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Abstract—Energy efficiency presents a significant challenge
for stochastic computing (SC) due to the long random binary
bit streams required for accurate computation. In this paper, a
type of low discrepancy (LD) sequences, the Sobol sequence, is
considered for energy-efficient implementations of SC circuits.
The use of Sobol sequences improves the output accuracy of a
stochastic circuit with a reduced sequence length compared to
the use of another type of LD sequences, the Halton sequence,
and conventional linear feedback shift register (LFSR)-generated
pseudorandom sequence. The use of Sobol sequences leads to a
similar or higher accuracy than using Halton sequences for basic
arithmetic operations. Sobol sequence generators cost less energy
than the Halton counterparts when multiple random sequences
are required in a circuit, thus the use of Sobol sequences can
lead to a higher energy efficiency in an SC circuit than using
Halton sequences.

I. INTRODUCTION

Stochastic computing (SC) is an unconventional computing

technique originally proposed to reduce the size of digital

arithmetic circuits [1], [2]. It is more robust against noise and

bit flip errors than analog and conventional digital circuits by

using stochastic sequences to represent numbers. In a typical

SC system, a binary integer is converted to a real value in

the range [0, 1] for the unipolar representation or [−1, 1] for

the bipolar representation of a stochastic sequence. Let N1

denote the number of 1’s in a stochastic sequence with NL-

bit length; then, this sequence encodes N1/NL in the unipolar

representation or (2N1−NL)/NL in the bipolar representation.

An SC arithmetic unit is typically very small, which leads

to significant saving in hardware and power consumption. A

complex mathematical function such as a Bernstein polyno-

mial can be implemented by just a few logic gates in SC

[3], while it requires considerable hardware in a conventional

design.

However, the disadvantages of SC include the long latency

and a low energy efficiency. Since the stochastic sequence

behaves similarly as a Bernoulli sequence, the variance of the

computed results is proportional to 1/
√
NL [4]. It indicates

that a long sequence must be used to obtain a high accuracy.

Although the hardware implementation of basic SC arithmetic

units are simplistic, the required stochastic number generators

(SNGs) consume significant hardware and energy. It has been

shown that linear feedback shift register (LFSR)-based SNGs

and the circuits that convert stochastic numbers to binary ones

contribute to more than 80% of the total circuit cost [5].

For LFSR-based SNGs, the effect of seed selection is

exploited in [6] and various strategies are applied to enhance

the output accuracy of an SC circuit. Although the optimized

sequences achieve a higher accuracy, a subset of the sequences

suffers from large random fluctuations, thus the error can be

large when the sequence length is smaller than the maximal

length of an LFSR-generated sequence (2N − 1 for an N -bit

LFSR). In [7], the Halton sequence is introduced for use in SC.

This low discrepancy (LD) sequence significantly reduces the

sequence length for achieving the same accuracy compared to

LFSR-generated pseudorandom sequences. However, Halton

sequences rely on the use of counters with different radices

when several independent sequences are required, thus a base

conversion is indispensable for the current binary system [7].

The base conversion results in additional hardware overhead.
In this paper, another type of LD sequences, the Sobol

sequence, is introduced for an energy-efficient implementation

of SC. The generation of Sobol sequences only requires simple

binary logic operations, so it does not incur a base-conversion

overhead compared to Halton sequences. A multiplier and

a multiplexing circuit implementing Bernstein polynomials,

using Sobol and Halton sequences, are implemented for the

evaluation of hardware efficiency, compared to conventional

implementations using LFSR-generated sequences.

II. LOW-DISCREPANCY SEQUENCES

A. Theory

LD sequences were first used to accelerate the convergence

process of Monte-Carlo (MC) integration [8], [9]. MC integra-

tion requires S-dimensional random sequences to estimate the

S-dimensional numerical integration. Given random sequences

with sufficient length, the MC integration can provide a close

estimation of the numerical integration. It has been shown that

a lower discrepancy in random sequences indicates a smaller

error in an MC integration [8]. An SC circuit can be considered

as an MC problem. It is shown in [7] that a lower discrepancy

also indicates a smaller error in SC.
The discrepancy of S-dimensional sequences P of NL

values can be quantitatively measured by the star discrepancy

D∗(P ). “Dimension” here refers to the dimension of sample

space in MC integration and it is equivalent to the number of

independent random sequences in an SC circuit. The condition

for being an LD sequence is that D∗(P ) has a convergence

speed of O(log(NL)
S−1/NL). Thus a longer sequence (larger
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NL) and/or fewer independent sequences (smaller S) imply a

smaller error in an SC circuit.

