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Abstract—Massively repeated structures such as SRAM cells
usually require extremely low failure rate. This brings on a chal-
lenging issue for Monte Carlo based statistical yield analysis, as
huge amount of samples have to be drawn in order to observe one
single failure. Fast Monte Carlo methods, e.g. importance sam-
pling methods, are still quite expensive as the anticipated failure
rate is very low. In this paper, a new method is proposed to tackle
this issue. The key idea is to improve traditional importance
sampling method with an efficient online surrogate model. The
proposed method improves the performance for both stages in
importance sampling, i.e. finding the distorted probability density
function, and the distorted sampling. Experimental results show
that the proposed method is 1e2X∼1e5X faster than the standard
Monte Carlo approach and achieves 5X∼22X speedup over
existing state-of-the-art techniques without sacrificing estimation
accuracy.

I. INTRODUCTION

With technology feature size scaling towards the physical
limit, variations due to uncertainties are becoming a growing
concern in IC designs. This in general requires statistical
methods such as Monte Carlo method for yield analysis.
Statistical methods are usually time-consuming. To be worse,
highly repeated cells such as SRAM cells usually require an
extremely low failure rate (10−6 ∼ 10−8) in the per cell basis
to ensure a reasonably moderate yield for the whole chip. For
these high-sigma applications, standard Monte Carlo method
requires huge amount of samples (107 ∼ 109) to achieve the
wanted accuracy, with each sample corresponding to a SPICE
simulation run. The reason is that most of the samples fall
into the feasible region, and only an extremely small fraction
of samples are in the failure region.

Accelerated Monte Carlo methods are thus required. Most
of existing acceleration methods are based on the importance
sampling methods [1]–[3]. The key idea of importance sam-
pling methods is to sample the process parameter space based
on a distorted probability density function (PDF) to increase
the probability of observing failures.

Importance sampling provides a framework towards solving
the computational barrier. However, the performance of impor-
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tance sampling depends highly on its implementation details,
especially in how to define the distorted PDF. In addition,
even with importance sampling, the required samples are still
in the order of several thousands to tens of thousands, thus the
computational cost spent on circuit simulation is still high.

In this paper, we propose a fast high-sigma yield analysis
method based on the importance sampling framework. The
key idea is to adaptively replace circuit simulation with online
trained surrogate model. This surrogate model is used in both
stages of importance sampling for reducing the computational
cost, i.e. finding the distorted PDF, and the distorted sampling
itself.

The rest of this paper is organized as follows. In section II,
the relevant background materials will be presented. In sec-
tion III, the proposed method will be discussed. Experimental
results are given in section IV. Conclusions are given in the
section V.

II. BACKGROUND

Suppose 𝑋 = [𝑥1, 𝑥2, ..., 𝑥𝐷]𝑇 is a 𝐷-dimensional ran-
dom variable modeling process variations and its joint PDF
can be defined as 𝑝(𝑋). Such random variables include the
variations of threshold voltage 𝑉𝑡ℎ, oxide thickness 𝑇𝑜𝑥, and
gate length 𝐿𝑒𝑓𝑓 , etc. Typically, 𝑋 is a multivariate Normal
distribution [1]. Without loss of generality, we further assume
that the random variables [𝑥1, 𝑥2, ..., 𝑥𝐷] in the vector 𝑋 are
mutually independent and standard Normal (i.e., with zero
mean and unit variance):

𝑝(𝑋) =

𝐷∏
𝑖=1

[
1√
2𝜋

⋅ exp
(
−1

2
𝑥2
𝑖

)]
(1)

any correlated random variables that are jointly Normal can
be transformed to the independent random variables in equa-
tion (1) by principal component analysis (PCA) [4].

The failure rate 𝑃𝑓 of a circuit can be mathematically
represented as

𝑃𝑓 =

∫
Ω

𝑝(𝑋) ⋅ 𝑑𝑋 (2)

where Ω denotes the failure region, i.e., the subset of the
variation space where the performances of interest (e.g., read
noise margin, write delay for SRAM cells) do not meet the
specification. The corresponding yield is 1− 𝑃𝑓 .



