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ABSTRACT
Geometric programming (GP) is popular for use in equation-
based optimization of analog circuits thanks to GP-compatible
analog performance functions, and its convexity, hence com-
putational tractability. The main challenge in using GP, and
thus a roadblock to wider use and adoption, is the mismatch
between what GP can accurately fit, and the behavior of many
common device/circuit functions.
In this paper, we leverage recent tools from sums-of-squares,

moment optimization, and semidefinite optimization (SDP),
in order to present a novel and powerful extension to address
the monomial inaccuracy: fitting device models as higher-order
monomials, defined as the exponential functions of polynomials
in the logarithmic variables.
By the introduction of high-order monomials, the original GP

problems become polynomial geometric programming (PolyGP)
problems with non-linear and non-convex objective and con-
straints. Our PolyGP framework allows significant improve-
ments in model accuracy when symbolic performance functions
in terms of device models are present. Via SDP-relaxations
inspired by polynomial optimization (POP), we can obtain ef-
ficient near-optimal global solutions to the resulting PolyGP.
Experimental results through established circuits show that

compared to GP, we are able to reduce fitting error of device
models to 3.5% from 10.5% on average. Hence, the fitting error
of performance functions decrease from 12% of GP and 9%
of POP, to 3% accordingly. This translates to the ability of
identifying superior solution points and the dramatic decrease
of constraint violation in contrast to both GP and POP.

1. INTRODUCTION
Analog design automation is promising as it can increase the

productivity while reducing the design time. Although the ulti-
mate goal of automated analog design is simultaneous optimal
selection of circuit topology and the optimal sizing under that
topology [12], currently most works assume fixed topology and
focus on optimal design sizing in terms of area, performance
and power. In the area of analog sizing, existing works are
divided into two categories: simulation-based methods [12, 9]
in which optimization is driven by extensive SPICE simulation
on design points, and equation-based methods which build an
analytical model for optimization [6, 2, 11]. Simulation-based
methods enjoy high accuracy of point evaluations of feasibility,
and local algorithms are able to guarantee convergence to local
optimal solutions. The cost is that SPICE simulations may be
time-consuming, and furthermore, the local nature of the algo-
rithms typically captures no global structure of the problem,
which might be used for faster convergence to globally optimal
solutions. The promise of equation-driven convex methods is
the potential to capture such global structure, and thus con-

verge efficiently to globally optimal solutions. Yet due to the
limited nature of the fitting functions (typically GP monomials
– see more below) that convex optimization essentially imposes,
the promise of this approach has remained largely unfulfilled.
Helping to bridge this gap is the main focus of this paper. In
this work, we focus on equation-based analog synthesis only.
Perhaps the most widely used and explored equation-based

method is geometric programming (GP) [2, 6]. Here, ana-
log circuit performance is approximated by posynomial func-
tions of design variables. Optimization problems using posyn-
omial constraints and objective function can be solved effi-
ciently using convex optimization via fast interior point so-
lution methods. More importantly, closed under multiplica-
tion and division, monomials are compatible with most ana-
log performance functions, which involves fractional forms of
transistor behavior models. As has been widely observed [17,
8], the first-principles models derived based on long-channel
transistor theory [2] fail to provide sufficiently accurate fits
for nanometer-scale technologies. An alternative is to use au-
tomatic monomial/posynomial model-fitting approaches [1, 5]
to approximate the SPICE-generated pre-characterization data
with monomial/posynomial functions. Yet because of the strong
non-linearity of the analog performance and transistor behav-
ioral models, GP monomials appear inadequate, as they are in
general incapable of producing a reasonable fit over even small
portions of the range.
Another synthesis framework considers using a richer class

