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Abstract—Multiple starting point optimization is an efficient
approach for automated analog circuit optimization. Starting
from a set of starting points, the corresponding local optimums
are reached by local optimization method Sequential Quadratic
Programming (SQP). The global optimum is then selected from
these local optimums. If one starting point is located in a valley, it
converges rapidly to the local optimum by the local search. Such
a region-hit property makes the multiple starting optimization
approach more likely to reach the global optimum. However,
the SQP method needs the gradients to drive the optimization.
In the traditional method, the gradients are approximated by
finite differences. A large number of simulations are needed
to obtain the gradients, which becomes the bottleneck of the
circuit optimization. We find that for a new point, it is usually
surrounded by several neighboring points which have been
evaluated in the previous SQP steps. In this paper, we propose
an efficient method to calculate the gradient by recycling the
previous evaluated points. It is based on the relationship between
gradients and the directional derivatives along the directions of
the neighbor points. If the neighboring points are not enough for
gradient calculation, we will sample adequate neighboring points
for gradient calculation. Furthermore, since the performances
of the circuits are not sensitive to some design parameters, the
gradients are usually sparse. We can thus further employ the
idea of sparse recovery to recover the sparse gradients with
fewer simulations. Our experimental results demonstrate that
with these strategies, the number of simulations can be reduced
by up to 63% without significantly surrendering the accuracy of
the optimization results.

I. INTRODUCTION

Analog and mix-signal circuit design requires specialized
knowledge and circuit design skills acquired through many
years of experience [1]. Advances in computer-aided tool-
s, optimization algorithm and parallel computation provide
ample power for automated analog circuit design. Compared
with manual design, automated circuit design is promising
to increase the design productivity by not only reducing the
design time but also improving the circuit performance. Auto-
mated circuit design involves the selection of circuit topology
and device sizing. However, the optimal device sizing attracts
many research interests because it can be well formulated as
constrained nonlinear optimization problems and thus possibly
be solved by the well-developed optimization algorithms.

Current device sizing approaches can be categorized into
model-based and simulation-based ones [1]. Optimizations of
the model-based methods are driven by simplified equations
or polynomial models. These equations or polynomial models
approximate the performances of the circuits. One of the well-
known model-based method is the geometric programming
(GP) method, which employ polynomials to approximate the
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performances of the circuits [2], [3]. The polynomial approx-
imation guarantees the optimization problem is convex and
thus it is possible to find the global optimum. The limitation
of the GP method is that the polynomial approximations
cannot accurately approximate the performances of circuits
especially for the large-scale circuits. Recent advances in
polynomial optimization show that the general polynomial
optimization problem can be transformed to convex problem
by Semidefinite-Programming (SDP) relaxations, which makes
it possible to find the global optimum for general polynomial
optimization problem [4]. In order to reduce the complexity of
models, the sparse-regression-based method was proposed to
fitting the performance models by exploiting the sparsity of the
problems [4]. The problem of the SDP-based polynomial opti-
mization method is that the global polynomial approximations
cannot guarantee the modeling accuracy over the whole design
space. Thus, the global optimum found by the SDP-based
polynomial optimization is not the optimum of the original
problem. On the other hand, in order to improve the accuracy
of the polynomial models by high-order models, the number of
sampling data points would increase greatly, which prohibits
it from practical applications.

Simulation-based optimization is an alternative approach
for device sizing. It is driven directly by SPICE simulation.
With the data points produced by SPICE simulations, the
simulation-based optimization can converge quickly to the
local optimums. In order to find the global optimums, gen-
eral global optimizations such as Simulated Annealing (SA)
algorithm [5], Genetic Algorithm (GA) [6] and Particle Swarm
Optimization (PSO) algorithm [7] are used to better explore
the solution space and avoid falling into the local optimums.
Due to the stochastic characteristics of these general global
optimization algorithms, the converge rates of these algo-
rithms are relatively low. Multiple starting point optimization
algorithm has been proposed for device sizing recently [8].
Multiple starting point optimization is an efficient approach
for automated analog circuit optimization. Starting from a
set of starting points, the corresponding local optimums are
reached by local optimization method Sequential Quadratic
Programming (SQP). The global optimum is then selected
from these local optimums. If one starting point is located in
a valley, it converges rapidly to the local optimum by the local
search. As the number of starting points increases, the multiple
starting point optimization has high probability to find the
global optimum. Such a region-hit property makes the multiple
starting optimization approach more likely to reach the global
optimum. It has been shown in [9] that the convergence rate
of the multiple starting point algorithm is remarkably higher
than that of general optimization algorithms such as GA, PSO
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and SA.
However, in the multiple starting point optimization method,