Alternatively, the failure rate in equation (2) can be defined
as:

𝑃𝑓 =

∞∫
−∞

𝐼 (𝑋) ⋅ 𝑝 (𝑋) ⋅ 𝑑𝑋 (3)

where 𝐼(𝑋) represents the indicator function:

𝐼 (𝑋) =

{
1 𝑋 ∈ Ω
0 𝑋 /∈ Ω

(4)

Basically, the failure rate 𝑃𝑓 can be estimated by the
standard Monte Carlo analysis [5]. The key idea is to draw
𝑁 random samples {𝑋̃1, 𝑋̃2, ..., 𝑋̃𝑁} from 𝑝(𝑋), and then
obtain the circuit performances {𝑓1, 𝑓2, ..., 𝑓𝑁} by SPICE-
simulations to calculate indicator function {𝐼(𝑋̃1), 𝐼(𝑋̃2), ...,
𝐼(𝑋̃𝑁 )}. The failure rate can be calculated as

𝑃𝑀𝐶
𝑓 =

1

𝑁

𝑁∑
𝑖=1

𝐼
(
𝑋̃𝑖

)
(5)

For high-sigma applications, the failure rate 𝑃𝑓 in equa-
tion (3) is extremely small and most random samples created
in Monte Carlo analysis do not fall into the failure region Ω.
Hence, a large number of samples are needed by the Monte
Carlo method to accurately estimate the failure rate. Note that
each sampling point corresponds to a SPICE-simulation run,
which is expensive. The aforementioned Monte Carlo method
is extremely expensive, or even infeasible, when applied to the
high-sigma yield analysis.

The importance sampling techniques are widely reported in
accelerating the high-sigma yield analysis [1]–[3]. It aims at
directly generating a large number of random samples in the
failure region by using a distorted PDF 𝑞(𝑋). In this case, the
failure rate can be expressed as:

𝑃𝑓 =

∞∫
−∞

𝐼 (𝑋) ⋅ 𝑝 (𝑋)

𝑞 (𝑋)
⋅ 𝑞 (𝑋) ⋅ 𝑑𝑋 (6)

Typically, importance sampling is implemented in two
steps. In the first step, the distorted PDF 𝑞(𝑋) should be
generated. Then, in the second step, 𝑀 sampling points
{𝑋̃1, 𝑋̃2, ..., 𝑋̃𝑀} are drawn from 𝑞(𝑋) and the failure rate
can be estimated by:

𝑃 𝐼𝑆
𝑓 =

1

𝑀
⋅

𝑀∑
𝑖=1

𝐼
(
𝑋̃𝑖

)
⋅ 𝑝

(
𝑋̃𝑖

)
𝑞
(
𝑋̃𝑖

) (7)

The key of importance sampling methods is how to generate
the distorted PDF 𝑞(𝑋). In theory, the optimal PDF 𝑞𝑜𝑝𝑡(𝑋)
is described in equation (8) [6], which only needs one sample
in the 𝑞𝑜𝑝𝑡(𝑋) to ensure the accuracy:

𝑞𝑜𝑝𝑡 (𝑋) =
𝐼 (𝑋) ⋅ 𝑝 (𝑋)

𝑃𝑓
(8)

Obtaining the optimal PDF is infeasible in practical applica-
tions, but we would notice from equation (8) that the sample
should be generated from the most likely failure region as

discussed in [1]. Most existing importance sampling method-
s [1]–[3] are mainly based on this idea. For example, in [2],
the maximum probability density of the process condition
subject to violating at least one specification will be selected
as the optimal mean-shift vector. And then, the distorted PDF
is based on this vector, which is illustrated in Fig. 1. In
this two-dimensional example, the optimal mean-shift vector
𝑋𝑜𝑝𝑡 = [𝑥1,𝑜𝑝𝑡, 𝑥2,𝑜𝑝𝑡]

𝑇 is used to determine the most likely
failure region and the distorted PDF 𝑞(𝑋) is based on it.
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Xopt=[x1, opt x2,opt]T
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Fig. 1. The two-dimensional example to illustrate the importance sampling.