of functions to fit: higher order polynomials [11]. Polynomial
optimization approaches have been explored in diverse areas,
including control, combinatorial and continuous optimization,
differential equations, and elsewhere [3, 10, 14, 16]. Multivari-
ate polynomials can deliver better model fitting performance
than monomials/posynomials as they allow more degrees of
freedom and permit model non-linearity and non-convexity.
While non-convex, fairly recent advances in algebraic geometry
and semidefinite optimization [13, 10] have demonstrated how
polynomial optimization can be well-approximated by semidef-
inite optimization, which is tractable, and moreover guarantees
theoretical convergence to global optimal solutions.
While multivariate polynomials are in principle able to ap-

proximate arbitrary continuous functions, in practice this may
require extremely high degrees. Consequently, the resulting
semidefinite relaxations are massive, containing a number of
variables orders of magnitude larger than the size of the prob-
lem. We have observed that this is particularly true in the cir-
cuit performance setting, where important analog performance
metrics are fractional polynomials of transistor behavioral mod-
els. While fractional functions are continuous and in principle
can be approximated by polynomial functions, extremely high
degree polynomials are required, thus significantly limiting the
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practical impact of such a direction. For instance, as we dis-
cuss in Section 4, LNA models involve fractional polynomial
functions which require high-order relaxation with high com-
putational complexity.
One of our key observation is that, in most cases, symbolic

analog performance functions are still able to capture some
global structure of the problem when written in terms of tran-
sistor behavioral models like gm, gds, cgs and so on, rather than
monomial functions with design variables W , L and I. Often
symbolic expressions of analog performance functions in terms
of device models are available from first principles analysis, or
from tools for constructing symbolic equations [4].
The key idea and motivation in this paper, is to develop a

framework that can capture the best of both worlds of GP and
POP: we want a function class as flexible and powerful as poly-
nomial optimization, yet closed under fractional composition,
just like GP posynomials. Indeed, polynomial models provide
a promising solution to dealing with nonlinear curvature and
non-convexity as we can increase the degree and thereby in-
crease the fitting accuracy.
The major innovation and contribution in this work is in the

formulation coupling GP with POP. By introducing high-order
monomial fitting for transistor behavioral functions, we arrive
at a nonlinear and nonconvex problem formulation with more
accurate performance functions. We explain precisely this for-
mulation in the sections that follow. We call this new optimiza-
tion problem PolyGP for Polynomial Geometric Programming
problems.
In cases with analog performance function in terms of de-

vice models, PolyGP is ideally suited for the problem at hand,
since the transistor behavioral parameters can be fitted, and
then combined via fractional functions, to match circuit per-
formance. Unlike POP, the framework we introduce here can
easily handle such fractional combinations.
As is well known, not all analog performance functions have

accurate symbolic equations in the global range. For instance,
the frequency of voltage controlled oscillator (VCO) [17] with a
chain of inverters involves transient simulation in full-swing sig-
nal model, and hence is not appropriate for symbolic equations.
In this setting, PolyGP, just like any other approach (GP, POP,
etc.) must build the model using some form of fitting, typically
regression. Our PolyGP offers a significant generalization over
GP, because optimizing over high-order monomials is the same
as polynomial optimization, which is more powerful than lin-
ear programming resulting from GP with monomials only. We
demonstrate this in Section 3.2.
Therefore, if accurate symbolic equations are available, our

approach provides a much better fit than POP, at significantly
less cost; meanwhile, if no such symbolic equations are avail-
able, our approach essentially reduces to POP.
In order to solve this PolyGP problem, we leverage recent

work on Reformulation-Linearization/Convexification-Technique
(RLT) proposed by [10, 16]. The basic idea of our method is to
convert the general nonconvex and nonlinear polynomial con-
straints into linear matrix inequality (LMI) constraints by in-
troducing a semidefinite (SDP) relaxation to remove the general
non-linear cross-product term in the formulation. This allows
for converting the non-convex PolyGP problem into a sequence
of convex relaxations, enabling efficient global solution by mod-
ern convex optimization solvers like CVX [7].
While our main motivation and focus is the area of analog

synthesis, we believe that this is a general and rich class of func-
tions, that has not previously been used, or even recognized as
highly tractable. Thus, we believe that the work here might
prove important more broadly than in problems in analog cir-
cuits. One way to think about our non-linear formulation, is

as a direct polynomial lifting of GP – indeed, the first step in
our series of relaxations coincides with GP.

