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Abstract—Variability is a fundamental issue which gets expo-
nentially worse as CMOS technology shrinks. Therefore, char-
acterization of statistical variations has become an important
part of the design phase. Monte Carlo-based simulation method
is a standard technique for statistical analysis and modeling
of integrated circuits. However, crude Monte Carlo sampling
based on pseudo-random selection of parameter variations suffers
from low convergence rates and thus, providing high accuracy
is computationally expensive. In this work, we present an exten-
sive study on the performance of two widely used techniques,
Latin Hypercube and Low Discrepancy sampling methods, and
compare their speed-up and accuracy performance properties.
It is shown that these methods can exhibit a better efficiency as
compared to the pseudo-random sampling but only in limited
applications. Therefore, we propose a new sampling scheme
that exploits the benefits of both methods by combining them.
Through a representative example, it is shown that the proposed
sampling technique provides significant improvement in terms of
computational efficiency and offers better properties as compared
to each solely.

I. INTRODUCTION

As integrated circuits scale to finer feature sizes the process
variability gets increasingly important and difficult to capture
as has been highlighted in several ITRS reports [1]. Therefore,
it is crucial that the variability is addressed at the design
stage and thus, advanced statistical methods are required to
understand variation effects, ensure the manufacturability and
improve the parametric yield [2], [3], [4].

A strong method to model and analyze variations of circuit
properties is Monte Carlo-based modeling and simulation.
In this context, Monte Carlo is a circuit simulation method
which tries to act like nature by assuming random variations
on process and device parameters and then performs SPICE
(transistor-level) simulations to precisely track the propagation
of the parameters’ variation effects and to obtain the circuit
behavior/performance of interest in presence of variations.
Furthermore, this method is applicable to any circuit with any
number of varying parameters exhibiting arbitrary statistical
distributions. Therefore, it has become the standard technique
for statistical analysis and modeling of integrated circuits.

Despite the advantages mentioned above, the convergence
of Monte Carlo-based estimation error is rather slow and is
proportional to 1/y/n, where n is the number of simulation
runs. A strategy to speed up Monte Carlo simulation and still
retain its advantages is to place control on how the samples are
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drawn from the parameter space by using effective sampling
methods as compared to random selection of the parame-
ter variations. Latin Hypercube and Low-Discrepancy (also
termed as quasi-Monte Carlo) methods are two widely used
sampling techniques to provide effective spreading properties
[51, [6], [7], [8] and both techniques are now available in
the Cadence Spectre simulation tool. The next two sections
describe these techniques and present their superiorities and
limitations. In Sec. IV, we propose a new sampling scheme
that combines the two techniques optimally and exploits the
benefits of both methods. Sec. V presents the simulation results
and discussions and finally, we conclude in Sec. VI.

II. LATIN HYPERCUBE SAMPLING: PERFORMANCE AND
CONVERGENCE PROPERTIES

A. One-Dimensional LH Sampling

The Latin Hypercube (LH) sampling method shows an
excellent performance and projection properties in one di-
mension by providing an optimum spreading of the sampling
points in the variation range. In order to generate a set
of n LH sample points with uniform distribution (z;,7 €
{0, 1, ..., n—1}), a set of n uniformly distributed random
sample points (x;) is used as #; = i/n + x;/n. Here, the term
i/n is used to construct n equal non-overlapping bins and the
term x/n is used to make a random selection of a point in each
bin. This guarantees a good spreading of the points over the
whole variation range on one hand, and still shows a random
nature on the other hand. Therefore, it can be thought as a
high quality random sampling method to generate well-spread
samples in one dimension.