The importance sampling technique reduces the computa-
tional cost in high-sigma yield analysis. However, the sam-
ples (i.e., the SPICE-simulations) required in both steps of
importance sampling are still expensive [1]–[3], and the time-
consuming SPICE-simulation is by far the bottleneck of the
whole analysis.

III. PROPOSED METHOD

The proposed method follows the basic importance sam-
pling framework introduced in Section II, i.e., to first find the
optimal mean-shift vector and then, perform sampling based
on the distorted PDF parameterized with the optimal mean-
shift vector.

A. Finding optimal mean-shift vector with optimization

According to equation (1), the maximum probability density
occurs where the distance to the origin is minimized [7]. Thus
finding the optimal mean-shift vector can be translated to
solving the following optimization problem:

min ∥𝑋∥
subject to : 𝑋− < 𝑋 < 𝑋+

𝐼 (𝑋) = 0
(9)

where ∥∙∥ is the 2-norm. The choice of optimization boundary
𝑋± is based on the idea that the sampling points are infeasible
out of the boundary (e.g., 𝑋± = ±8sigma for one-dimensional
problem, which has the probability density of 10−15).

The problem (9) is essentially a global optimization prob-
lem. The best class of algorithms for solving such is the
population-based optimization algorithm, which is illustrated
in Fig. 2.
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Fig. 2. Illustration of optimization to obtain the optimal mean-shift vector.

At each generation (iteration) 𝑡, suppose [𝑋1(𝑡), 𝑋2(𝑡),
...,𝑋𝑁 (𝑡)] are the current individuals, where 𝑋𝑖(𝑡) is a sample
in process parameter 𝑋 , and 𝑁 is the number of individuals
in the population.

Firstly, each individual will be evaluated by the
SPICE-simulation to calculate the circuit performance
𝑓𝑖(𝑡) (𝑖 = 1, 2, ..., 𝑁) and corresponding indicator function
𝐼(𝑋𝑖(𝑡)) (𝑖 = 1, 2, ..., 𝑁) according to equation (4). Then, the
population will be updated based on the adopted population-
based optimization algorithm. The next iteration is then
performed until the optimal individual (i.e., the optimal
mean-shift vector) satisfies the convergence condition.

In general, there are a lot of population-based optimization
methods can be used, e.g., genetic algorithm [8] and particle
swarm algorithm [9]. In this work, we use the differential
evolution algorithm [10] as the optimizer to solve this op-
timization problem. The algorithm tries to find the globally
optimal solution by utilizing the distribution of individuals in
the search space and optimal individual as search direction.

The key problem of population-based optimization is that
usually a large amount of individuals are required in order
to obtain a reasonably good solution, and each individual
needs one time of SPICE-simulation in each iteration. As there
are always several iterations to obtain the optimal mean-shift
vector, the total computational cost is still expensive.

B. Offline surrogate model to accelerate optimization

The key to reduce the computational cost is to reduce the
number of time-consuming SPICE-simulations. To accelerate
the optimization, a general idea is to first train surrogate
models to approximate the correlation between circuit perfor-
mances and process parameters. And then, the optimization
can be cooperated with the generated surrogate models so that
there is no SPICE-simulation used in the optimization, which
is illustrated in Fig. 3.

There are quite a few existing modeling techniques, e.g.,
response surface modeling [11] and artificial neural network
modeling [12], which can be used to generate the surrogate
model. In this work, we use radial basis function network [13]
as the surrogate model to approximate the correlation between
circuit performances (𝑓 ) and process parameters (𝑋), which
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Fig. 3. Illustration of optimization combined with surrogate models.

can be expressed in following equation1:

𝑓(𝑋) =
𝑐∑

𝑖=1

𝜔𝑖𝐻𝑖 =
𝑐∑

𝑖=1

𝜔𝑖 exp

{
−∥𝑋 −𝑀𝑖∥2

2𝜎2
𝑖

}
(10)

where 𝑐 is the number of training samples; 𝜔𝑖, 𝑀𝑖 and 𝜎𝑖 are
coefficients of 𝑖th Gaussian function 𝐻𝑖.

