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Abstract—Circuit simulators used in semiconductor industry
are based on lumped element models described in form of net
lists. In order to be able to incorporate the mutual electromag-
netic influence of neighboring elements (e.g. cross talking), one
needs refined models based on a sufficiently exact discretization of
the full Maxwell equations. Here, we present a holistic simulation
approach for lumped circuit models including 3D electromagnetic
field models for specific devices.

I. MODELING

A. Electromagnetic Field Modeling

The electromagnetic fields can be described by the full-wave
Maxwell’s equations in potential formulation, see e.g. [1]

∇ · (ε∇ϕ+ ε�Π) = − � (1)

∇× (ν∇× �A) + ∂t(ε∇ϕ+ ε�Π) = �J (2)

with the scalar potential ϕ and the vector potential �A as well
as the pseudo-canonical momentum �Π = ∂t �A to avoid the
second-order time derivative. The material dependent param-

eters ε and μ = ν−1 are the permittivity and the magnetic
permeability. The charge � and the current density �J are given
by the following model equations:

� =

{
0 for metal and isolator

q(n− p−ND) for semiconductor
(3)

and

�J =

⎧⎪⎪⎨
⎪⎪⎩
−σ

(
∇ϕ+ �Π

)
for metal

�Jn + �Jp for semiconductor

0 for isolator

(4)

with the electron and hole current densities �Jn and �Jp as well
as the electron and hole concentrations n and p satisfying

qe∂tn−∇ · �Jn + qeR(n, p) = 0 (5)

qe∂tp+∇ · �Jp + qeR(n, p) = 0 (6)

with

�Jn = qeDn∇n− qeμnn∇ϕ, �Jp = −qeDp∇p− qeμpp∇ϕ.

The material depending parameters ND, σ, μn and μp describe
the doping concentration, the conductivity, the mobility of
electrons and the mobility of holes. The function R gives the
recombination rate for electrons and holes. Finally, qe is the

elementary charge and Dn, Dp are the diffusion coefficients.

Note that the semiconductor current density model reflects
the drift-diffusion model [2] and may be extended by an
additional current density part caused by the self-induced
Lorentz force in case of circuits with ultra-fast transient
signals, see [3].

B. Lumped Circuit Modeling

The common approach for simulating circuits is the modi-
fied nodal analysis. It bases on the Kirchhoff’s laws described
by

A�i = 0, �v = A��e (7)

with the incidence matrix A mapping branches to nodes of
the circuit. The circuit variables are the vector �i of all branch

currents, the vector �v of all branch voltages and the vector �e
of all nodal potentials. They are completed by the constitutive
element equations

�i1 = d
dtq(�v1, t) + g(�v1, t), �v2 = d

dtφ(
�i2, t) + r(�i2, t) (8)

for lumped current and voltage controlling elements, respec-
tively. Notice, all basic types as capacitances, inductances,
resistances and sources are covered by a suitable choice of
the functions q, g, φ and r. Performing the modified nodal
analysis, we get the following reduced equation system having
only the nodal potentials e and the currents i2 of the voltage
controlling elements, see [4]:

A1
d
dtq(A

�
1 �e, t) +A1g(A

�
1 �e, t) +A2

�i2 = 0, (9)

d
dtφ(

�i2, t) + r(�i2, t)−A�2 �e = 0, (10)

where the incidence matrix A = (A1, A2) is split with respect
to the current and voltage controlling elements. The equations
(9)-(10) are generated automatically from net lists providing
the node to branch element relation (for entries of A1 and A2)

as well as the element related functions q, g, φ and r.

C. Coupled Modeling

We assume the interface between the electromagnetic field
model and the lumped circuit model to be perfectly electric
conducting such that �B · n⊥ = 0 and �E · n‖ = 0 with n⊥
and n‖ being the outer unit normal vectors transversal and
parallel to the contact boundary. This motivates the boundary
conditions, cf. [5],

(∇× �A) · n⊥ = 0, (�Π+∇ϕ) · n‖ = 0. (11)
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netlist (txt)

Vs2 0 2 sin(0 1 1e9 0 0)
$EM1 0 2 3 0 1 balun.xml 0

parser

{node1, node2, ...}
{elem1, elem2,...}

device geometries (xml)

<size> <x>5000</x> ... </size>
<layer> <height>10</height> ... </layer>

distributed elements
(EM field modelling)

MAGWEL spatial discretization (FIT)
Â d

dt d̂(x, z) + b̂(x, z) = 0

lumped elements
(MNA modelling)