Our simulation experiments on established benchmarks show
that allowing higher-order monomial is critical for both tran-
sistor behavioral functions and analog performance functions.
The fitting error decreases from 10.5% to 3.5% compared to the
standard monomials in terms of gm, gds, cgs and so on, which
results in dramatic decrease of fitting errors of analog perfor-
mance metrics. PolyGP models with high-order monomials are
also superior to general polynomials in fitting as structured in-
formation cannot be well utilized in the black-box treatment
by polynomials. For instance, in the op-amp circuits, errors
of PolyGP is bounded by 3% with that of quadratic polyno-
mial exceeding 13%. Specifically, this improvement in accuracy
translates to the ability of identifying better feasible solutions
by achieving better objective values and increasing the success
rate of constraint satisfaction.

2. BACKGROUND AND OVERVIEW: RELATED
APPROACHES

In this section, we describe the geometric programming and
polynomial optimization frameworks. We focus on the main
techniques of how GP and POP are convexified, which inspires
the formulation of PolyGP in Section 3 and enables efficient
algorithms for PolyGP.

2.1 Geometric programming and its convex form
GP problems are a family of optimization problems where

the objective and constraints are polynomials. A posynomial
f(x1, . . . , xn) has the general form ΣK

k=1ckx
αk1
1 · · ·xαkn

n , where
the α’s are arbitrary real numbers and the c’s are positive.
Each product term is called a monomial. A key property of
monomials is that they are closed under multiplication and,
unlike polynomials, they are also closed under division. This is
a key compositional property that has made the GP paradigm
very useful for circuit optimization problems.

The generic geometric program has the form:

minx : f0(x) =

K0∑

k=0

c0k

n∏

j=0

x
α0kj

j

s.t. : fi(x) =

Ki∑

k=0

cik

n∏

j=0

x
αikj

j ≤ 1, i = 1, . . . ,m,

gi(x) = di
∏

j=0

x
βij

j = 1, i = 1, . . . , p,

xi > 0, i = 1, . . . , n

in which f0, . . . , fm are posynomial functions with cik and αikj

denoting the coefficient and exponents of monomial k of fi re-
spectively. All g1, . . . , gp are monomials functions with the co-
efficient di and exponents βij .
Geometric programs are not convex optimization problems

in their natural forms as the Hessian matrix of posynomials is
not always positive semidefinite (PSD). But after a change of
variables and a transformation of the objective and constraints,
they can be converted into convex forms.

Denote yi = log(xi), so that xi = eyi . By taking this log
transformation, the monomial of given x:

f(x) = cxα1
1 xα2

2 . . . xαn
n

reduces to

f(y) = eα
T y+log(c)

in which α is a column vector composed of α1, α2, . . . , αn.
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Hence the posynomials as a function of x become positive sums
of exponentials of linear functions of y.
By taking log transformation on monomials and posynomials

of variable y, we arrive at the problem:

miny : f̃0(y) = log(ΣK0
k=0e

αT
0ky+log(c0k))

s.t. : f̃i(y) = log(ΣK0
k=0e

αT
0ky+log(c0k)) ≤ 0, i = 1, . . . ,m,

g̃i(y) = βT
i y + log(di) = 0, i = 1, . . . , p.

Since f̃ ’s are in the form of log-sum-of-exp and g̃ are linear
constraints, this problem is convex, thus is able to be solved
efficiently by modern convex solvers. We refer to it as the
convex form of GP.

2.2 Polynomial Optimization and Semidefinite Re-
laxations

Without loss of generality, a generic polynomial optimization
problem can be written as follows.

minimizex : f0(x)

subject to : fi(x) ≥ 0, i = 1, . . . , p.