With several training samples {𝑋̃1, 𝑓1}, {𝑋̃2, 𝑓2}, ...,
{𝑋̃𝐾 , 𝑓𝐾} obtained by SPICE-simulations, the coefficients in
equation (10) can be determined by orthogonal least squares
learning algorithm [14], and the radial basis function network
model can be built.

As generating each training sample needs one time of
SPICE simulation, it would be preferable if the number of
training samples can be as small as possible. In practice, we
found that the trade-off between model accuracy and number
of samples used for training the model is usually poor. Thus
either the accuracy is poor or the required number of SPICE
simulations is very large.

Meanwhile, the training samples are averaged in the search
space 𝑋 to train a model before it is used in the optimization.
It is inefficient when combined with the optimization. As the
purpose of optimization is to find the optimal individual, more
training samples should be used in the region where should
be explored (i.e., the region around the optimal mean-shift
vector).

C. Optimization with online training surrogate model

The idea of online surrogate model is inspired by the
observation that during the optimization, the requirement for
model accuracy varies. The model accuracy should be high
enough where it is close to the optimal mean-shift vector 𝑋𝑜𝑝𝑡,
and the model accuracy can be relatively low where it is far
from 𝑋𝑜𝑝𝑡. This procedure can be made more adaptively, as
described in the following.

Before the optimization, a small number of training samples
are generated to train an initial coarse surrogate model. As
the optimization relies on a good initial guess, to improve the
convergence, we use the Latin-hypercube sampling method [5]

1For simplicity of our presentation, 𝑓 represents any performance that
should be considered. It is understood that our method can be applied
to multiple constraints scenario by training corresponding model for each
performance.
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Fig. 4. Illustration of optimization with online training surrogate model.

with uniform distribution in the search space 𝑋 to generate
the initial training samples.

Then, each iteration of optimization begins combined with
training the surrogate model as illustrated in Fig 4. At each
iteration 𝑡, the current individuals will first be evaluated by the
current surrogate model. Among these individuals, the failure
individual with minimum 2-norm is selected as the current
optimal individual 𝑋𝑜𝑝𝑡 and this individual is evaluated by
SPICE-simulation. Next, 𝑋𝑜𝑝𝑡 will be added to the training
set and the surrogate model will be trained and renewed,
which will be used in the next iteration. At the same time, the
optimizer will update the population based on the optimization
algorithm.

Notice there is only one SPICE-simulation in each iteration
(for the optimal individual in each iteration), the cost of the
optimization can thus be highly reduced. Meanwhile, as only
the current optimal individual in each iteration is used to
train the surrogate model, the accuracy of the model will
be sufficient in the region around the optimal mean-shift
vector. The efficiency is therefore achieved as most of training
samples are used in the region which should be explored, while
offline training surrogate model cannot achieve it.

D. Sampling from the distorted PDF

After the optimal mean-shift vector 𝑋𝑜𝑝𝑡 is generated, the
final trained surrogate model is also generated at the same
time, which can be used in this sampling stage to replace the
time-consuming SPICE-simulation.

The distorted PDF is based on the generated mean-shift vec-
tor 𝑋𝑜𝑝𝑡 from the optimization. To ensure a good proportion
of samples that are infeasible (i.e., outside of specifications),
the sampling algorithm shifts the mean of 𝑝(𝑋) onto 𝑋𝑜𝑝𝑡, to
get 𝑝(𝑋 − 𝑋𝑜𝑝𝑡). To keep the theoretical maximum number
of samples low, some samples are drawn from 𝑝(𝑋) [15].
Therefore the distorted PDF used in this method is:

𝑞 (𝑋) = 𝛼𝑝 (𝑋) + (1− 𝛼)𝑝 (𝑋 −𝑋𝑜𝑝𝑡) (11)

where 0 ≤ 𝛼 ≤ 1.
For each sample, the indictor function 𝐼(𝑋) should be

evaluated. In this method, we use the following strategy to
calculate the 𝐼(𝑋):

∙ When the circuit performances predicted by the final
trained surrogate model are far from the specification
(e.g., read noise margin (RNM) [16] of the SRAM cell
is far from 0), 𝐼(𝑋) will be evaluated from the surrogate
model.

