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Abstract—In this paper, we demonstrate that disproportionate 
gains are possible through a simple devise for injecting inexactness 
or approximation into the hardware architecture of a computing 
system with a general purpose template including a complete 
memory hierarchy. The focus of the study is on energy savings 
possible through this approach in the context of large and 
challenging applications. We choose two such from different ends of 
the computing spectrum—the IGCM model for weather and climate 
modeling which embodies significant features of a high-performance 
computing workload, and the ubiquitous PageRank algorithm used in 
Internet search. In both cases, we are able to show in the affirmative 
that an inexact system outperforms its exact counterpart in terms of 
its efficiency quantified through the relative metric of operations per 
virtual Joule (OPVJ)—a relative metric that is not tied to particular 
hardware technology. As one example, the IGCM application can be 
used to achieve savings through inexactness of (almost) a factor of 3 
in energy without compromising the quality of the forecast, 
quantified through the forecast error metric, in a noticeable manner. 
As another example finding, we show that in the case of PageRank, 
an inexact system is able to outperform its exact counterpart by close 
to a factor of 1.5 using the OPVJ metric.  

 

I. INTRODUCTION AND OVERVIEW OF FINDINGS 
Inexact or (approximate) computing has been presented as a 
significant and potentially unorthodox approach to realizing 
low energy computing systems. In terms of hardware 
manifestations and models,  following the early foundational 
work that identified this opportunity (please see [8], [28], [29]; 
and [30], [31] for a more comprehensive overview), the most 
robust validations have been  through construction of specific 

hardware artifacts such as adders, multiplier or FFT engines 
[22], [23], [20], [21]. For additional references on inexact 
hardware, architectures and related topics, please also see [1], 
[32], [12], [39], [35], [2]. More recently, this work has also 
been extended to evaluations of large-scale applications—in 
the context of our own group, climate modeling  and weather 
prediction served as the driving example in which the floating 
point operations were rendered inexact [9].  
It is however widely recognized that if we were to consider 
general purpose computing systems—as opposed to 
architectures with accelerators with a high degree of 
customization [5]—energy costs associated with the memory 
portion of the computation dominates to a great extent. As a 
result, work that isolates and identifies opportunities in the 
computational part of the application by largely overlooking 
the memory component, as opposed to treating it as a 
significantly dominant component, is justifiably criticized 
whenever a traditional architectural template involving a data 
path and a standard memory hierarchy is the platform of 
choice. 
In this paper, we remedy this situation by extending the reach 
of our studies to understand the limits to energy benefits that 
can be gleaned at the application level by including 
inexactness both in the computation along the data path and 
also in the memory system. We do this by considering two 
applications, the Intermediate General Circulation Model 
(IGCM) for weather and climate modeling [4] and the widely 
used PageRank algorithm [2],[26] at the heart of internet 
search. In terms of understanding the limits to opportunities, 
the IGCM model involves significant amounts of floating 
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point computation whereas, in contrast, PageRank is 
significantly memory bound; thus, they lean towards two ends 
of the opportunity spectrum.  
In order to evaluate the opportunity due to inexactness from 
the perspective of energy savings, we introduce an energy 
model (cf. Section II) which is based on two input elements. 
The first element involves an application activity profile 
involving activity as the program executes in different parts of 
the architecture. Our activity profiles are relative with the 
activity in the entire application adding up to 100%. These 
activity profiles were gathered using Valgrind [36], which is a 
publicly available tool. Next, we define the normalized energy 
cost model where the simplest integer operation represents the 
cheapest operation quantified as 1 unit of energy 
consumption—all of the other activities are then represented 
as multiples of this value. The overall energy cost is then 
estimated by combining the activity profile with the 
normalized energy cost in an obvious way once the total 
operation count is known. 
Continuing, we consider two scenarios for executing our two 
applications. The first scenario involves architectural 
elements—adders, multipliers, DRAM main memory, SRAM 
caches—to be exact namely embodying full precision. In the 
second scenario, both the computation elements on the data 
path as well as the memory structures are inexact—we vary 
and increase degrees of inexactness. Of the mechanisms 
possible, in this paper, we induce inexactness by reducing the 
number of bits in the mantissa of the double precision floating 
point number or the width of integer operations. For example, 
we use between 8 and 12 bits for the significand or mantissa 
when considering the atmosphere application and consider 14 
and 16 bits when evaluating the PageRank application. In both 
cases, the fully precise or exact case will have 52 bit 
mantissas.  The quality of the solution as the inexactness is 
increased is modeled as follows: in the IGCM model, as the 
level of inexactness is increased, the forecast error of a 
meteorological quantity is used to quantify the “goodness” of 
the solution. In PageRank, we use three different distance 
measures—variation distance or VD [24], the distance, 
and Kendall’s  distance [18]—from a baseline exact 
execution.   
In all cases, we estimate the energy savings as the application 
is executed using an exact model, compared to increasingly 
inexact versions. As a summary, when considering the IGCM 
model (Section IV), with no detectable change in the quality 
of the prediction quantified through the global mean error 
metric, we could achieve over a factor of three in energy 
savings. Similarly, for PageRank, the baseline is an execution 
using a parameter called tolerance of 0.01. With this value, the 
page ranking computed on an exact system is deemed to be 
the “golden value” computed using full precision floating 
point values with a 64 bit representation has the ideal average 
VD value of 0. Let us now consider an inexact version with 26 
bits. The computation can be realized with a fraction of 0.68 
of the virtual energy compared to the exact case and the 
associated VD value goes up to 1.005.  If we tried to achieve 
the same level of energy gains using an exact computing 
system, our choice was to increase the tolerance parameter, 