Ā d
dt d̄(y, z) + b̄(y, z, t) = 0

coupled equation system
(MNA+EM modelling)

A d
dt d(x, y, z) + b(x, y, z, t) = 0

Coupled Field - Circuit Modelling ( Python , C++ )

Fig. 1. Holistic modeling of field and lumped elements. The netlist contains
all elements. Elements that shall be modeled by EM fields are marked with
a $ in the first position. The geometric and material structure is given in
the corresponding xml file listed in the same line. The MAGWEL simulator
provides the spatially discretized field equations as a DAE system 1. The
lumped elements and the connections of all are modeled by MNA resulting
in DAE system 2. Finally, the DAE systems are coupled to the holistic field
circuit model DAE.

Denoting by Γk the k-th contact of the electromagnetic field

model element with Γ0 being the reference contact we get the

current through Γk as

�ik =

∫
Γk

[ �J − ∂t(ε(∇ϕ+ �Π))] · n⊥ dσ

with �Π := ∂t �A. Note that equation (4) and the boundary

condition (11) guarantee that the sum of all contact currents
equals zero, that means

∑
k

�ik = 0.

This model property is necessary for all lumped element

descriptions in order to preserve the Kirchhoff’s current law.

In order to reveal the relation to the voltages �vk between

the contact Γk and the reference contact Γ0, we express the

potential ϕ as

ϕ(x, t) = ϕbi(x) + ϕc(x, t) (12)

with the contact potential

ϕc(x, t) =

{
�vk if x ∈ Γk

0 else.

Here, we assumed the reference contact Γ0 to be the mass

node for simplicity. The potential ϕbi describes the position

dependent built-in potential arising by varying doping concen-

trations and bonding different materials.

II. HOLISTIC SIMULATION WITH ADAPTIVE TIME STEP

CONTROL

In contrast to [6] and [7], where a co-simulation approach

is presented, we consider a holistic simulation approach with

an adaptive time step control for the whole coupled system.

First, we perform a spatial discretization of the electromag-
netic field devices. Afterwards, we apply an adaptive time
stepping scheme to the resulting coupled differential-algebraic
equation system.

A. Spatial Discretization

The spatial discretization can be seen as a generalized finite-

integration technique (FIT). Whereas Gauss’ law is at the core
of the finite-volume method and the regular finite-integration
technique, we note that Gauss’ law is a specific case of Stokes’
law (13) ∫

Ω

dω =

∮
∂Ω

ω generalized Stokes (13)

applied to three-dimensional volume elements bounded by
two-dimensional closed surfaces :∫

V

∇ · �X d3v =

∮
∂V

�X · d�S Gauss′law (14)

Stokes’ theorem is best known as used for two-dimensional
surface elements bounded by closed lines :∫

S

∇× �X · d�S =

∮
∂S

�X · d�l Stokes′law (15)

We may now apply equations (14) and (15) to the volume

cells and surface elements of any unstructured grid in three

dimensions. For example the electrostatic Gauss’ law ∇· �D =
ρ with �D = ε �E will result into

−
∫
∂ΔVi

ε
(
∇ϕ+ �Π

)
· d2�S =

∫
ΔVi

� d3v = Qi (16)

The integration over the closed surface is fragmented into
summing the contribution of the surface elements (dual areas)
where it is assumed that for each fragment the integrand is con-
stant. It should be noted that obtuse elements are possible but
their presence may jeopardize the solving procedure because
they will push away the linear systems away from diagonal
dominance. The next step is to assign unique expressions to
∇ϕ and �Π. This is done by approximating the first by the
voltage difference between the endpoints of the links that
pierce the dual surface fragments divided by the link length.

The second variable is approximated by the projected of the

time derivative of the vector potential on the link orientation

of the link piercing the dual surface fragment.

∇ϕ � ϕj − ϕi

hij
, Πij � �Π · �eij (17)

This brings us to an important aspect of the discretization
scheme; the degrees of freedom are: 1) the values of the
electrical potential at each grid node 2) the values of the
projection of the vector potential on each grid link 3) the first-
order time derivatives there off. Furthermore, the values of the
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electron and hole Fermi potentials are also stored as degrees

of freedom.
Maxwell-Ampere Equation: In order to discretize the

Maxwell-Ampere equation, we consider a surface element of

the computational grid and consider Stokes’ law ( 15) for this

element∫
ΔSi

ν∇× �B · d2�S =

∫
ΔSi

(
�J + ∂t �D

)
· d2�S (18)