the SQP method needs the gradients to drive the optimization.
In the traditional method, gradients are approximated by finite
differences. A large number of simulations are needed to
obtain the gradients, which becomes the bottleneck of the
circuit optimization. We find that for a new point, it is usually
surrounded by several neighboring points which have been
evaluated in the previous SQP steps. In this paper, we propose
an efficient method to calculate the gradients by recycling
the previous evaluated points. It is based on the relationship
between gradient and the directional derivatives along the
directions of the neighbor points. The gradient and the direc-
tional derivatives satisfy a set of linear equations. If the neigh-
boring points are not enough for gradient calculation, we will
sample adequate neighboring points for gradient calculation.
Furthermore, since the performances of the circuits are not
sensitive to some design parameters, the gradients are usually
sparse. We can thus further employ the idea of sparse recovery
to recover the sparse gradients with fewer simulations. Note
that the time of solving the linear equations of gradient and
directional derivatives is negligible compared with the time
of SPICE simulations. Our experimental results demonstrate
that with these strategies, the number of simulations can be
reduced by up to 63% without significantly surrendering the
accuracy of optimization results.

The rest of paper is organized as follows. In section II,
the background of our method is introduced. Details of the
algorithm are presented in section III. Section IV shows the
experimental simulation results. Finally conclusions are drawn
in section V.

II. BACKGROUND REVIEW

Given the circuit topology, the automated analog circuit
optimization problem can be formulated as a constrained
nonlinear optimization problem

min f(�x)

s.t. gi(�x) ≤ 0, i = 1, · · · ,mc,
(1)

where f(�x) is the objective function, {gi(�x), i = 1, · · · ,mc}
are the mc constraints, �x ∈ Rd denotes the d design variables.
Generally, for each design variable xi, it is limited in a range
[p−i , p

+
i ] due to the fabrication process or design requirements.

The objective function f(�x) represents the performance
target of the circuit. In general, the objective function can be
formulated as a sum of weighted performances

f(�x) =

n1∑
j=1

wj ∗ pj(�x), (2)

where {pj(�x), j = 1, · · · , n1} denotes a set of target per-
formances, the coefficients {wj , j = 1, · · · , n1} are the
weights of the corresponding performances. The constraints
{gi(�x), i = 1, · · · ,mc} represent the performance constraints
which should be satisfied during optimization.

A. Multiple Starting Point Algorithm
The analog circuit optimization problem as described in (1)

is a general constrained nonlinear optimization problem. It
would be difficult to find the global optimum of this problem.
Multiple Starting Point (MSP) algorithm is an efficient strategy
to search the whole design space and find the global optimum.

Fig. 1. Contour of two-dimensional parameter space

Firstly, a set of starting points are uniformly sampled using
Sobol quasi-random sequence in different regions of the space

sp = {�p|pi ∈ [p−i , p
+
i ], i = 1, 2, · · · , d}. (3)

We first evaluate the performances of these starting points in
parallel by simulations. The quality of the starting points are
obtained by considering both the effects of target performances
and constraints. The starting points with better quality are
selected from these initial starting points. The number of start
points is heuristically selected, considering a trade-off between
speed and quality. As shown in Fig. 1, these circles represent
the initial starting points. After the filtering, only the red ones
are kept as good starting points. The red starting points would
be taken as the initial points for parallel local searches.

From Fig. 1, we can see that if one starting point is located
in a valley, it converges rapidly to the local optimum during
the local search. As the number of starting points increases,
the multiple starting point optimization has high probability to
find the global optimum. Such a region-hit property makes the
multiple starting optimization approach more likely to reach
the global optimum.