Several methodologies have been developed to generate

different types of LD sequences, including Halton, Sobol

and Faure sequences. Software-based generation methods have

been developed, but few have been implemented in hardware.

In this paper, Sobol and Halton sequences are considered for

their ease in hardware generation. Also, the discrepancy of

Sobol sequences is smaller than that of Halton sequences,

especially when S is large and NL is small [8].

B. Generators

The designs in [10] and [7] are adopted for Sobol and Halton

sequence generation, respectively, as shown in Fig. 1.

The Sobol sequence generator consists of an address gen-

erator that detects the position of the least significant zero,

a storage array storing the values of the direction vectors as

intermediate variables for sequence generation, and the XOR

gate and D flip-flop (DFF) pair for recursively generating

quasi-random numbers. The algorithm for it is elaborated in

[11].

Independent Halton sequences are generated by co-prime

base numbers {bi} (i = 1, 2, 3, . . . ). The n-th random number

(RN) using base b can be expressed as

RNn,b =
∞∑

i=0

aib
−i−1, (1)

where ai is the i-th digit of the b-ary expansion of n. Thus

the Halton sequence generator can be accordingly built by a

reversely mapped b-ary counter, as shown in Fig. 1(b). Each

digit of the b-ary counter is coded in the binary format. Com-

pared to the design in [7], the base conversion is performed

by converting a value to b-ary in advance instead of using

a built-in hardware converter, thus saving hardware while

creating some overhead to perform the conversion offline. The
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Fig. 1. (a) Sobol-based SNG; (b) Halton-based SNG.

S smallest prime numbers serve as the bases for S-dimensional

Halton sequences for a lower hardware cost.
Note that the simplest Sobol sequence is the same as a base-

2 Halton sequence, so the inversely mapped counter is used

for a single Sobol sequence generator to reduce hardware cost.

III. HARDWARE SIMULATION AND ANALYSIS

A. Basic Stochastic Computing Elements

To compare the efficiency of different types of sequences

used in SC, two typical SC elements, a unipolar multiplier and

a multiplexing circuit implementing a Bernstein polynomial,

are considered. The schematics are shown in Fig. 2.
A unipolar stochastic multiplier is implemented by an

AND gate with two inputs in Fig. 2(a). For a stochastic

implementation of the Bernstein polynomial, the sequences

{zn} (n = 0, 1, . . . , N) are used to encode the Bernstein

coefficients and the sum of multiple independent stochastic

sequences of the input x serves as the selection signals for the

multiplexer.

B. Metrics

The performance of SC elements are examined by energy

per operation (EPO) and throughput per area (TPA) [12]. The

root-mean-squared error (RMSE) is used to measure accuracy.
Given the sequence length NL for a stochastic arithmetic

operation, the EPO for an SC element can be calculated by

EPO = Power × Tclk ×NL, (2)

where Tclk is the clock period and power is measured at the

corresponding Tclk. Throughput is used to measure how much

information a system can process during a unit time. In this

case, the throughput is measured by how many effective bits

are output in a unit time. The effective bits are the bit width

for a binary output, and it is �log2(NL)� for an SC design.

The time factor is measured by tc×NL, where tc is the critical

path delay. For example, if an 8-bit result is produced by a

sequence of 256 bits, the throughput is calculated by 8/256/tc.

Subsequently, the TPA is given by

TPA = Number of effective bits/(tc ×NL)/area. (3)

The critical path delay, area and power consumption are first

obtained by the Synopsis Design Compiler with a 28nm STM

process. The EPO and TPA are then computed. The RMSE is

measured by using 10,000 random trials for each circuit.
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Fig. 2. Basic stochastic computing elements.

