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Abstract—This paper is concerned with Model Order Reduc-
tion (MOR) for nanoelectronics coupled problems with many in-
puts. Our main applications are electro-thermal coupled problems
described by nonlinear quadratic differential-algebraic systems
(DAEs). We present algorithms that combine the advantages of
the splitting techniques for DAEs and the existing MOR methods
for systems with many inputs such as sparse implicit projection
(SIP) for RC/RLC networks and MOR based on the superposition
principle.

I. INTRODUCTION

The models for nanoelectronics coupled problems, such as
electro-thermal (ET) coupled problems, are very large in scale,
and have a large number of inputs. In practice, there might be
hundreds or thousands of inputs due to the coupling. Despite
the ever increasing computational power, simulation of such
large-scale systems with many terminals in acceptable time is
very difficult. The reduced-order models (ROMs) are desired
to speed up the simulation and in turn, shorten the design
cycle. It is well known that as the number of inputs increases,
the efficiency of the traditional Krylov subspace based model
order reduction (MOR) decreases, since the size of the ROM
is proportional to the number of inputs [1]. This has led to
the development of new MOR methods specifically for system
with very many inputs. So far, most of the developed methods
are focused on RC/RLC networks arising from circuit simula-
tions. The most commonly used MOR for interconnect circuits
with large numbers of terminals are the elimination based
methods, e.g., pole analysis via congruence transformations
(PACT) [2], time constant equilibration reduction (TICER)
[3], sparse implicit projection (SIP) [4]. The basic idea of
these methods, is to obtain ROMs by eliminating the internal
nodes, in a way similar to sparse Gaussian elimination [5]. The
resulting ROMs aim to match the first two moments of the
transfer functions of the original systems. Since the reduction
is achieved by eliminating the internal nodes, the efficiency of
the elimination based methods is not limited by the number of
inputs. A drawback of the elimination based methods is that
the elimination will introduce a large number of fill-ins, which
result in ROMs with dense matrices. The efficiency gained by
reducing the number of nodes is reduced significantly due to
the large fill-in. This has led to the development of alternative
MOR methods, such as SparseRC [6], which employ sparsity
control strategy such as appropriate fill-in reducing orderings
and/or graph-partitioning. Most recently an efficient aggregat-
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ing based MOR (AMOR) method [1] for interconnect circuits
with many terminals was proposed, based on the observation
that adjacent nodes of the interconnect circuits with almost the
same voltage can be aggregated together as a super node. For
the case of large resistor networks, the method of effective
reduction of resistor networks (reduceR) was proposed in [5].
However, the size of the ROM obtained using the above
MOR methods depends on the row rank of the input matrix
which limits their applicability. More general MOR methods
for many inputs have been introduced in [7], [8], [9]. In
[71, [8], the superposition property of linear systems is used,
then standard MOR is performed separately with respect to
each column of the input matrix. However, the superposition
property is only applicable for MOR of linear systems. In
[8], the extended singular value decomposition based MOR
(ESVDMOR) algorithm was applied to power grid models
with many inputs. This method, first reduces the dimension
of the column space of the input matrix before applying a
standard MOR method. However, it is not applicable to the
problems with input matrices whose column space dimension
is unreducible. All the above MOR methods for systems with
very many inputs were developed specifically for R/RC/RLC
circuits. As far as we know, MOR for nonlinear ET coupled
problems has been rarely discussed in the literature.

In this paper, we propose a MOR method for ET coupled
problems with many inputs that combines the ideas of existing
methods. Our innovation is how to deal with the coupling
between the electrical and the thermal part. The rest of the
paper is organized as follows. In Section II, we discuss a
general MOR approach for ET coupled models, and show
the difficulty when the number of the terminals become large.
In addition, we study the approach of treating nonzero initial
conditions. In Section III, we discuss the application of the SIP
method to ET coupled problems with many inputs and name
this approach SIP-ET method. Section IV, proposes another
MOR technique based on the superposition principle, which
we call the BDSM-ET method. The results of the proposed
methods are applied to two models from industry are presented
in Section V. Finally, we conclude our paper.