B. Local Search Using SQP
After the good starting points are selected from the initial

starting points, a serial of local searches are invoked to find
the local optimums from these good starting points. Note that
local searches from different starting points can be invoked
in parallel because their search routines are independent
generally. Sequential Quadratic Programming (SQP) is the
most successful method for constrained nonlinear optimization
problems [10]. Since SQP is a quasi-Newton method, it
converges rapidly to the local optimum. The description of
SQP algorithm can be found in [11]–[14]. SQP is used as the
local search algorithm in our multiple starting point method.
We give a brief introduction to the SQP algorithm here.

The basic idea of SQP is to model a constrained nonlinear
optimization problem in (1) by a Quadratic Programming (QP)
subproblem at each iteration, since such problems are rela-
tively easier to solve. Given the formulation (1), a Lagrangian
function is constructed firstly

L(�x, λ) = f(�x) +

mc∑
i=1

λi · gi(�x), (4)
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where {λi, i = 1, ...,mc} are the Lagrange multipliers used for
balancing the deviations in magnitude of the objective function
and constraints. A QP subproblem can be expressed as

min ∇f(�xk)
T �dk+

1

2
(dk)

TBk
�dk

s.t. ∇gi(�xk)
T �dk+gi(�xk)≤0, i=1, ...,mc,

(5)

where Bk denotes the quasi-Newton approximation to Hessian
matrix of the Lagrangian function (4). At each major iteration,
Bk is calculated by the BFGS method [15]

Bk+1 = Bk +
�qk�q

T
k

�qTk �sk
− Bk�sk�s

T
kB

T
k

�sTkBk�sk
, (6)

where
�sk = �xk+1 − �xk, (7)

�qk=

(
∇f(�xk+1+

mc∑
i=1

λi · ∇gi(�xk+1))

)
−
(

∇f(�xk+
mc∑
i=1

λi · ∇gi(�xk))

)
. (8)

Here, {λi, i = 1, ...,mc} is an estimate of the Lagrange

multipliers. The solution �dk of (5) is the search direction used
to find a new iteration point �xk+1 from �xk. In each iteration,
the new iteration point is generated as

�xk+1 = �xk + tk �dk, k ≥ 0, (9)

where tk is the step length determined by an appropriate
line search procedure. The gradients are crucial to the SQP
algorithm, since search directions are obtained based on the
gradients of both objective function and constraint functions.
For automated analog circuit optimization, the gradients are
approximated by finite difference methods. For each gradient
evaluation with d design variables, the finite difference needs d
times SPICE simulations of the circuits. It is crucial to reduce
the complexity of gradient evaluation.

III. EFFICIENT GRADIENT CALCULATION VIA RECYCLING

SIMULATION DATA

In this paper, we follow the basic idea of multiple start-
ing point algorithm but propose a novel gradient evaluation
method to drive the local SQP search. We propose to recycle
the existing simulation data to reduce the complexity of
gradient evaluation. We find that for a new point, it is usually
surrounded by several neighboring points which have been
evaluated in the previous SQP steps. These neighboring points
are reused to accelerate the calculation of the gradient at the
new point. This idea is based on the relationship between
gradient and the directional derivatives along the directions of
the neighbor points. We will present the relationship between
gradient and the directional derivatives, the recycling scheme
and the sparse regression method for the sparse gradients.

A. Relationship between Gradient and Directional Derivatives
We consider a general nonlinear function q(�x), where �x =

{x1, x2, · · · , xd}. Its directional derivative along direction �l
can be expressed as

∂q(�x)

∂�l
= lim||�l||→0

q(�x+�l) − q(�x)

||�l||
.

The relationship between gradient and the directional
derivative is expressed as

∂q(�x)

∂�l
=

�lT · grad(�x)
||�l||

, (10)

where grad(�x) is the gradient of q(�x), and

grad(�x) =

[
∂q(�x)

∂x1
, · · · , ∂q(�x)

∂xd

]T
.