As the parameter variations in circuit simulation are usually
normally distributed, we use an efficient method called inverse
cumulative distribution function (CDF) transformation [9] to
transform samples drawn from a uniform LH distribution
into another distribution with any arbitrary probability density
function. Therefore, in order to generate normally distributed
LH samples, first, we generate uniformly distributed LH
samples and then, exploit inverse-CDF method as #; = /2 x
erf~1(2u; — 1), where erf ! is the inverse error function and
u; denotes a set of uniformly distributed samples.
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B. Multi-Dimensional Sampling

Above we described the method to generate one-
dimensional LH samples. However, in statistical circuit sim-
ulation and analysis we have multi-dimensional problems
where each dimension corresponds to a varying parameter.
The number of variable parameters (shown in this report by
m) is usually in the range of (10 — 10°) as industrial circuits
involve hundreds to tens of thousands devices (transistors) and
each of them may have several varying parameters.

Fig. 1 shows the worst case and a random case of two-
dimensional coverage. It is important to note that both z1
and x2 are one-dimensional LH and thus high quality sample
sets. However, in the worst case, when simply the first,
second, etc. points from both sets 1 and x2 are picked up
to form the sample points in the multi-dimensional space, the
coverage is very poor (Fig. 1a). Furthermore, the variables are
heavily correlated and behave like one statistical variable in the
analyses. That means, if in reality only one has strong effect
on the output, the statistical result will be misleading as both
variables may be recognized as important input parameters
with high impact on the output performance. On the other
hand, when the combination of the one-dimensional points
is performed in a random manner (the ¢—th point from z1
corresponds to the j—th point form z2 where ¢ and j are
random numbers € {1, 2 ., n}), a two-dimensional
coverage like Fig. 1b will be achieved. A multi-dimensional
LH set constructed based on such random permutation method
is the traditional design for LH samples. It should be noted that
the traditional LH may show a better performance than a pure
random in low-dimension problems. However, its superiority
degrades with the dimension but is never worse than random
sampling.

A possible improvement is to optimize the LH permutations
to provide better multi-dimensional spreading properties. For
example, in [10] and [11] search heuristics are used to find
optimal design for multi-dimensional LH samples. However,
these methods are computationally very expensive in high-
dimensional problems as the amount of calculations increases
exponentially with the number of dimensions (varying parame-
ters). An alternative approach is to use a different class of sam-
pling methods called low-discrepancy (LD) sequences which
can provide better multi-dimensional spreading properties. As
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A set of two-dimensional sample points drawn from a uniform
distribution using LH sampling method where the sample points of 1 and
2 are arranged (a) one-by-one and (b) randomly.

Fig. 2. A set of 200 two-dimensional sample points drawn from a uniform
distribution using (a) traditional LH sampling method and (b) Sobol LD
sequences generator.

these methods generate deterministic sequences, simulations
that are based on LD sequences are termed as quasi-Monte
Carlo.

III. LOW-DISCREPANCY SEQUENCES: PERFORMANCE AND
CONVERGENCE PROPERTIES

Two well-known LD sample generators (provided also by
Matlab) are Halton and Sobol generators. Due to higher
efficiency, usually the Sobol generator is employed as the
representative LD sample generator [7]. Fig. 2 shows the two-
dimensional coverage of traditional LH sampling method and
Sobol LD sequences generators. It is clear that the Sobol
points provide a better multi-dimensional spreading property
as compared to random permutation of one-dimensional LH
sample points. As a result, LD sampling can often surpass
both random and LH sampling in statistical circuit simulation
and offers attractive runtime speedups [7]. However, despite
the superiority of Sobol points in multi-dimensional spreading
properties, one cannot guarantee that the Sobol points exhibit
better spread of the samples in each single dimension.

Therefore, in order to compare the sampling qualities for
different values of n and the corresponding convergence rates,
Fig. 3 compares the mean and the standard deviation errors
(obtained by Eq. 1) for one-dimensional random, LH, Sobol,
and Halton samples as a function of the number of samples
n. The result is quite interesting and shows that the Sobol
and Halton generators offer a convergence rate of better than
1/+/n but still not as good as LH offering the convergence rate
of 1/n. Here, we emphasize that the Latin Hypercube has the
best performance for one-dimensional problems, or in other

Mean Error
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Fig. 3. Convergence of mean and standard deviation of samples drawn from a
normal distribution using different sampling methods. The results are averaged
over 500 sample sets.
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words, over each single dimension in a multi-dimensional
problem. Therefore, the best scenario would be to gain from
both methods. Next section describes how a new sampling
scheme can employ the benefits form both methods.