Here, x = (x1, . . . , xn) is an n-dimensional vector, and the
{fi(x)} are degree di polynomials, with di ≤ d for all i. These
relaxations are parameterized by an integer r, where r ≥ d/2
(recall d = maxi di). By relaxing the non-linear cross terms xα

to corresponding moments, we arrive at the (linear) semidefi-
nite programming problems of the form:

minimize{mα} :
∑

α

pαmα

subject to : Mr(m) � 0,

Mr−ri(fim) � 0.

In the interest of space, we defer the details to an online ap-
pendix, and in the meantime refer the interested reader to
[10]. As above, m = {mα} denotes the moments over which
we are optimizing. The moment constraints that {mα} is a
valid moment sequence are approximated by the semidefinite
constraints Mr(m) � 0 and Mr−ri(fim) � 0, where Mr(m)
and Mr−ri(fim) are moment matrices, standard in the liter-
ature. To give these definitions, we order multi indices using
the graded reverse lexicographic ordering. Thus, for example,
if we have 2 variables, then β1 = [0, 0], β2 = [1, 0], β3 = [0, 1],
β4 = [2, 0], and so on. As described in [10], as the relaxation pa-
rameter, r, increases, the optimum of the (convex) SDP above
is guaranteed to converge to the optimum of the original poly-
nomial (and non convex) optimization problem.

3. POLYNOMIAL GEOMETRIC PROGRAM-
MING FRAMEWORK

While polynomials can fit any continuous function, this may
require arbitrarily high degree. The degree, however, may not
accurately reflect the complexity of the function being fitted.
A key example of this for us, is fractional functions. Even
simple fractional functions may require a very high polynomial
in order to produce a good fit. Since the degree impacts the
complexity of solution of the resulting POP, polynomials are
not useful for all problems in practice – in particular, they
are problematic for applications where fractional functions are
common. GP on the other hand, excels in precisely this area,
since combining monomials by addition, multiplication or di-
vision, again returns a posynomial. This section describes the
proposed PolyGP framework of analog synthesis, which aims to
combine the two key properties of POP and GP: the ability to

use higher order polynomials to produce better fits (like POP)
and using a class of functions closed under division, so as to be
suitable for fractional problems (like GP).
We describe the formulation here, and then we show how

semidefinite relaxations can be employed to obtain globally op-
timal solutions.

3.1 Device Models with High-Order Monomials
As we mentioned in Section 2, monomial functions can be

regarded as exponential of linear functions. So a natural way to
extend monomial models for transistor behavioral functions is
to write device models as exponential of general linear functions
with degree d:

fd(y) = exp(Pd(y))

= exp(
∑

∑
αi≤d

cαx
α1
1 xα2

2 . . . xαn
n )

We define this fd(y) as the d-degree monomial.
As with fitting standard monomial functions, least square

regression can be used to find the optimal coefficient c.

3.2 PolyGP Formulation
Now we formally describe the polynomial geometric program-

ming framework in analog synthesis problems defined as follow-
ing:

min : APF0

s.t. : APFi ≥ SPECi, i = 1, . . . , p.

In which, each APF denotes one analog performance function,
with SPECi as the corresponding specification.
As we have mentioned above, a large portion of analog perfor-

mance functions can be written in terms of transistor behaviors
as APFi(TBF1, TBF2, . . . , TBFm). For instance, TBFj ’s can
be gm, gds, cgs of some transistors.

With TBFi in high-order monomial forms, we extend GP to
the so-called PolyGP as:

miny : APF0(TBF1, . . . , TBFm)

s.t. : APFi(TBF1, . . . , TBFm) ≥ SPECi, i = 1, . . . , p

TBFj(y) = exp(P
(j)
d (y)), j = 1, . . . ,m.