which lowers the number of operations performed. 
Surprisingly, with an energy of 0.89 of the exact case, the 
average VD value jumped up to a whopping 100.3—almost 
two orders of magnitude larger than the comparable inexact 
configuration! 
In achieving energy savings through inexactness, it is 
reasonable to consider simplifying the application by altering 
its program implementation either statically, or by lowering 
some execution parameter such as the number of its iterations 
for example. Thus, the gains need not have been derived from 
inherent system technology improvements but rather purely 
through algorithm or program changes only. To sharply isolate 
the efficiencies that our approach gives us which can be 
attributed to inexactness from the architecture elements, we 
introduce a novel metric which we will refer to as operations 
per virtual Joules (OPVJ). 
We show that a reduction of precision can increase OPVJ in 
the atmosphere model by more than a factor of three at 
approximately the same “goodness” of the solution—to 
reiterate, inexactness is induced by lowering the number of 
bits in the Mantissa. We see a very similar retention of 
goodness in the solution in PageRank along with an increase 
in OPVJ value by a factor of 1.5 for the exact and inexact 
cases compared in the previous paragraph. 

II. MODELLING PROCESSOR ENERGY CONSUMPTION 
With the intent of gaining insights that are oblivious to the 
exact technology in use—be it current or future—our goal in 
this work is to show the relative gains offered by inexact 
computing. Nevertheless, we wish to rigorously model energy 
across all major activities in both computation and memory 
systems. Towards this goal, against each type of activity that 
we address, we assign an energy cost relative to the least 
expensive activity, which, in our case is integer operations 
pegged at 1 virtual Joule (vJ). Every other activity, therefore, 
is assigned a relative cost in virtual Joules; see Table 1. These 
relative costs have been derived as best estimates obtained by 
insights from source [19]. 
We classify computational operations broadly into floating 
point operations, integer operations, and others (that would 
include branches/control flow, etc.)1.  
  

Category Relative Energy 
(vJ) 

Cache access 15 
Main memory  30 
Floating point  2 
Integer  1 
Branches (others) 1 

Table 1. List of operations along with associated relative 
energy costs in virtual Joules.  

                                                           
1 Caches were designed to significantly reduce access times (sometimes up to 
a factor of 100), but their energy costs are closer to that of main memory – a 
factor of two in our accounting. The implication, of course, is that any effort 
to exploit inexactness techniques that can be applied to both types of memory 
accesses will pay rich dividends. 
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The energy consumed by an execution in vJ is determined by 
combining the activity profile-number of operations in each 
category—with the relative energy as a weighted sum. 