II. MOR OF ET COUPLED PROBLEMS

Spatial discretization using the finite element method
(FEM), finite volume method (FVM), or finite integration
technique (FIT) of ET coupled problems leads to a nonlinear
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quadratic dynamical system of the following form,

Ex' = Az + 2" Fz + Bu, x(0) = x, (1a)
y = Cx + Du, (1b)
where E € R™*" is singular, indicating that the system in (1)

is a differential-algebraic equation (DAE). A € R"™*",
B cR™™ Ce Réxn, D € RY™ and the tensor

F= [FlT, ....,FI'" isa3-D array of n matrices F; € R"*".
Each element in TFx € R” is a scalar 2 TF;xz € R,i =
1,...,n. The state vector x = (I, z})T € R" includes

the nodal voltages x, € R™, and the nodal temperatures
xr € R, u = u(t) € R™ and y = y(t) € R® are
the inputs (excitations) and the desired outputs (observations),
respectively. In order to ensure the uniqueness and existence of
the solution of (1), the matrix pencil A\E — A must be regular
for every A € C, that is, the polynomial P(\) = det(AE— A)
is not identically zero. In this paper, we assume (1) has
regular matrix pencil unless otherwise stated. In order to obtain
accurate models, fine meshes must be used which lead to very
large n compared to the number of inputs m and desired
outputs /. In [10], it was proposed that the best way to reduce
coupled problems in the form of (1) is to first decouple them
into algebraic (electrical) and differential (thermal) parts. Then,
apply MOR to the differential and algebraic parts separately.
Taking advantage of the natural structures of the matrices

0 0 A, 0 _ (B,
o-o 5) A=(b &)= ()

C = (C, Cr) and the tensor F, we obtain the following
decoupled algebraic (electrical) and differential (thermal) parts

0=A,xz, +B,u, (2a)
Erxy = Arxr + 2 Frz, + Bru, 7(0) = z7,, (2b)
y = Cyz, + Crar + Du, (20)

where Av c R”“X”“, Bv c Rn”xm7 ETyAT c Rrr ><’nT’
BT c RrrXm gpd FT € RMwXnoXnr Equations (28.) and
(2b) are the electrical and thermal parts, respectively. The
dimension of (2a) can be reduced by eliminating internal
nodes (to be discussed in Section III-A). The system in (2b)
can be seen as a linear system, with the coupled term (the
tensor) being treated as an extra input, through which the
electrical states contribute to the thermal part. Therefore, it can
be reduced using the standard Krylov subspace based MOR
methods if the number of inputs m is small.

Since the initial condition of the differential part (2b)
is nonzero, we need to first transform system (2b) with
T = 7 — x7, [11], such that the standard Krylov subspace
based MOR methods can be applied. Applying MOR to the
transformed system results in a ROM of (2) as below,

0=A, =z, +B, u, (3a)
ETrwlTr = ATer + V;FwETFTvaT + BTT’ITL, T, = 0 (3b)
y, = Cy x,, + Cr,x7, + Crzr, + Du, (3¢)

where Er, = VIE7V,, A7, = VIA7V, € R2X72,

By = VTTBT c [erx(erl)7 B, € IRTIxm7 Aq, c thrl,
BT = [BTaAT:L'Tn] € RnTX(nl+1)7 FT’V‘ € RT1><T‘1><77,T7 /il =
[u,1]T € R™*+!L. The dimension of the ROM is r =
ry + ro << n. Here, the projection matrix V, can be

constructed as an orthonormal basis of the Krylov subspace,
ie., range(V,) = span{R,MR,--- ,M™"'R}, 13 < nr,
where M = (S()ET — AT)ilET, R = (SoET — .:AT)ilBT7
and syp € C is a properly chosen expansion point. A good
reduced ET coupled model gives a small approximation error
lly — y.|| in a suitable norm ||.|| for a large range of wu.