Where Pd(y) is the general multivariate polynomial with degree
d. So when d = 1, all TBF ’s reduce to monomial functions in
design variables.
By eliminating TBFj ’s and taking log transformations, we

arrive at the general form of PolyGP of degree d as:

miny : log(

K0∑

k=0

exp(
∑

∑
αi≤d

c0αx
α1
1 xα2

2 . . . xαn
n ))

s.t. : log(

Ki∑

k=0

exp(
∑

∑
αi≤d

ciαx
α1
1 xα2

2 . . . xαn
n )) ≤ 0, i = 1, . . . ,m,

∑
∑

αi≤d

diαx
α1
1 xα2

2 . . . xαn
n ≤ 0, i = 1, . . . , p.

3.3 SDP Relaxation for Solving PolyGP
Despite the improved power in modeling, these cross-product

terms of PolyGP make the problem non-convex. In this section,
we show that the semidefinite relaxation scheme can be used
for obtaining near-optimal solutions for PolyGP, similarly to
what is done in POP.
First we introduce an auxiliary decision matrix M for the
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problem linearization:

miny,M : log(

K0∑

k=0

exp(〈A0k,M〉))

s.t. : log(

Ki∑

k=0

exp(〈Aik,M〉)) ≤ 0, i = 1, . . . ,m,

〈Bi,M〉 ≤ 0, i = 1, . . . , p,

Mi,j = yαi+αj .

In which the αi is the exponents of monomial i under the pre-
defined multi indices in Section 2 and yα is short for yα =
yα1
1 yα2

2 . . . yαn
n . Appropriate matrix A’s and B’s are chosen to

be the coefficients of corresponding monomials in M . Where
r denotes the relaxation order, which must satisfies the degree
constraint: 2r ≥ d.

With the introduction of M , the only nonconvex and non-
linear constraint is the rank one matrix M . Inspired by sums
of square polynomials, moment optimization in POP, we can
relax this constraint to be positive semidefinite:

M � 0,

M0,0 = 1,

Mi,j = Mk,l, if αi + αj = αk + αl.

Then the PolyGP can be approximated and lower-bounded
by a sequence of convex problems of relaxation order r with
semidefinite constraints, which can be solved by modern convex
solvers.

Computational complexity of PolyGP can be characterized
by the size of the SDP constraints, as the PSD matrix update
dominates the runtime in each iteration of CVX. According to
our analysis, moment matrix M is of dimension O(nr)×O(nr),
which implies the complexity of PolyGP with relaxation order
r as O(n2r). The minimum relaxation order for d order mono-
mials is �d/2� for covering all possible polynomials in moment
matrix M . By increasing the monomials d and relaxation order
r, PolyGP points out a way of exploring the trade-off between
model accuracy and computational complexity.

4. EXPERIMENTAL RESULTS
In this section, we test the performance of the proposed

PolyGP framework against geometric programming (GP) [2]
and polynomial optimization (POP) [11]. In all of these opti-
mization methods, the models are fitted using least-square re-
gression. Transistor characteristics are modeled for the 180nm
TSMC high-performance model. All the simulations are done
using HSPICETM. The PolyGP framework has been imple-
mented in MATLAB using the general convex solver CVX [7].
The comparison with GP can be done in CVX as well. To run
the comparisons with the POP, we use the sparse polynomial
optimization package SparsePOP [18]. All testbenches run on
an Intel Xeon 2.93G Linux workstation with 74G memory.

To construct posynomial/polynomial models we used Latin
hypercube sampling method [19] with n = td samples for train-
ing in an d-dimensional problem, where t represents the number
of points for each dimension (determined by cross validation).
In addition to training data, we also generate another set of
data for model validation through uniform random sampling.

First, we illustrate how high-order monomials can capture
the non-linearity and non-convexity of transistor behaviors for a
single transistor and reduce the fitting error dramatically com-
pared to monomials. Then, we perform the experiments on
the two commonly used benchmarks, a two-stage operational
amplifier (OPAMP) and a low-noise amplifier (LNA).