2017 Design, Automation and Test in Europe (DATE) 651



C. Simulation Results

The SC circuits using Sobol, Halton and LFSR-generated

sequences are compared with their conventional binary coun-

terparts. Since the circuits for bipolar and unipolar represen-

tations show similar behaviors, only the unipolar SC elements

are considered. Binary designs with different bit widths are

considered for comparison: the multiplier is implemented by

an array multiplier and the binary polynomial circuit is opti-

mized to use the least number of multipliers. The comparisons

are made in terms of RMSE, EPO and TPA.
1) Accuracy: The accuracy is measured with respect to the

length and dimension of stochastic sequences in a multiplier

and a Bernstein polynomial circuit. The results are shown in

Figs. 3 and 4 repectively. The computed Bernstein polynomial

is f(x) = 6/11(x+ 1/2x2 + 1/3x3) for Fig. 3(b).
As seen in Fig. 3, among SC designs, results produced by

the LD sequences are consistently more accurate than that of

LFSR-generated sequences using the maximal length.
For the multiplier, the RMSEs of the circuit using LD

sequences decrease nearly linearly with the sequence length

with the binary design as the reference line, while the output

accuracy of the circuit using LFSRs converges much slower.

To achieve a similar accuracy as an N -bit binary multiplier,

Sobol sequences need 2N+2 bits and Halton sequences need

approximately 2N+3 bits. It indicates that the Halton sequence-

based multiplier takes about twice the sequence length to

achieve a similar accuracy as the Sobol sequence-based design.
For the stochastic Bernstein polynomial circuits, the RMSE

of the Sobol-based design is only slightly better than the

Halton-based one when sequence length is smaller than 210
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Fig. 3. Accuracy comparison: (a) a 2-input multiplier; (b) a third-order
Bernstein polynomial, using different sequence lengths.
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Fig. 4. Accuracy comparison: stochastic Bernstein polynomial circuits using
different dimensions of random sequences with 256 bits.

bits. Otherwise, the performance is similar. However, both

LD sequences outperform the LFSR-generated sequences. The

accuracy of an N -bit binary design roughly matches that of a

stochastic design using LD sequences of 2N+3 bits.

When the number of inputs or the dimension of stochastic

sequences increases, as shown in Fig. 4, the output accuracy of

the stochastic Bernstein polynomial circuit slightly decreases.

This result is consistent with the theory of LD sequences.

However, the output RMSE using LFSR-generated sequences

is consistently larger than those using the LD sequences.

2) Hardware: For a fair comparison on hardware cost,

EPO and TPA are measured against the same RMSE for

two specific SC circuits: (1) a 2-input stochastic multiplier

as a low dimensional SC circuit and (2) a 4-to-1 multiplexer

along with an adder implementing the aforementioned third-

order Bernstein polynomial as a relatively high dimensional

circuit. In an SC circuit, both results for with and without the

SNGs are reported. The EPO and TPA are obtained for using

sequence lengths from 24 to 216 for the multiplier and from

24 to 28 for the Bernstein polynomials circuit. For the binary

designs, the bit width used is 4 to 16 for the multiplier, and

4 to 8 for the Bernstein polynomial circuit.

The results of EPO and TPA comparison are shown in Figs.

5 and 6 respectively. It can be seen that the SC circuits without

considering SNGs mostly have a smaller energy consumption

and a higher TPA than the binary circuits because SC arith-

metic elements consist of only a few gates. The performance

of SC elements are largely undermined by the costly SNGs.

When the SNGs are counted, the SC designs have an inferior

performance in both metrics for the same RMSE.

For the multiplier, when SNGs are considered, the higher

cost of Sobol sequence generators results in a similar EPO

and TPA compared to the use of Halton sequences, although

half of the Sobol sequence length is sufficient to achieve a

similar RMSE. Nevertheless, the performance of the Sobol-

based multiplier is better than the one using Halton sequences

due to the lower latency, without considering the SNGs.

For the polynomial circuits, the design using Halton se-

quences consumes a higher energy than the one using Sobol

sequences. This is due to the increased dimension for the

Halton sequence generator. A higher dimension means a larger

base that requires a higher hardware cost to convert a b-
ary number to the binary representation. However, the Halton
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Fig. 5. EPO comparison: (a) multiplier; (b) Bernstein polynomial.
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Fig. 6. TPA comparison: (a) multiplier; (b) Bernstein polynomial.

sequence generator has a shorter critical path, rendering a

larger TPA than the Sobol sequence-based design.
Generally, a Sobol sequence-based design consumes less

energy (with a lower TPA when the SNGs are counted) than a

Halton-based design for the same accuracy requirement, when

multiple independent random number sequences are required.