 

III. METHODOLOGY FOR DEDUCING ENERGY GAINS 
For each application that we consider, we measure the relative 
number of operations or memory accesses (denoted by ); 
from each category  listed in Table 1. Let  denote the 
relative energy consumed per operation/access of category  
when executed in an exact manner; this is column 2 in Table 
1. Then, our total relative energy in virtual Joules for exact 
computation is given by: 

 

To measure the gains, we then measure the fraction ( ) of 
operations/accesses in each category that are executed in an 
inexact manner. Typically, activities that involve data can be 
made inexact, but all control statements, branches, iterators, 
etc. must be retained exactly. As in [7], our architectural 
model supports some activities to be inexact—including 
inexact memory banks, FPUs and others, while the rest are 
exact. Let  (typically ) denote the reduced energy (in 
virtual Joules) consumed by the inexact execution of an 
operation/access in category ; arriving at suitable  values 
will be discussed shortly. We thus get the total energy for 
inexact computation as a linear combination given by: 

 

This implies that our energy cost relative to the cost expended 
in exact computation is  which we simply call 
the relative energy gains. 
While there are many tools and literature for measuring  
values, we have to take special care in measuring  values. 
To reiterate, in this work, inexactness is introduced by 
truncating the least significant bits. Thus our energy savings 
are functions of the number of truncated bits. In the specific 
case of the floating point unit, any inconsistency in the 
exponent would result in a huge error distance, thus, 
truncation is only applied to elements computing the mantissa. 
Both, exact and truncated arithmetic units are synthesized in 
the UMC 65 nm process, following the standard digital design 
flow. Since the estimated power consumption is strongly 
dependent on the technology, the energy cost of each inexact 
operation is normalized using the standard 64-bit 
computational blocks as reference. To be sure that the relative 
gains are resulting from truncation, each inexact variant of a 
design is synthesized under the same delay and area 
constraints than the exact counterpart. 
In the context of memory, we used a publicly available tool, 
DRAMsim [37], to determine energy estimates of the main 
memory. Again, these numbers are normalized to the cost of a 
standard 64-bit read or write operation. Energy savings are 
obtained by reducing the number of bits written or read, per 
operation. Since we allow the least significant bits to be 
present in memory, the energy for refreshing remains the same 

as for exact memory; this was modelled faithfully. We assume 
that the cache is built out of SRAM cells, and following [25], 
the cache, energy consumption scales linearly with the width 
of the word2. It has to be noted that the relative savings for 
memory may however be slightly optimistic since we do not 
account for the instruction codes memory access. 

IV. CASE STUDY OF IGCM FOR CLIMATE AND WEATHER 
MODELING 

A. An atmosphere model 
We studied the use of inexact hardware in the Intermediate 

General Circulation Model (IGCM) that represents 
atmospheric dynamics in global simulations [4], [16], [17], 
[34]. IGCM is used to solve the governing fluid dynamical 
equations for atmospheric motions in three dimensions on the 
sphere. In contrast to an operational weather or climate model, 
it does not include a representation of components such as 
physical tracers, biosphere, ocean, topography, water vapor or 
clouds. However, IGCM represents the basic building block of 
some of the most important weather and climate models (such 
as IFS and ECHAM) and provides a meaningful testbed for 
operational models. The model can run in climate 
configurations for long time intervals (from years to 
centuries). In this paper, we consider short term simulations 
equivalent to weather forecasts for several days.  

Numerical simulations of the atmosphere are of crucial 
importance for reliable forecasts of weather and climate. The 
quality of these forecasts is dependent on the resolution used, 
and complexity of the numerical models, which is limited by 
the computational power of today’s supercomputing facilities. 
 

B. Analysis of the Results 
Earlier studies [10], [11] have reported that a reduction in 

precision does not cause a catastrophic reduction of the quality 
of model simulations for many applications in atmospheric 
modelling. These studies focused on relating error to the 
number of bits in the mantissa but did not consider the 
relationship to energy, which we now pursue in this paper. As 
long as certain parts of the model are left with high precision 
(in specific the dynamics of large-scale pattern and the time-
stepping scheme), numerical precision can be reduced heavily 
with no strong increase in model error. The robustness of 
atmosphere models in the presence of inexactness can be 
explained by the inherent uncertainty that is present in model 
simulations mainly due to physical processes that cannot be 
fully captured, and the high viscosity which needs to be used 
for turbulent closure.  