Table 1: Error Reduction for gds fitting

Training Error Test Error
Method Max Error RMS Error Max Error RMS Error
Monomial 39.7% 10.51% 33.4% 10.57%

Quad Monomial 9.49% 3.45% 8.91% 3.46%
Cubic Monomial 13.56% 1.94% 13.14% 2.03%

−12 −11 −10 −9 −8 −7 −6
3.1

3.2

3.3

3.4

3.5

3.6

3.7

3.8

log(Id/W)

lo
g(

gm
/g

ds
)

 

 
SPICE data
monomial
quad monomial

Figure 1: Advantages of quad monomial in capturing the non-
linearity of gm/gds

The single NMOS transistor is simulated in HSPICETM to
obtain small-signal functions such as gm, gds and cgs, under
a 10x range of design variables of (W,L, I). In Table 1, we
show the fitting error for the intrinsic output conductance gds,
which is the most difficult metric to fit, using both monomi-
als (first-order) and quadratic monomials. The results indicate
that by allowing the non-linearity with more degrees of free-
dom, high-order monomials are able to reduce the fitting error
of gds of a single transistor from 10% to 2%, on average, com-
pared to monomials. Note that the accuracy increases from the
quadratic term to the cubic term is not as significant as that
of from the linear to the quadratic one. By taking the O(n2d)
complexity of subsequent optimization into consideration, we
choose to use quadratic monomials for transistor models in OP-
AMP and LNA implementations.

Figure 1 illustrates why capturing non-linearity and non-
convexity is crucial. This example plots gm/gds as a function
of current density I/W by fixing channel length L for the first-
order monomial, the quadratic monomial and the true behavior
produced by SPICE simulator. We see that the second-order
monomials almost exactly matches the true SPICE curve while
the first monomial fit shows significant error over the entire
range.

Next we investigate the two-stage operational amplifier. Fig-
ure 2a shows the schematic of the two-stage operational ampli-
fier with 8 transistors. We select transistor widths (W ), lengths
(L), bias current (Ib), and compensation capacitance (Cc) as
the input variables. Based on the matching requirements [2],
which dictate symmetry between transistors of the differential
pair and current mirrors, we are able to reduce the number of
independent input variables to 7.

The output circuit performance metrics that we aim to model
and optimize are open-loop gain, unity gain bandwidth (UGB),
and phase margin (PM). For this circuit, symbolic equations
for gain, UGB and PM are available in the analytical forms [2],
which we list in Table 2. Here, C1, C2 and Cout denote total
capacitance at the gate of M6 and M3 and at the output node.
As we verified with SPICE, the equations for gain and UGB
have good accuracy with respect to the small-signal models.
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Table 2: Symbolic Analog Performance Functions with Small
Signal Models in OPAMP

Gain gm2×gm6
(gds2+gds4)×(gds6+gds7)

Pole 2 gm6×Cc
C1×Cc+C1×Cout+Cc×Cout

Pole 3 gm3
C2

Pole 4 gm6
C1

UGB gm1
Cc

PM π
2
− arctan UGB

p2
− arctan UGB

p3
− arctan UGB

p4

Table 3: Error Reduction for OPAMP Gain

Training Error Test Error
Method Max Error RMS Error Max Error RMS Error

Quad Monomial 16.9% 2.89% 15.14% 2.96%
Quad Poly 84.0% 9.18% 54.0% 9.6%
Monomial 58.74% 11.85% 52.4% 11.6%