Err(mean) = |p — Z|,
Err(SD) = |o —[1/n > (2 — 2)*"/?), 0

i=1
where 1 = 0 and 0 = 1 for a standard normal distribution
n

-1
and:rfﬁzlmi.
=

IV. A NEw LH-LD SAMPLING SCHEME

Above we made an important conclusion that to provide a
set of m dimensional samples (i.e. m variables each with given
number of points n) every dimension should be sampled using
LH method as this will guarantee the best one-dimensional
spreading and projection properties. Then, as explained before,
we need to find an efficient design to combine all one-
dimensional LH sample sets to have an optimum n x m set.
Therefore, our goal is to find a combinatorial design method
which works better than the traditional LH sampling method
based on random combinations of one-dimensional LH points.
To employ the superiority of LD method in multi-dimensional
coverage, instead of using an LD method directly to assign
the sample points, we propose to assign the points by LH
and then arrange them by LD methods as is explained in
the following. As a result, we gain both one- and multi-
dimensional advantages of LH and LD, respectively.

For example, X151 represents a two-dimensional LH sample
set with n = 5 points in each dimension drawn from a uniform
distribution. This corresponds to 5 Monte Carlo runs where
each column forms an input sample for the simulations.

X _[011 027 042 063 0.1
LH=10.09 0.31 055 0.69 0.94

We use a two-dimensional LD (Sobol) sample set of the same
size as

x - _ [015 065 040 0.90 0.09
LD = 10,77 0.27 0.02 052 0.59]°

and obtain the matrix I(Xrp) which returns the (increasing)
rank order of the elements of Xi,p in each row as

2 4 3 5 1
I(XLD):[5 2 1 3 4}

Now, an optimal LH-LD sample set can be obtained as

% ~[0.27 0.63 042 091 0.11
LH-LD = 1094 0.31 0.09 0.55 0.69

where the rows of Xpj are sorted according to the per-
mutations returned by I(Xpp). As a result, the obtained
sample set X1 _1,p exhibits both one-dimensional and multi-
dimensional spreading properties of the LH and LD sampling
methods, respectively. In fact, this guarantees that the X1,;_1,p
exploits the benefits of both methods simultaneously. Next
section presents the corresponding simulation results.
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V. RESULTS AND DISCUSSIONS

Characterizing the circuit performance uncertainties (e. g.
mean, standard deviation, and parametric yield estimation)
in the presence of parameter variation and identifing the
important variation sources that contribute to the performance
variations (e. g. mismatch/variation contributions computation)
are two main goals in statistical circuit analysis. In this section
we evaluate the effect of the proposed LH-LD sampling
method on the performance of the estimations providing these
goals based on simulations in Matlab.

A. Uncertainty Estimation

We use a representative mathematical example to evaluate
the uncertainty estimations as explained in the following. An
output (performance) parameter is defined as y = ) ajz;j,
where z; (j € {1, ..., m})is a normally distributed variable
(=0, 0 =1)and a; € R denotes its contribution coefficient
to the output y. Here, y can be supposed as the output variation
when m resistors of a;{) are connected in series and the
output is defined as the total resistance and x; express the
random variation of the j—th resistor. It is clear that when
the variations are all mutually independent, the true values of
mean and the standard deviation of y are given as p, = 0,
oy =Y aj2, respectively. Now, we sample z; at n points by
using different sampling methods and estimate the statistical
characteristics of y. Thus, the estimation errors are given by

- I R
Brr(mean) = [ — 1] = g = |- wil;
= @)

m

Err(SD) = (3 aD)2 = (3 (= 5)°/m) 2]

Jj=1

m

>~ ajzi; and x;; denotes the i—th sample point
j=1

of the j—tﬁ variable x;. Fig. 4 compares these errors for
different sampling techniques. The results depicted by LH-
LD is based on our proposed sampling technique explained
before and demonstrate that the proposed method has both
one-dimensional and multi-dimensional advantages of LH and
LD, respectively and therefore, acts as excellent as LH for
mean and at the same time keeps the good performance of
LD in multi-dimensions (m = 10).