It can be seen from the above construction of V,. that,
if the number of inputs m is very large, the many columns
in the input matrix B lead to a projection matrix V, with
many columns, which will produce a ROM of large size. In the
next section, we propose MOR methods which are potentially
suitable for certain kinds of ET couple systems with many
inputs.

III. PROPOSED SIP-ET METHOD

In this section, we extend the idea of the SIP method
for linear systems to ET coupled systems, and propose the
SIP-ET method. The goal is to find a way of eliminating
internal nodes while maintaining the electro-thermal coupling
and the nonlinearity. It can be achieved by keeping the nodes
connected to the external sources, and the nodes responsible
for the coupling and the nonlinearity, and eliminating the rest.

A. Reduction of the algebraic part with many terminals using
partitioning technique

We first partition (2a) by reordering the entries such that
the first n,, rows correspond to the nonzero rows of the input
matrix B, and the rest n,, rows correspond to the internal
nodes. Following this rule of partition, the system in (2a) can
be rewritten into

A"Ull A'UIQ w’l)e B’Ue
0= T + u,
Al A, Ty, 0
4

Ly,
Yo = (Co. 0) ;

T,

i

where x,, € R™« and x,, € R"v represent the port nodal
voltages and the internal nodal voltages, respectively, and n,, =
Ny, + Ny, Ay, € RM™e*e and A,,,, € R™:i*™ refer to
the port and internal matrices, since they describe the branch
interconnects between the port and internal nodes, respectively.
A,,, € R™e*™i is the connection matrix that describes the
branches that connect internal nodes to port nodes. B, ¢
RmveX™ and C,, € R are the nonzero blocks of matrices
B, and C,, respectively. In order to eliminate the internal
nodes from (4), we use the fact that the internal nodes can be
written in terms of the terminal nodes as

x,, = A AT x, . (5)

V22 vi2

A ROM of (4) can be obtained by replacing x,, in (4) with
the expression in terms of x,,, in (5) as below,

Av,.wv,v = Bv,.'“fa (63)
Yy, = Cv,»wv,.a (6b)

where A, = — [Avn — AvuA;;QAEU} ,B,, =B,
Cc, =6C,,zy, = x,,, and 1, = n,, < n,. From

(6a), we observe that the reduced matrix —A,, is the Schur
compliment of the block A,,, of the matrix A,. In practice,

V22

314 2016 Design, Automation & Test in Europe Conference & Exhibition (DATE)



the number 7, is usually much smaller than the number n,,
of the internal unknowns, which leads to a huge reduction, in
general. This is based on the assumption that the row rank of
the input matrix B, is very small compared to its dimension
n,. However the Schur complement is dense due to the large
number of fill-ins. In many cases, eliminating all internal nodes
is not advisable because it produces a ROM (6) with very
dense matrix A, , which may even be more computationally
expensive than the original model. Instead of eliminating all
internal nodes, sparse control algorithms such as reduceR [5],
have been proposed which minimizes fill-ins in the reduced
matrix A, by using fill-in reducing reordering algorithms,
e.g., approximation minimum degree (AMD) [12], so that
internal nodes responsible for fill-in are placed toward the end
of the elimination sequence, along with the other nodes.