PM constraints can be transformed to the standard PolyGP
form by taking arctan as UGB/p2 ≤ r. The ratio r is derived
by the requirement of phase of pole p2.
We first show the power of regression of our method in ex-

ploring the space of high-degree polynomials for subsequent op-
timization. The total number of SPICE simulation points used
for training is 10,000 and for testing is 1000. We model the
function over an input range spanning 4X (from 0.4 to 1.6) of
the center value. Table 3 summarizes the fitting results of the
OPAMP gain as it is the most non-linear metric. Results indi-
cate that PolyGP regression with quadratic monomials achieves
substantial improvement in accuracy with respect to GP: the
RMS error is reduced from 12% to 3%. The results show that
PolyGP also outperforms the same order of polynomial func-
tions because it utilizes the structural knowledge of symbolic
equation. For functions capturing phase margin and unity-gain
bandwidth, all three methods deliver sufficiently good accuracy
(below 5% RMS error).
Next we demonstrate the effectiveness of PolyGP by evalu-

ating several optimization scenarios. They are summarized in
Table 4 in terms of optimal objective, the true value of a func-
tion obtained via SPICE simulation and the specification for
each metric. Geometric Programming is unable to find good
solutions as it could not predict performance within the accept-
able accuracy, i.e. 20% error found in the gain spec. Although
polynomial optimization performs better than GP with higher
degrees, its violation in the gain and PM ratio is still too large
(10%) to identify a true feasible solution evaluated by SPICE.
In contrast, PolyGP is able to find the good solution for all
three cases owing to the accuracy of the model. Notice that
in the case 1 when both GP and PolyGP satisfy constraints,
PolyGP can deliver better objective function as it captures the
trade-off curve between gain and bandwidth more accurately
than GP.

Table 4: Optimization Results: OPAMP

PolyGP Quad Poly GP
Case # Metric Spec Model SPICE Model SPICE Model SPICE

Case 1
UGB (MHz) max 148 148 164 162 137 139
Gain (103) >2.5 2.5 2.54 2.50 2.57 2.5 2.67
PM ratio <0.35 0.35 0.327 0.35 0.37 0.35 0.32

Case 2
UGB (MHz) max 135.0 135.0 148 148 129 125
Gain (103) >3.0 3.0 3.03 3.0 2.99 3.0 2.79
PM ratio <0.35 0.35 0.327 0.35 0.370 0.35 0.28

Case 3
UGB (MHz) max 122.7 122.0 139 140 145 149
Gain (103) >4.5 4.5 4.41 4.5 4.0 4.5 3.7
PM ratio <0.5 0.5 0.47 0.5 0.485 0.5 0.486

(a) Two-stage opamp. (b) LNA.

Figure 2: Schematics for experiments.

Table 5: Rate of Constraint Satisfaction

Threshold PolyGP Quad Poly GP
0.1% 57.4% 7.4% 25.9%
1% 75.9% 11.1% 35.2%
2.5% 98.1% 11.1% 35.2%
3% 98.1% 18.5% 35.2%
4% 98.1% 22.2% 44.4%
5% 98.1% 24.1% 44.4%
8% 98.1% 52.9% 57.4%
10% 98.1% 66.6% 59.3%
15% 98.1% 100% 74.1%

Note that even though PolyGP is most accurate among the
three options, we cannot guarantee the true feasibility in every
case of Table 4 because of the residual model error. However,
statistically, higher fitting accuracy translates into better per-
formance in optimization. We run 54 experiments by varying
numerical values of constraints and extract the average rate of
constraint satisfaction, i.e. the rate of finding true feasible so-
lution given the threshold of violation in Table 5. We find that
the PolyGP framework always outperforms the quadratic poly-
nomial model given different violation thresholds. In addition,
the average violation error is consistent with the fitting error:
the quadratic polynomial has about 7.8% RMS violation, the
GP has 5.5%, while the PolyGP can reduce that to 0.5% for
the gain constraint.
The runtimes of optimization are summarized in Table 6.