Here, y; =
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i " 2 : \
_3[| —8—Random 10 —&—Random
104 —o—1H ; ——LH
—=—Sobol w —%—Sobol »
LH+LD Y LH+LD
10 -~ 10° —=
o' 10° 10° 10* 10’ 10° 10° 10*
n n

Fig. 4. Convergence of (a) mean and (b) standard deviation estimation errors
based on different sampling methods.
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Another important property of performance uncertainties
of integrated circuits is yield. In our example the variations
are normally distributed and thus we use the Cpx method
based on the process capability index as a statistical measure
to estimate yield Yepk = 0.5 + 0.5erf[(3/1/2)Cpxk], where
Cpk = min[(USL — p)/30, (u — LSL)/30] [12]. Here, pu
and o are the estimated mean and standard deviation of the
output, respectively. Now we define the yield error estimation
as Err(Yield) [Yopk — Y|, where Y denotes the true
yield. Fig. 5a shows the convergence of yield estimation errors
based on different sampling methods where the true yield is
obtained by Cpx = 1 for designs with a “3o0 yield” target
yield. It demonstrates that the proposed LH-LD sampling
method outperforms other sampling methods for all n and
provides more accurate yield estimations. Intuitively, as this
method exploits the improvement from both LH and LD to
provide better estimations for p and o (Fig. 4), it exhibits
more accurate estimations of Cpk and thus, better estimations
of YCPK-

B. Uncertainty Apportionment

In order to investigate the performance of different sam-
pling techniques when Monte Carlo simulations are used to
determine variation contributions, we use the same example
explained above and we evaluate the accuracy in estimations.
Such estimations are of special interest as in deep sub-micron
CMOS technologies, mismatch variations play an important
role in design effort and thus, it is critical that the relative
contributions are successfully calculated. Therefore, we use
a linear model to approximate the performance variations
as a fl:rILlCtiOIl of the device parameter variations given by
y = > b xj + ¢, where b; denotes the unknown model

=1
coefﬁcjients and ¢ represents the part of the output varia-
tion that cannot be explained by the weighted sum of the
parameter variations. The coefficients b; are estimated as

by = Z T l)y() [3] where «x; is a vector representing the

sample pomts (variations) of the j—th dimension. Now the
relative contribution coefficients (ci) are calculated as

S
M

3)

Cx =

I
<%

To evaluate the convergence rate of the estimations we define
the estimation error of ¢y as

1 m
Err(CC) = — —ct 4
rr( m,; e —cil 4)

where ¢ and ¢ denote the estimated and the true relative
contribution coefficients, respectively. Fig. 5b shows the con-
vergence of Err(CC) for different sampling methods. As
is expected, the LH-LD sampling method shows a better
performance for all n and giving 2x speedup for errors below

1%.
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Fig. 5. (a) Yield and (b) contribution coefficient estimation errors as a function
of the number of Monte Carlo runs based on different sampling methods.

VI. CONCLUSION

A new sampling scheme is proposed to simultaneously
exploit the superiorities of both Latin Hypercube and Low
Discrepancy sampling methods. It outperforms both methods
and exhibits better convergence properties in Monte Carlo-
based statistical analysis. Therefore, we supplement the ob-
tained result in [7] and restate that quasi-Monte Carlo has
better multi-dimensional coverage than random permutation,
however Latin Hypercube is still the method of the choice to
assign the sample points enabling the best spreading charac-
teristics in each single dimension.
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