B. Reduction of differential part with many terminals using
partitioning technique

Before applying MOR to the differential part in (2b), we
need to replace the state x, in the coupled term in (2b) with
the reduced state x,,, as the algebraic part is already reduced
in Section III-A. Partitioning the state of the algebraic part
as in (4), results in the decomposition of the nonlinear part
xIFrx, in (2b) as below,

T T T T
z,Fre, = vaFTu:cve + :Bv,,-,FTzlwve +x,, Fr,z,
T
+ Ly, FTzzmvm (7
Ny XNy, X v XMy X
where Fp, € RMveXMveXnT Fp o RMve ".z fLT, FTQ.2 €
R7wi %Mo XPT gnd Fppy, € R™vi *™ve 7T Substituting (5) into
(7) gives
T T
z,¥Frz, =z, Fr,z,,, ®)
where Frp, € R™ve*"ve X7 g g tensor defined as
T T
Fr, =¥, - W, Fr,, —Fr,W, + W_ Fp,, W,
with W, = A 1AT ¢ RmXme. Here, WIFrq,

V22 U2 .
means W1 multiplies each matrix block Fi, € RmMviXmve

in Fp,, from the left, for ¢ = 1,...,ny. Similarly,
Fr,,W, means W, multiplies each matrix block
Fr, € R in Fp, from the right, ar%d
WIF, W, = [WUTFlT;WU,...,WfF;;:WU} ,

where FiT22 € R™v > Substituting (8) into (2b) leads to

ETx'T =Arxr + mE@FTe Ty, + Bru, mT(O) =TT,

yr = Crzr.

©

We are now ready to apply MOR to the differential part in
(9). For clarity, we rewrite the nonlinear part mICFTe T,, as

X
z, Fr.x, =Hrx, ®x,, , where Hy, € R""*". Thus,

(9) can be written as
ET(B{T = AT-'.UT + HTeaiUE ® Ty, + BT’U,, (10)
Yr = CT:ET7

with initial condition x7(0) = @,. Using the state space
transformation £ = xp — x7, gives the

Erdy = Ar@r + Hrz,, @ x,, + Bra,
yr = Crxr + Craxrp,

(11a)
(11b)

with initial condition &7 (0) = 0, where @ = [u,1]T € R™*!
and By = [Br, Arxr,] € R*7*(m+1)_ Similar techniques of
partitioning introduced in Section II-A can be applied to (11),
such that the first ny, rows correspond to the maximum of
the row ranks of the matrices Hy, and B, while the rest nr,
rows correspond to the internal nodes. The partitioned system

can be formulated as
AT12 T,
AT22 LT;

ET11 0 LT, / AT11

0 Epn,)\zr,) \AL,
B

+ (h§e> Ty, @ T, + ( 0T> u, (122)

T, LTy
yr = (Cr, 0) ( ) +(Cr. 0) ( ) , (12b)
T, LTy,

i

where 7, € R"7e and xr, € R"7: represent the port nodal
temperatures and the internal nodal temperatures, respectively,
and np = ngp, +np,. Ep,, € R"Te*"Te and Ap, € R"Te *"7e
refer to the port matrices, since they describe the branch
interconnects between the port nodal temperatures. Ep,, €
R™7:*"T; and A,,, € R™*™: refer to the internal matrices,
describing the branch interconnections between internal nodal
temperatures. The matrix Ar,, € R™*" is the connection
matrix that describes the branches connecting the internal
nodes to the port nodes. By, € R"7<X™ Cr, € R*"e
and hy, € R"7 *n?. are the nonzero blocks of the matrices
Br, Cr and Hr_, respectively. Following the idea in [6], we
0
. . TAT AL, T
which isolates and eliminates the unwanted nodes so as to
reduce the size of the thermal part in (12). More specifically,
we apply the congruence transform X, to (12), and obtain

introduce a congruence transform X, =

Erz, = Arzp + Hp z,, ® x,, + Bri, (13a)

yr = Crar + Crer,, (13b)

where

7ET22WT
Ap, —WIAL 0 )

ET _ XTETX _ (ETll + W%ET22WT _W%ET22>

0 Arp,

. h ~ . B
Hy, = XTHy, = ( g) ,Br =X'By = ( 0T> ,

- Cr, AT )
Cr =CrX, = 0 and W = AT22AT12. The main

Ap =XTArX, = (

idea of the above transformation is to transform Ar into a
block diagonal matrix A7 whose block size corresponds to
the numbers ng, and ng,, respectively. Finally, the desired
projection matrix that reduces (12) is obtained by removing
the columns of X, corresponding to 7, given by
I o .