Traditionally, the gradient grad(�x) is approximated by finite
difference. For the i-th component of grad(�x), it can be
approximated by

∂q(�x)

∂xi
≈ q(�x+ h�ei) − q(�x)

h
,

where h can be viewed as the step of the finite difference,
�ei is the i-th row of a d × d identity matrix. With such a
finite difference strategy, no data points simulated before can
be reused. For a new point �x0, it is usually surrounded by
several neighboring points which have been evaluated in the
previous steps. We assume that these neighboring points can
be expressed as

{�x1, · · · , �xt},
where t is the number of neighboring points. Distances be-
tween these points and x0 satisfy

||�xi − �x0|| ≤ C,

where C is a constant in the same order as the step length of
the finite difference. We use C to control the accuracy of the
approximation.

We consider the directional derivatives {∂q(�x)

∂�li
, i = 1, · · · , t}

where {�li = �xi − �x0, i = 1, · · · , t}. These directional
derivatives can be approximated by finite difference as

∂q(�x)

∂�li
≈ q(�xi) − q(�x0)

||�xi − �x0|| .

According to the relationship between directional derivatives
and the gradients (10), we have the following equations

A · grad(�x0) = �b. (11)

where

A =

⎡
⎢⎢⎢⎣

�lT1
�lT2
...
�lTt

⎤
⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎣

(�x1 − �x0)
T

(�x2 − �x0)
T

...
(�xt − �x0)

T

⎤
⎥⎥⎥⎦ �b =

⎡
⎢⎢⎣

q (�x1) − q (�x0)
q (�x2) − q (�x0)

...
q (�xt) − q (�x0)

⎤
⎥⎥⎦ .

(12)
Obviously, if the number of neighboring points t equals to the
number of design variables d, the gradient grad(�x0) can be
solved directly from (11).

B. Filter and Generate Neighboring Points
If the number of neighboring points t is larger than the

number of design variables d, we must select d data points
from t. In order to guarantee the accuracy of the gradients
obtained by (11), those selected data points should satisfy the
following conditions

• the selected data points should be those closest data points
to �x0,

• the condition number of the matrix A in (11) should be
as small as possible.

We propose an algorithm based on Gram-Schmidt process as
shown in Algorithm 1 to filter the data points. Firstly, we
sort the neighboring data points {�x1, · · · , �xt} in ascending
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order according to their distances to x0. Afterward, we use the
Gram-Schmidt process to filter the data points so that the data
points are not linearly dependent. The first d points are then
selected from these filtered data points for gradient calculation.

Algorithm 1 Algorithm of Filtering Data Points

Input: Data point �x0 and its neighboring data points
{�x1, · · · , �xt}, the dimension d of �x0
Output: The data points indexes inds used for gradient
calculation

1: Sort the neighboring data points {�x1, · · · , �xt} according
to their distances to x0 in ascending order

2: �q1 = (�x1 − �x0), �q1 = �q1/norm(�q1)
3: Q = [�q1], inds = 1
4: for i = 2 : t do
5: �qi = �xi − �x0
6: �qi = �qi − Q[1 : i − 1] ∗ (Q[1 : i − 1]T ∗ �qi)
7: e = norm(�qi)
8: if e < ε then
9: continue

10: end if
11: �qi = �qi/e, Q = [Q, �qi], inds = [inds, i]
12: end for

On the other hand, if the number of neighboring points t
is smaller than the number of design variables d, we must
generate new data points near the data point �x0. In order to
efficiently explore the new state space, we firstly randomly
generate a group of candidate data points. Then, a Gram-
Schmidt process similar to that in Algorithm 1 is used to filter
these candidate data points so that the generated data points
are not linearly dependent. The algorithm is summarized in
Algorithm 2.