The left-hand side is rewrittten as :∫
ΔSi

ν∇× �B · d2�S =

∮
∂ΔSi

ν �B · d�li (19)

The line element d�li is piercing though a primary surface.
The right-hand side of (19) is the sum of all line segments
that constitute the circumference of ΔSi. Now �B is not a
degree of freedom. Therefore we apply (15) once more using
�B = ∇× �A for each primary surface :

�B � 1

ΔS i

∮
∂ΔSi

�A · d�l′ (20)

As a consequence, the left-hand side of (18) is a weighted
sum over Aij with the weights determined by the material
parameter ν, geometrical factor induced by the grid and by the
locality of links being present in nearest-neighboring primary
volume elements. The right-hand side of (18) is dealt with in
the same as was done for eq. (17). Besides these discretization
details a regularization of the gauge conditions is required.
Further details can be found in [3].

The resulting system is a DAE system of the form

Â
d

dt
d̂(x, z) + ĝ(x, z, t) = 0 (21)

where x contains the potentials ϕ at the mesh nodes and the
vector potentials �A as well as the pseudo-canonical momenta
�Π at the mesh edges. The variable z contains the node
potentials and currents at the contacts of the devices.

The MNA equations described in 9-10 do not contain spatial
derivatives and can be comprised as a system of the form

Ā
d

dt
d̄(y, z) + ḡ(y, z, t) = 0. (22)

The vector y contains the nodal potentials and currents (of
voltage controling elements) of the lumped circuit. The vari-
able z describes again the node potentials and currents at the
contacts of the devices modeled by 3D field equations.

B. Time Discretization

We combine the field DAE system (21) and the circuit DAE
system (22) to the system

A
d

dt
d(x) + g(x, t) = 0

is solved by the BDF methods (cf. [8]), i.e. we solve the
nonlinear systems

1

hn

k∑
i=0

αniAd(xn−i, tn−i) + g(xn, tn) = 0

MECS init

t = 0, y = y0, z = z0
method = BDF

maxorder = 6, ...

MAGWEL init

t = 0, x = x0, z = z0
load geometry

mesh generation, ...

solve coupled DAE system

A d
dt d(x, y, z) + g(x, y, z, t) = 0

MECS update

t = tnew, y = ynew, z = znew, ...

MAGWEL update

t = tnew, x = xnew, z = znew, ...

MECS stop MAGWEL stop

Coupled Field - Circuit Simulation ( Python , C++ )

Fig. 2. Flow diagram for the coupled field circuit simulation. It is realized
in a Python framework including C++ implementations of the field solver
MAGWEL.

at each time point tn. Here, hn := tn − tn−1 is the time
stepsize,

αni =
tn − tn−1

tn − tn−i

k∏
j=1,j �=i

tn − tn−j

tn−i − tn−j
, i = 1, ..., k,

αn0 = −
k∑

i=1

αni,

are the BDF coefficients and xn−i are the numerical approxi-
mations of the exact solution x(tn−i) at the time points tn−i.
The implemented time integration scheme has the option to

switch to a Runge Kutta scheme (Radau IIa), cf. [9], for

starting and restarting the integration.

The adaptive time step control estimates the error for the

dynamic components d(xn, tn). As reported in [10], [11], such
a control is more stable and reliable for higher index DAE
systems. The error is estimated by the difference of d(xn, tn)
and d(xp

n, tn) with xp
n being the predictor

xp
n :=

k+1∑
i=1

γnixn−i

and

γni :=

k+1∏
j=1,j �=i

tn − tn−j

tn−i − tn−j
, i = 1, ..., k + 1.

III. IMPLEMENTATION ISSUES

The flow of the coupled simulation is shown in Figure 2. It
is realized in a Python framework including C++ implementa-
tions of the field solver MAGWEL. First the circuit solver
MECS and the field solver MAGWEL are initialized. The

MECS init includes information about the initial data, the time

interval, the type of DAE solver, the order of the method, the
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Rs1 0 1 50
Vs2 0 2 sin(0 1 1e9 0 0)
Vs3 0 3 sin(0 1 -1e9 0 0)

$EM1 0 2 3 0 1 structure balun.xml 0

Fig. 3. Net list with a $-line that triggers a field solving approach for a
netlist element. The example line is read as follows: There is a net list
element with name EM1 whose field solver details can be found in the file
structure balun.xml. The five outer contacts of this element are connected to
the nodes 0, 2, 3, 0 and 1. The last number in the line refers to the reference
contact (usually the mass node).

initial stepsize and other controlling information for the circuit

solver. The MAGWEL init comprises the load of the geometry,

the generation of a mesh and further controlling information

for the field solver. After the initial phase, the coupled DAE

system is formed as described in Figure 1 and solved for

one time step. Then, a new stepsize is determined using an

error estimator for the time discretization error. Afterwards, the

circuit and the field solver are updated with data corresponding

to the new time point tnew and the recent solution xnew, ynew,

znew. This allows a further time step, i.e. the coupled DAE

system is solved again. This loop is continued until the final

time point has reached.