V, = <_WT) . Thus, substituting £ = V,x7,. into (12),
we obtain the ROM of (9),

Er,x7 = Ar.@r, +br,z, @2, + B4,

(14)
yr, = Cr.xr,. + Creyp,,
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where Er, = VIErV, = Ep,, + WiEp,, Wy, Ap, =
VTTATVT = .AT11 — W%ArlTﬂm, BTT = V?BT = BTQ and
Cr. = CrV, = Cr.. We note that hp z,, ® x,, can be
rewritten into the tensor formulation defined as hr, z,, ®x,, =
x, fr, @, , where fy, € R™weX"weXn7e - As discussed in the
SIP algorithm [4], no orthogonalization of the columns in the
matrix V. is required, since it will destroy sparsity.

From the above analysis, we can see that the proposed
reduction approach is an extension of the SIP in [4], which
takes the coupling term into consideration. The reduced alge-
braic system in (6) and (14), together with the output equation
Yr = Yy, + Y1, + Du, gives the desired ROM of (1). We
call the extended SIP method for ET coupled models SIP-ET
method.

C. Fast implementation of the SIP-ET method

In this subsection, we discuss a more efficient way of
implementing the SIP-ET algorithm. The SIP-ET algorithm
in its current form is restricted to small and medium sys-
tems or systems with very few internal nodes. For large-
scale problems, more sophisticated implementations have to
be adapted. As we have already discussed in Section III-A,
removing all internal nodes is infeasible and may lead to
ROMs with very dense matrices in the algebraic part. The
same problem arises in the reduction of the differential part
discussed in Section III-B. This is due to the fact that removing
all internal nodes at once, makes the construction of the
matrices W, = A;1 AT and Wy = A7 AT responsible
for the reduction, either costly or infeasible, for large-scale
application, since the matrices A,,, and Ap,, can be very
large due to a large number of internal nodes. In addition, it
also leads to dense matrices in the ROM (14). However, as
mentioned in Section III-A, a sparse ROM can be obtained by
using appropriate reordering algorithms such as AMD [12].

The SIP-ET method inherits all the properties of the
standard SIP, see [4] for more details. However, the SIP-
ET ROMs are not always small enough, especially in the
differential part (thermal part) as illustrated in Tables II and III
in Section V. In Section IV, we propose an alternative method
which is not limited by the number of removal internal nodes.

IV. PROPOSED BDSM-ET METHOD

In this section, the standard BDSM [9] for linear time
invariant systems (LTI) with many terminals is extended to
a MOR method for ET coupled systems, which is named as
BDSM-ET. Based on the superposition principle, the BDSM
method involves first splitting the input matrix of the original
MIMO (multi-input multi-output) system into SIMO (single-
input multi-output) subsystems, such that the standard MOR
methods, e.g., Krylov subspace based MOR, can be applied to
each subsystem. It is known that the superposition principle is
only available for LTI systems. However, the system (9) with
the nonlinear coupled term, can be considered as a LTI system
w.r.t the temperature nodes 7. The coupled term w?; Frx,,
is treated as a part of the input, since it only depends on
the electrical nodes x,. Therefore, we can still apply the
superposition principle to the differential part (9) even if it
is nonlinear w.r.t the electrical part.