∙ When the circuit performances predicted by the surrogate
model are near the specification, the SPICE-simulation
is used to obtain circuit performance and corresponding
𝐼(𝑋).

This means that when the value predicted by surrogate
model is close to failure boundary, the predicted value is
suspected and the SPICE-simulation should be used. We will
show in section IV that even if there is no SPICE-simulations
used in calculating the 𝐼(𝑋), the model accuracy is enough
(>98.5%) to ensure an accurate yield evaluation result. Only
a few SPICE-simulations (6% in total samples) can further
enhance the sampling accuracy up to 100% and thus 100%
accuracy in yield calculation.

E. General framework of the proposed method

Based on the aforementioned techniques, the overall algo-
rithm of the proposed method can now be constructed. The
detailed description is in Algorithm 1.

Algorithm 1 Framework of fast yield analysis method.
Step 0: Generate the initial training set by Latin-hypercube
sampling and train an initial surrogate model. Meanwhile,
generate the initial optimization population.
Step 1: The circuit performance of current population are
calculated based on the surrogate model.
Step 2: Add the current optimal individual to the train-
ing set. Obtain the corresponding circuit performance by
SPICE-simulation.
Step 3: Retrain the surrogate model.
Step 4: Perform optimization to update the optimization
population.
Step 5: Check whether the stopping criterion is met. If
yes, obtain the optimal mean-shift vector and final trained
surrogate model, and go to step 6. Otherwise, go to step 1.
Step 6: Generate distorted PDF as described in equa-
tion (11).
Step 7: Sample from the distorted PDF using the strategy
discussed in section III-D.
Step 8: Obtain the failure rate and corresponding yield of
the analyzed circuit by equation (7).

IV. EXPERIMENTAL RESULTS

In this section, a 6-T SRAM cell designed with a com-
mercial 40 nm process is used to demonstrate the accuracy
and efficiency of the proposed method. Fig. 5 shows the



schematic of the SRAM cell. The local 𝑉𝑡ℎ mismatch of
each transistor is considered as the process variables. Al-
l process variables are mutually independent and standard
Normal. The circuit performance is chosen as the read noise
margin (RNM) which characterizes the stability of the SRAM
cell [16]. When RNM is less than zero, the data retention
failure happens. Note that the same algorithm can be applied
to other variation sources (e.g., 𝐿𝑒𝑓𝑓 and 𝑇𝑜𝑥) and other
circuit performances (e.g. write delay and access time) as
well. Four specific designed SRAM cells with different failure
rates {SRAM1, SRAM2, SRAM3, SRAM4} are used as the
experimental examples. The examples run on a PC with Intel
2.16GHz CPU.

BL

WL
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VDD

GND

Vth 1

Vth 2

Vth 3

Vth 4

Vth 5

Vth 6

Fig. 5. The circuit schematic of the 6-T SRAM cell.

A. Validate the accuracy of the proposed method

First, we evaluate the accuracy of the final trained surrogate
model as it will be used in the second step. After the optimal
mean-shift vector 𝑋𝑜𝑝𝑡 and final model are generated in
the first step for the four designed SRAM cells, 105 test
samples are randomly generated in the 𝑞(𝑋) as expressed in
equation (11). The indictor functions 𝐼(𝑋) of the test samples
are calculated by both the model and SPICE-simulation to
evaluate the accuracy of the surrogate model, defined as the
percentage of samples accurately predicted, which is presented
in the Table I.