Algorithm 2 Algorithm of Generating New Points

Input: Data point �x0 and its neighboring data points
{�x1, · · · , �xt}, the dimension d of �x0
Output: The new points {�xt+1, · · · , �xd} generated for gradi-
ent calculation

1: for i = 1 : t do
2: �pi = �xi − �x0
3: end for
4: P = [p1, · · · , pt]
5: [Q,R] = qr(P )
6: for i = t+ 1 : d do
7: Randomly generate �xi such that ‖�xi − �x0‖ < C
8: �qi = �xi − �x0
9: �r = �qi − Q[1 : i − 1] ∗ (Q[1 : i − 1]T ∗ �qi)

10: e = norm(�r)
11: if e > ε then
12: i = i+ 1
13: �r = �r/e,Q = [Q,�r]
14: end if
15: end for

The proposed approach was used to calculate the gradient
of the power consumption of an operational amplifier, which
has 24 design variables. As shown in Fig. 2, the approximated
gradient obtained by the proposed approach matches that by
the finite difference well.
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Fig. 2. Gradients obtained by traditional finite difference and our proposed
approach based on random samplings.

C. Calculation of Sparse Gradient by Sparse Recovery

Since the performances of the circuits are not sensitive to
some design parameters, the gradient is usually sparse. As
shown in Fig. 2, most components of the gradient are zeros or
nearly zeros. We can thus further employ the idea of sparse
recovery to recover the sparse gradients even if the number
of neighboring points t is smaller than the number of design
variables d.

If t < d, equation (11) is underdetermined and the gradient
cannot be solved directly from (11). However, if the gradient
is sparse, the theory of sparse recovery can be employed to
estimate the gradients by solving the following optimization
problem [16], [17]

min ‖ grad ‖1
s.t. A · grad = �b,

(13)

where ‖ grad ‖1 means L1-norm of grad. It aims to find the

sparse solution of A · grad = �b. The optimization problem
(13) can be transformed to a linear programming problem
and solved easily [18]. Note that compared with SPICE
simulations, the time of solving (13) is negligible because
the number of design variables, i.e., the dimension of grad
is 10-1000 in most designs.

We propose a heuristics to guarantee the accuracy of gradi-
ents obtained by sparse recovery. If t neighboring data points
are found, a sparse gradient grad1 is firstly recovered using
these t data points by solving (13). Then, we generate a new
neighboring point using the approach proposed in subsection
III-B. This new data point and the corresponding simulation
result is added to the set of the existing neighboring data
points, and a new gradient grad2 is obtained by solving (13)
by using t+1 data points. If the difference of grad1 and grad2
is less than a predefined threshold η, the iterations stop. On
the other hand, if the number of neighboring points equals to
the number of design variables d finally, we solve (11) directly
to get the gradient.

The proposed sparse recovery approach was used to calcu-
late the gradient of the power consumption of an operational
amplifier, which has 24 design variables. As shown in Fig.
3, the approximated gradient obtained by the proposed sparse
recovery approach matches the gradient calculated by the finite
difference well with 20 neighboring data points.
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Fig. 3. Gradients obtained by traditional finite difference and our proposed
approach based on sparse recovery.
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Fig. 4. 3-stage amplifier in [19]

IV. EXPERIMENTAL RESULTS

In this section, we demonstrate the efficiency of our pro-
posed method using several analog circuits. The optimization
method is implemented in Matlab R2013a. HSPICE 2012.06 is
used to simulate the circuits. The SQP algorithm implemented
in Matlab is used as our baseline. All numerical experiments
are performed on a workstation with 4 2GHz Intel Xeon CPU
and 24GB memory.

A. Operational Amplifier
A 0.016-mm2 144-μW three-stage amplifier which is ca-

pable of driving 1-to-15-nF capacitive load is described in
[19]. This circuit is implemented in a standard 350nm CMOS
technology. The circuit schematic is shown in Fig.4. In this
experiment, we select the widths and lengths of transistors,
resistance of resistors, bias current, and compensation capac-
itors as design variables. The number of the design variables
is 24. The design objective and constraints of the circuit are
listed in Table I. The multiple starting point methods using
the traditional SQP algorithm and the SQP algorithm with
our efficient gradient calculation method are used to optimize
the circuit. The optimization results are then compared with
manual design.

For this circuit, 5 starting points for subsequent local search
are generated by heuristic methods. Since the time cost of
SPICE simulations is significant compared with that of the
optimization algorithm, the number of circuit simulations is

utilized as the metric of computational cost. Table II sum-
marizes the optimization results of the amplifier by different
optimization methods. It can be observed that the optimization
results meet the specifications [19]. The performance target Iq
has a significant improvement over the manual design.