We intend to apply the principle in two stages, first we use
it to split the system (9) into nonlinear and linear subsystems.
Assuming that the input matrix By has full column rank m,

m
it can be split into By = By, + By, with By, = » B,
=2

i=
where B7, are column rank-1 matrices defined column wise

as
. br, € R", if i # j,
Br(:,j) = :
7i(:7) {0, otherwise,
it =1,...,m. by, is the single nonzero column of Br,. By

the superposition principle and using the above input matrix
splitting, the system (9) can be decomposed into a nonlinear
subsystem

Erz), = Arzr, + o, Fr.x,, +Bnu, (15a)
yr, = Crzr,, (15b)
with initial condition 7, (0) = 7, and a LTI system
ET:EITI = Arxr, + Bru, o, (0) =0, (16a)
yr, = Crar, (16b)

with y7 = yr1, +y1,. Note that the nonlinear part only depends

on the electrical state, and can be seen as an input into the

thermal system in (15), so that the superposition principle

still applies. In fact, the nonlinear subsystem (15) can be

rewritten as a SIMO system, since By,u = bp,u;, where
T m

u=[u,...,uy] €R™

The LTI system in (16) can be split into m — 1 subsystems
given by

ETm’Tl/ = AT:L'TH + BTI,‘ u, mTli (O) = 0, (173)
yTli :CTQZTlZ_, i:1,...,m—1, (17b)
m—1

where By, = Br,,, and yr, = Z yr,, - Let blkdiag denotes

the block-diagonal matrix from ;hel: input arguments, the LTI
system in (16) can be reformulated as the parallel connection of
the subsystems in (17) [9]. Consequently, it can be equivalently
transformed into a block-diagonal system (E7,, A1, By, Cry)
of dimension (m — 1)ny with matrix coefficients

&, = blkdiag(Er, ..., Er), Ap, = blkdiag(Ar, ..., A7),
Br, = (B, ...B7 )T andCy, = (Cr...Cr). (18)

Combining the nonlinear part in (15) with the LTI part in the
block-diagonal form (18) leads to a block-diagonal system of
dimension mny given by

ET 0 ~r AT 0 ~ T FTe
( 0 STL) o= < 0 ATl) $T+ﬂ3ve ( 0 >~’Bve
B, - _ (=
+ <BT1 > u, wT(O) = ( OO> , (19a)

yr =(Cr Cr), (19b)

- -\ T . . .
where T = (m} mlT) . This system is an equivalent

model of the origingl differential part in (9).

In the following discussions, we assume x7, = 0 for sim-
plicity. Extension of the proposed MOR method to ET coupled
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problems with nonzero initial conditions is straight forward.
We try to apply MOR to the block diagonal system in (19)
instead of (9). Since system (19) still has many inputs m, the
standard Krylov subspace projection method, such as PRIMA
[13], cannot be applied directly. Instead, we approximate &
by #7 = Vzxr,, with V = blkdiag(V,,V;) € RmrTx7
leading to the block-diagonal nonlinear ROM of (19) given by

ET,. 0 A AT,,. 0
(5 e )= (5 )er

F B 0
+ VT:UEC ( OTC> Ty, + (B;l:) u, 7, (0) = (0) , (20a)

yr, = (Cr, Crg,), (20b)

where Er. = VIErV,,,Ar = VIArV,, Cr. = CrV,,
Br, =V, Br, By, = V;EBTI, &, = V;FSTZVI,
CTlr = CTIVZ and ‘ATLT = V;I‘ATIVZ‘

The projection matrices V,, and V; can be constructed
from the matrices V() defined as below,

range(V(i)) = Span{ri7 Mria e 7MT._1ri}7 r < nr,

where M = (SQET — AT)_lET and r; = (S()ET —
A7) 'br,i = 1,...m. Finally, V,, = V) and V; =
blkdiag(V® V@) V(=1) Here by, is the single
nonzero column in By, and sy € C is chosen arbitrary. The
final ROM (20) of the differential part in (9) is of dimension
7 = mr. Combining the ROM (6) of the electrical part,
the ROM (20) of the thermal part with the output equation
Yr = Yu, + yr. + Du, we obtain the ROM of (1) based
on the superposition principle. It is worth pointing out that,
the proposed BDSM-ET method inherits the moment-matching
property of the standard BDSM [9].

