.

Given φ : B
p �→ B

q and a design P for some variable-

input crossbar X = (M,R,C) with source and destination

wires S, F ⊂ W , we have 2p evaluation vectors α ∈ B
p.

For each such α, we define a finite state machine Lα, where

Lα[mij ], Lα[ri], and Lα[cj ] denote the values of mij , ri, and

cj induced by P under evaluation α. Each Lα is a component
in a transition system L consisting of an initial state I (10)

and a transition relation τ (11) defining the dynamics of the

system as it moves from state ut to state ut+1. We are looking

for a state ut such that ψ (12) is violated. We have defined

(12) as the negation of (5) so that a counterexample to (12)

yields a well-formed design P , i.e. one where (5) holds.

In order to determine the value of bound T , it is important
to know the results in [11], where Velasquez et al. prove that

the set of paths of length at most 2(min{|R|, |C|}) between

any two wires has the same computing power under paths-

based logic as the set of all paths between said wires [11].

Using equation (11) as a reference, note that each transition
from ut to ut+1 corresponds to some Mij redirecting current

from one of its terminals to the other. Thus, we need only look

at trajectories in L of length at most to T = 2(min{|R|, |C|})
to determine whether a counterexample to (12) exists.
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[1] [2] [3] [3] [4] [5] [6] [6] [7] [7] XRCA

Execution Steps 19n 8n+ 12 29n 5n+ 18 89n 15n 13n+ 2 7n+ 21 2n+ 4 4n+ 5 7
Crossbar Nodes 5n+ 1 35n 3n+ 3 9n 3n+ 5 5n+ 6 3n+ 6 8n 2n+ 2 n+ 2 30n

TABLE I: Comparison of our crossbar ripple-carry adder (XRCA) against other crossbar n-bit adder designs proposed in the literature.

I(u0) �
∧

α∈Bp

⎛

⎝
∧

wi∈S

(L0
α[wi] ⇐⇒ si)

⎞

⎠ ∧
⎛

⎝
∧

wi /∈S

¬L0
α[wi]

⎞

⎠ ∧
(
∧

i,j

(Lα[mij ] = D) ⇐⇒ (Pij = D)

)
∧

⎛

⎝
∧

i,j,k

(Lα[mij ] = 1) ⇐⇒ (Pij = 1) ∨ ((Pij = Bk) ∧ bk) ∨ ((Pij = ¬Bk) ∧ ¬bk)
⎞

⎠

(10)

τ(ut, ut+1) �
∧

α∈Bp

∧

i

(
Lt+1

α [ri] ⇐⇒
∨

j

Lα[mij ] = 1 ∧ Lt
α[cj ]

)
∧
∧

j

(
Lt+1

α [cj ] ⇐⇒
∨

i

Lα[mij ] ∈ {1, D} ∧ Lt
α[ri]

)

(11)

ψ(ut) � ¬
( ∧

α∈Bp

(
q∧

k=1

(
Lt
α[fk] ⇐⇒ φk

)))
(12)

MBMC � I(u0) ∧
T−1∧
t=1

τ(ut, ut+1) ∧
T∧

t=1

ψ(ut) (13)

(Si|¬Ci−1) = (xi ∧ ¬yi) ∨ (¬xi ∧ yi)

(Si|Ci−1) = (¬xi ∧ ¬yi) ∨ (xi ∧ yi) (14)

(Ci|¬Ci−1) = (xi ∧ yi), (Ci|Ci−1) = xi ∨ yi

By providing the model checking formula MBMC (13) to the

NuSMV 2.6.0 model checker, we synthesized a mapping for a

k-bit ripple-carry adder based on equations (14) given two k-

bit vectors x, y ∈ {0, 1}k. The well-formed design P i for the

crossbar X i = (M i, Ri, Ci) with source and destination wires

S = (Ri
1, R

i
2), F = (Ri

4, R
i
5, C

i
5) computes (¬Ci,Ci, Si),

where si1 = ¬Ci−1 and si2 = Ci−1 are carry-in values. That

is, P i is a 1-bit full adder. The design can be seen in (15).

Placing n of these in series yields an n-bit adder.⎛
⎜⎝

D 0 0 0 0
0 yi yi ¬yi 0
D 0 xi ¬xi 1
1 0 ¬yi yi 0
¬xi 0 ¬yi 0 0
0 ¬xi 0 xi 0

⎞
⎟⎠ (15)

It is known that a crossbar

X = (M,R,C) can be con-

figured in min{|R|, |C|} + 1
steps [12]. Thus, each cross-

bar in our n-bit adder can be

programmed independently in 6 steps, with a read voltage

then applied to read the output wire values. Therefore, we

can compute n-bit addition using a constant number of steps.

See Table I for a comparison with other approaches.

VI. EXPERIMENTAL RESULTS

We utilize HSPICE for our experiments. For each mij = 1
(mij = 0), we use resistors with LRS (HRS) resistance

RLRS = 10Ω (RHRS = 1MΩ) and we implement the

SDM02U30CSP diode model from Diodes Incorporated R© [13]

for unidirectional components mij = D. Resistors-to-ground

with resistance RG = 500Ω are placed before each grounded

wire. See Table II for simulation results of design (15).
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