TABLE I
MODEL AND METHOD ACCURACY IN FOUR DESIGNED CIRCUITS

SRAM Model Percentage of added Method

cell accuracy SPICE-simulations accuracy

SRAM1 98.90% 6.42% 100%

SRAM2 98.95% 6.31% 100%

SRAM3 98.69% 6.33% 100%

SRAM4 98.98% 6.29% 100%

Based on the strategy discussed in section III-D, when the
predicted absolute value of RNM is smaller than 5e-4, SPICE-
simulation is used to calculate the 𝐼(𝑋). The percentage of
added SPICE-simulations in 105 samples and the correspond-
ing method accuracy are also presented in Table I. The satisfied
accuracy can be observed.

To show the accuracy clearly, we further compare the pro-
posed method with the standard Monte Carlo (MC) Method [5]
on the four SRAM examples for calculation the failure rate,
which is shown in Fig 6 (a). The failure rate estimations
from the two methods closely match each other, which again
validates the estimation accuracy of our proposed method.

B. Validate the efficiency of the proposed method

To show the efficiency of the proposed method, besides the
Monte Carlo method, the exiting acceleration method: mixture
importance sampling (MIS) [3], minimum-norm importance
sampling (MNIS) [2], Gibbs sampling (GS) [1] are used
to analyze the SRAM cells. The convergence condition is
selected as the Figure-Of-Merit (FOM) [2] equals to 0.1 (i.e.,
90% accuracy level with 90% confidence interval).

From Fig 6 (b), the required samples of the proposed
method are 1e2X∼1e5X less than the standard Monte Carlo
method. Meanwhile, the required samples of Monte Carlo
increase as the failure rate is smaller, while the proposed
method is independent with the specific circuits. It implies that
the proposed method has the potential and ability to solve the
high-sigma problems.

Table II shows the computational cost of mixture importance
sampling (MIS) [3], minimum-norm importance sampling
(MNIS) [2], Gibbs sampling (GS) [1] and the proposed method
for SRAM4. An 5X∼22X accelerating rate of the proposed
method compared with other exiting methods can be found
and similar accelerating rates are also shown in other SRAM
examples {SRAM1, SRAM2, SRAM3}.

We can find that although the required samples for the
proposed method are similar or even more than the other ex-
iting methods, most of the samples can be generated from the
surrogate model in both steps of the importance sampling. The
surrogate model is generally order of magnitude faster than
SPICE-simulation as the surrogate model can be thought as
the ”Black Box” only describing the surface relations between
circuit performance and process variations. The computational
cost of SPICE-simulation is by far the bottleneck of the whole
analysis. The key of the efficiency of the proposed method
is that the SPICE-simulation required for the importance
sampling is sufficiently reduced.

V. CONCLUSION

We propose a new fast high-sigma yield analysis method
based on the importance sampling framework. The key idea
of the proposed method is to accelerate the analysis by a
novel online surrogate model. Population-based optimization
algorithm is used as the core optimizer to find the optimal
mean-shift vector of the distorted probability density func-
tion. During the optimization, a surrogate model is trained
online with the optimization to highly reduce the number of
SPICE-simulation. The trained model can also be used to
accelerate the sampling. Experimental results have shown that
the proposed method is 1e2X∼1e5X faster than the standard
Monte Carlo approach and achieves 5∼22X speedup over
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Fig. 6. The estimated failure rate and FOM as a function of the number of samples by the proposed method (the second step) and standard Monte Carlo
method for the four SRAM examples.

TABLE II
THE COMPUTATIONAL EFFICIENCY OF THE FOUR METHODS IN SRAM4

Method
The first step The second step

Totally cost Speedup
Samples SPICE cost Surrogate model cost Samples SPICE cost Surrogate model cost

MIS [3] 6600 6600×1.35s 0 7465 4740×1.35s 0 255.15min 1X

MNIS [2] 2400 2400×1.35s 0 2501 1588×1.35s 0 89.73min 2.84X

GS [1] 2385 2385×1.35s 0 584 371×1.35s 0 62.01min 4.11X

Proposed 2800 325×1.35s 2475×8.24ms 2473 159×1.35s 2317×8.24ms 11.55min 22.09X

other existing state-of-the-art importance sampling techniques
without sacrificing the estimation accuracy.
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