Compared with the traditional SQP algorithm, by recycling
the previous simulation data, our proposed approach can
reduce the number of simulations by 63%. On the other hand,
the optimized target performance Iq is even better than that
optimized by the traditional SQP algorithm. Although the
traditional SQP using finite difference to derive the gradients,
the gradients are not the exact gradients. The optimization
result obtained by our proposed approach is better than the
traditional SQP algorithm, which indicates that our proposed
approach can achieve even higher accuracy in calculating
gradients in this case.

B. Analog to Digital Converter
The second testcase is shown in Fig. 5. It is a 200M 10.5Bit

analog-to-digital converter(ADC) with a ring amplifier in the
pipeline front-end stage as depicted in Fig.6. The ADC is
designed in a standard 65nm CMOS technology. To handle
the complexity of ADC design and reduce the simulation time,

TABLE I
DESIGN OBJECTIVE AND CONSTRAINTS FOR THE OPERATIONAL

AMPLIFIER.

Performance optimization
Design Objective Iq minimize

Constraints

GBW >0.92 MHz
PM >52.5 degree
GM >19.5 dB
SR+ >0.18 V/μs
SR- >0.20 V/μs

1% Ts+ <5.17 μs
1% Ts- <5.71 μs

TABLE II
COMPARISON OF THE PERFORMANCE AND CONSTRAINTS OF MANUAL

DESIGN AND THE OPTIMIZED DESIGNS FOR THE OPERATIONAL AMPLIFIER.

Manual
Design

MSP
+SQP

MSP
+Proposed

GBW(MHz) 0.92 0.95 0.93
PM(degree) 52.5 52.5 54.8

GM(dB) 19.5 24.2 20.0
SR+(V/μs) 0.18 0.21 0.23
SR-(V/μs) 0.20 0.35 0.37

1% Ts+(μs) 5.17 4.22 3.93
1% Ts-(μs) 5.71 3.67 3.45

Iq(μA) 69.2 57.1 56.0
# sim. runs / 2.45e+3(2.7x) 9.00e+2(1x)

TABLE III
DESIGN OBJECTIVE AND CONSTRAINTS FOR THE ADC CIRCUIT.

Performance optimization
Design Objective ENOB maximize

Constraints SFDR >66 dB

TABLE IV
COMPARISON OF THE PERFORMANCE AND CONSTRAINTS OF MANUAL

DESIGN AND THE OPTIMIZED DESIGNS FOR THE ADC CIRCUIT.

Manual
Design

MSP
+SQP

MSP
+Proposed

ENOB(bit) 9.40 9.73 9.71
SFDR(dB) 66.0 73.5 73.4
# sim. runs / 1.42e+3(1.5x) 9.53e+2(1x)
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Fig. 6. Schematic of the ring operational amplifier of the ADC circuit.

the overall design is broken up into smaller functional blocks,
and the sub-ADC is replaced with a behavior model. There
are 42 circuit parameters in this design, including the widths
of transistors and the resistance of some important resistors.
As listed in Table III, two important performances of ADCs,
including the efficient number of bit (ENOB) and spurious free
dynamic range (SFDR), are selected as our target performance
and constraint. In this experiment, 3 starting points are selected
for local optimization by heuristic methods. The optimization
results are showed in Table IV.

Compared with the traditional SQP algorithm, by recycling
the previous simulation data, our proposed approach can
reduce the number of simulations by 33%. The optimization
result obtained by our proposed approach is close to that of the
traditional SQP algorithm, which indicates that our proposed
approach can achieve high accuracy in calculating gradients.

V. CONCLUSION

In this paper, we propose an efficient multiple starting
point optimization method for automated analog circuit op-
timization. The gradients of the SQP-based local search are
obtained by reusing the existing simulation data. The sparse
recovery technique is further employed to reduce the number
of simulations by exploiting the sparsity of the gradients.
Experimental results have demonstrated that the proposed

method can reduce the number of SPICE simulations up to
63% while achieving even better optimization, compared with
the traditional multiple starting point method with standard
SQP algorithm.
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