V. NUMERICAL EXPERIMENTS

In this section, we illustrate the robustness of our proposed
SIP-ET and BDSM-ET methods by examining two ET coupled
models from industrial applications, one is a package model
with n = 9193 coupled equations, and the other is a device
model with n = 13216 coupled equations. As discussed in this
paper, we first decouple the system into electrical and thermal
parts. In Table I, n,, and ny are the numbers of nodal voltages
and nodal temperatures, respectively. The dimension of the
system is given by n = n, + np. m and ¢ are the number of
inputs and outputs respectively. Next, we compare the ROMs

TABLE I: Electro-thermal coupled models

Model 1) | n, nr V4 m
9193 8071 1122 68 34
13216 11556 1660 12 6

obtained using the SIP-ET and BDSM-ET methods for these
models, as illustrated in Tables II and III. For the electrical
part, we use the SIP method discussed in Section III-A, while
for the thermal parts, we apply SIP-ET and BDSM-ET method,
respectively. In Table II, we show the results for the cases with
nonzero initial conditions while in Table III, we consider the
cases with zero initial conditions.

We can observe that both methods leads to large ROMs,
especially for the thermal part, if the original system has a
nonzero initial condition. For the SIP-ET method, a nonzero
column matrix is introduced in the input matrix caused by
the nonzero initial condition, and as a result, the number of
the zero rows in the input matrix is reduced, so that much
fewer internal nodes can be eliminated, leading to a ROM of
large size. Compared to the SIP-ET method, smaller ROMs are
obtained by the BDSM-ET method, as illustrated in Tables II
and III, since its reduction procedure is independent of the
zero rows of the input matrix. However, the size of ROMs
generated by the BDSM-ET method dependent on the number
of inputs.

TABLE II: Non-zero initial condition &g # 0, r = 71 + 7o

\ BDSM-ET ROM \ SIP-ET ROM
Model (n) | ry ro r % Red | 71 o r % Red
9193 188 2698 2886  68.6 188 6865 7053 233
13216 160 124 284 98.0 160 5422 5582 578

TABLE III: Zero initial condition &g = 0, 7 =71 + 72

\ BDSM-ET ROM \ SIP-ET ROM
Model (n) | ry ro r % Red | 71 T r % Red
9193 188 187 375 96.0 188 1932 2120 769
13216 160 39 199 98.5 160 2700 2860  78.4
Ys1
03 T
0.25- 1
0.2+ A
0:43F —e-Original model l
04 —+SIP-ET model A
: ---BDSM-ET model
0.05- =1
08 4
-0.05 I I L
0 0.0005 0.001 0.0015 0.002
Time(t)
Fig. 1: Output solution y51, Tg # 0, n = 9193
Yo
05
—o-Original model
—+-SIP-ET model
0.4} -~-BDSM-ET model
03 |
02 B
011 8
0,
0 2e-7 4e-7 6e-7 8e-7 1e-6

Time(t)

Fig. 2: Output solution yg, g # 0, n = 13216

All output solutions of the SIP-ET and BDSM-ET ROMs
coincide with that of their respective original models. In
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Figures 1 and 2, we compare one of the the output solutions
of the SIP-ET and BDSM-ET ROMs with those of the original
models. It can be seen that the solutions of all ROMs coincide
with the original model up to an error below 1073,

VI. CONCLUSION

We have discussed MOR for ET coupled problems with
many inputs. Two MOR methods, SIP-ET and BDSM-ET, for
ET coupled problems with many inputs have been proposed.
The algebraic (electrical) part is reduced using SIP, while
the differential (thermal) part is reduced by employing the
SIP approach and the BDSM approach, respectively. The
advantage of the SIP-ET method is that its reduction procedure
is independent of the number of input. However, it does not
always lead to small ROMs. The BDSM-ET method depends
on the number of inputs, but it has a block-diagonal structure
that makes it computationally efficient.
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