For a simple SC element such as a multiplier, the two LD

sequences show similar performance. The scaled adder using

a 2-to-1 multiplexer also shows a similar trend as the results

for the multiplier, although they are not discussed in detail due

to space limitations. For a design using LFSRs, it requires

sequences that are several times longer to achieve the same

accuracy, resulting in a larger energy consumption and a lower

TPA in most cases.

IV. CONCLUSION

In this paper, the Sobol sequence is considered for im-

proving the energy efficiency of SC circuits. For a simple

computing element such as a multiplier, the energy consump-

tions of stochastic circuits using Sobol and Halton sequences

are similar, especially when the SNGs are counted, while the

computed results obtained by using Sobol sequences are more

accurate. For circuits using multiple independent stochastic

sequences such as a Bernstein polynomial circuit, the use

of Sobol sequences provides a better energy efficiency than

using Halton sequences due to the reduced sequence length

and simpler SNGs.

REFERENCES

[1] B. R. Gaines, Stochastic Computing Systems. Boston, MA: Springer
US, 1969, pp. 37–172. [Online]. Available: http://dx.doi.org/10.1007/
978-1-4899-5841-9 2

[2] W. Poppelbaum, C. Afuso, and J. Esch, “Stochastic computing elements
and systems,” in Proceedings of the November 14-16, 1967, fall joint
computer conference. ACM, 1967, pp. 635–644.

[3] W. Qian, X. Li, M. D. Riedel, K. Bazargan, and D. J. Lilja, “An
architecture for fault-tolerant computation with stochastic logic,” IEEE
Trans. on Computers, vol. 60, no. 1, pp. 93–105, 2011.

[4] J. Han, H. Chen, J. Liang, P. Zhu, Z. Yang, and F. Lombardi, “A
stochastic computational approach for accurate and efficient reliability
evaluation,” IEEE Trans. on Computers, vol. 63, no. 6, pp. 1336–1350,
June 2014.

[5] A. Alaghi and J. P. Hayes, “Survey of stochastic computing,” ACM
Trans. on Embedded computing systems, vol. 12, no. 2s, p. 92, 2013.

[6] J. H. Anderson, Y. Hara-Azumi, and S. Yamashita, “Effect of LFSR
seeding, scrambling and feedback polynomial on stochastic computing
accuracy,” in DATE, pp. 1550–1555, 2016.

[7] A. Alaghi and J. P. Hayes, “Fast and accurate computation using
stochastic circuits,” in DATE, article 76, 2014.

[8] H. Niederreiter, Random Number Generation and quasi-Monte Carlo
Methods. Philadelphia, PA, USA: Society for Industrial and Applied
Mathematics, 1992.

[9] D. P. Kroese, T. Taimre, and Z. I. Botev, Handbook of Monte Carlo
methods. John Wiley & Sons, 2013, vol. 706.

[10] I. L. Dalal, D. Stefan, and J. Harwayne-Gidansky, “Low discrepancy
sequences for Monte Carlo simulations on reconfigurable platforms,” in
IEEE International Conference on Application-Specific Systems, Archi-
tectures and Processors, pp. 108–113, 2008.

[11] P. Bratley and B. L. Fox, “Algorithm 659: Implementing Sobol’s quasir-
andom sequence generator,” ACM Trans. on Mathematical Software
(TOMS), vol. 14, no. 1, pp. 88–100, 1988.

[12] R. Wang, J. Han, B. F. Cockburn, and D. G. Elliott, “Stochastic circuit
design and performance evaluation of vector quantization for different
error measures,” IEEE Trans. on VLSI Systems, vol. 24, no. 10, pp.
3169–3183, Oct 2016.

2017 Design, Automation and Test in Europe (DATE) 653



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (None)
  /CalCMYKProfile (None)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.7
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo false
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 200
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 200
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 400
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<


    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200036002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200036002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>



    /HUN <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 6.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200036002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 6.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>


    /SKY <>

    /SUO <>
    /SVE <>
    /TUR <>

    /ENU (Use these settings to create Adobe PDF documents suitable for reliable viewing and printing of business documents.  Created PDF documents can be opened with Acrobat and Adobe Reader 6.0 and later.)
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