Runtime of PolyGP nearly doubles that of GP in order to
deal with larger matrix resulting from accurate, yet high-order
monomials. In this point of view, our PolyGP framework gives
a trade-off between runtime and optimization performance. Run-
times of fitting for all three methods are negligible compared
to that of optimization, so we do not list them here.
Figure 2b depicts the schematic of a low noise amplifier (LNA)

[15]. Apart from transistor width W and L, we also take
the gate inductance Lg, source degenerated inductance Ls and
gate-source parallel capacitance Ce into consideration as input
variables. By the small signal analysis around the working fre-
quency, the requirement of impedance matching can be written

Table 6: Runtime: OPAMP

Method Runtime (s)
PolyGP 12.9

Quad Poly 3.57
GP 7.91
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Table 7: Error Reduction for LNA Noise Figure

Training Error Test Error
Method Max Error RMS Error Max Error RMS Error

Quad Monomial 1.90% 0.43% 3.8% 0.52%
Quad Poly 37.0% 12.0% 44.6% 12.9%
Monomial 18.2% 5.55% 33.6% 5.67%

Table 8: Optimization Results: LNA

PolyGP GP
Case # Metric Spec Model SPICE Model SPICE

Case 1
Area min 21.02 21.02 17.83 17.83
NF (ratio) <3.5 3.5 3.6 3.5 4.82
Gm (S) >0.005 0.0135 0.0132 0.0137 0.0109

Case 2
Area min 26.48 26.48 22.2 22.2
NF (ratio) <2.5 2.50 2.56 2.5 3.29
Gm (S) >0.01 0.0174 0.0170 0.0176 0.0141

Case 3
Area min 23.22 23.22 19.6 19.6
NF (ratio) <3.0 3.0 3.08 3.0 4.05
Gm (S) >0.01 0.0151 0.0148 0.0153 0.0122

as gm
Cgs+Ce

Ls = Rs = 50Ω. Besides, input matching requires

that at the resonance frequency, the impedance of the input
stage is purely real, which implies jω0(Ls+Lg)+

1
jω0(Cgs+Ce)

=

0, where ω0 is the resonance frequency. Ce is provided in case
that the intrinsic Cgs is not large enough.

In the LNA testbench, we aim to minimize the die area with
noise figure and amplifier gain constraints. The noise factor F
is defined as [15]:

F = 1 + γgmRs(
ω0

ωT
)2 + 4

RL

Rs
(
ω0

ωT
)2

In which, ωT is the equivalent intrinsic frequency defined by
ωT = gm

Cgs+Ce
and constant γ are picked according to the

technology node used [15]. The gain of LNA is character-
ized by the circuit transconductance Gm defined as Gm =
ωT /(ω0Rs(1 +

ωTLs
Rs

)) = 1/(2ω0Ls). The area of the LNA can
be approximated by the sum of transistor area, inductor area
and capacitance area denoting using proportionality constants
λT , λL and λC as A = λTWL+ λL(Lg + Ls) + λCCe.
We follow the same procedure as for the 2-stage OPAMP:

pick the range of 7X (0.25 to 1.75) and sample two data sets,
200 points for training and 100 points for test separately.

We first show the ability of regression using high-order mono-
mials to explore the high dimensional space to reduce the fitting
error for the noise figure. We choose noise factor because it is
the most non-linear among all those metrics. The results are
summarized in Table 7.

In this case, the advantage of the PolyGP framework is more
pronounced with a 10X improvement in accuracy compared to
GP with the first-order monomials and 20X to the quadratic
polynomials. Table 8 gives the comparison of optimization per-
formance. In the LNA testbench, formulating optimization
problem to be a POP is difficult, as the impedance match-
ing constraints involve fractional polynomial optimization with
much higher relaxation order. So we do not include the op-
timization results of POP here. This result agrees with our
theoretical study that improvements in accuracy help reducing
the percentage of constraint violation.

5. CONCLUSIONS
In this paper, we present an extension and improvement

for GP. We demonstrate that by lifting monomials into high-
order monomials, powerful SDP relaxation techniques for (non-
convex) polynomial optimization can be leveraged to greatly

improve the accuracy of transistor behavioral functions and
hence performance functions in equation-based approaches for
analog synthesis. Our results demonstrate promise, showing
that significant improvements are possible in terms of both
model accuracy and reliability in meeting performance con-
straints.
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