Note, from the circuit simulator’s perspective a new element

is defined that triggers the use of the field solver for the

generation of the field equations on a computational grid.

The syntax is illustrated in Figure 3 and must be read as

follows: There is a net list element with name EM1 whose

field solver details can be found in the file structure balun.xml.

The contacts of this element are connected to the nodes 0, 2,

3, 0 and 1. The last number in the line refers to the reference

contact (usually the mass node).

IV. TEST BENCHMARK: SIMPLE CIRCUIT WITH BALUN

DEVICE

We consider a simple circuit with a balun device given in

Figure 4. The RF input signals VS2 and VS3 are sinusoidal ones

operating with 1GHz frequency, see Figure 6. The RF output

is given as current through the resistance RS1, see Figure 7.

A detailed view of the balun structure is shown in Figure 5

The top coil is an open circuit and a single GSG port (P1)

is attached. The balanced bottom coil (single winded) has a

GSGSG 2-port (P2 and P3) connection.

In the following we present our results for the holistic

transient simulation of the test circuit, see Figure 4, yielding

133 171 equations for the coupled differential-algebraic system

to be solved. Due to the high computational effort (about

30min per time step), we restricted the simulation to a rough

tolerance of 1e − 2. The currents at the three ports P1, P2
and P3 can be seen in Figure 7. The output voltage at port

P1 is shown in Figure 8. Furthermore, we see in Figure 9

and Figure 10 the vector potentials at the first two edges and

their pseudo-canonical momenta. We observe some instability

at the time points around 1.7e−10. So far, we can not explain

RS1

VS2

VS3

Fig. 4. Test Benchmark: Simple circuit with the balun device. The RF input
signals VS2 and VS3 are are sinusoidal ones operating with 1GHz frequency.
The RF output is given as current through the resistance RS1.

Fig. 5. Balun structure (visualization does not apply stretching in the vertical
direction

Fig. 6. Applied voltages at ports P2 and P3.

the reason for this. It could be caused by the solver or by the

design of the balun.

In the transient stage we can also get a detailed view of all

variables such as the current density, the electrical potential,
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0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8

time 1e−10

−0.04

−0.02

0.00

0.02

0.04
A
m
p
e
re

Currents at ports P2, P3 and P1

I_S2

I_S3

I_S1

Fig. 7. Currents at ports P2 and P3 and P1.

0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8

time 1e−10

−0.40

−0.35

−0.30

−0.25

−0.20

−0.15

−0.10

−0.05

0.00

0.05

V
o
lt

Voltage at P1

Voltage

Fig. 8. Voltage at port P1.

0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8

time 1e−10

−0.2

0.0

0.2

0.4

0.6

0.8

1.0

1.2

V
s/
m

1e−8 Vector potential A1

0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8

time 1e−10

−1.0

−0.5

0.0

0.5

1.0

1.5

2.0

V
s/
m

1e−8 Vector potential A2

Fig. 9. Vector potentials A1 and A2.

the vector potential. As an example we present the magnetic
inductance at y = 2500 micron in Figure 11 and for the open
circuit coil in Figure 12.

V. CONCLUSION

We introduced a holistic coupled field circuit simulation and
tested it with a non-trivial balun device in a simple circuit
structure. We have shown that the coupled solver is based
on a usual circuit netlist extended by extra lines for elements

modeled by 3D field equations whose geometry and materials

are described in xml files. The test benchmark shows some

0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8

time 1e−10

−5

−4

−3

−2

−1

0

1

2

3

V
/
m

1e−7 Pseudo-canonical momentum Π1

0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8

time 1e−10

−2.0

−1.5

−1.0

−0.5

0.0

0.5

1.0

1.5

2.0

V
/
m

1e−7 Pseudo-canonical momentum Π2

Fig. 10. Pseudo-canocnical momenta Π1 and Π2.

Fig. 11. Cross section of the magnetic inductance at y = 2500 micron.

Fig. 12. Magnetic inductance in the open circuit coil.

instabilities at a certain time point. It is a task for the future

to find the reasons for this instability.
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