Model runs are performed in a standard testbed for three 
dimensional simulations of the atmosphere, the so-called 
Held-Suarez configuration, with 20 vertical levels. If 
resolution is increased, grid spacing is decreased and quality 
of model simulation will be consequently improved. We 
calculate the model error by comparing runs at coarser 

                                                           
2 We note that overheads involving possible dynamic alteration of width such 
as gating are not included in our estimates, and in this regard, our results 
should be viewed as optimistic estimates if a dynamically adjustable 
architecture is to be considered.  
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resolution to a simulation with much higher resolution with a 
grid spacing of 125 km. Typically, the different simulations 
will diverge from the high-resolution simulation with time, 
due to model errors. We perform a forecast with 235 km 
resolution in an exact setting using full double precision that 
serves as a reference or baseline for the model’s quality. We 
will than reduce computational cost by using either lower 
resolution (260 km and 315 km) and double precision, or by 
using the same resolution as the reference run (235 km) but 
inexact hardware. 

 
Model Run Normalized 

Energy 
Demand  

Forecast 
error day 2 

Normalized 
operations per 
virtual Joule 

235 km, 64 bits 
260 km, 64 bits 
315 km, 64 bits 

1 
0.82 
0.47 

2.3 
2.8 
4.5 

1.00 
1.01 
1.02 

235 km, 24 bits 0.35 2.3 2.83 
235 km, 22 bits 0.32 2.3 3.09 
235 km, 20 bits 0.29 2.5 3.41 
Table 2. Normalized energy consumption, global mean error 
for geopotential height in [m] at day 2 (averaged over 5 
forecasts) and normalized operations per virtual Joule (OPVJ) 
for the different simulations where the forecast error results 
were presented in [10] and  [11].  

 
Table 2 provides values for the normalized energy 

demand, the forecast error in geopotential height at day 2 of 
the forecast and the normalized number of operations per 
virtual Joule (OPVJ). Geopotential height is a standard 
meteorological diagnostic that relates pressure to height. The 
simulations with inexact hardware clearly show a reduced 
normalized energy demand and an increased number of 
operations per virtual joule. It is found that all simulations 
with 235 km resolution clearly show a smaller forecast error in 
comparison to simulations in double precision at lower 
resolution (260 km or 315 km), even if floating point precision 
is truncated at 20 bits in the floating point representation (8 
bits in the significand). As reiterated in the table, the forecast 
error with inexact hardware is hardly affected in a significant 
way in comparison to the double precision simulation.  

 

V. CASE STUDY OF THE PAGERANK ALGORITHM: A MEMORY 
INTENSIVE BIG DATA APPLICATION 

A. The Pagerank Algorithm 
The web has played a pivotal role in bringing out the need 

to build applications that scale well. Therefore, our choice of a 
memory intensive application (and the underlying algorithm) 
to showcase the power of inexactness is, quite naturally, one 
that seeks to answer an important question at the heart of web 
search: how to determine as to which pages are important? 
The PageRank algorithm [6], [24] developed in 90’s was a 
revolutionary idea that redefined web search simply because it 
answered the question of ranking pages in a clever, elegant, 
and scalable manner.  Going beyond the interesting history 

that surrounds its invention and early use, this algorithm has 
turned into a quintessential “big data” application [3], [14].  

The main aim of the PageRank algorithm is to deduce a 
score (called PageRank value) for each web page using the 
underlying link structure. The Web is seen as a graph in which 
the vertices are web pages and a directed edge exists from one 
page  to another  if there is a hypertext link in  pointing 
to . In the normalized sense, the PageRank value of a page  
is—without addressing all subtleties—the probability with 
which a random surfer (who goes from one page to a neighbor 
chosen uniformly at random) will be at  in the steady state. 
Although PageRank is defined in this Markovian manner, it is 
often implemented in a deterministic manner in which each 
node starts off with a weight of 1 and the weights are 
iteratively distributed to the neighbors. This iterative process 
will converge (when changes to the PageRank values is below 
a specified tolerance parameter) to values that are (close to 
being) in proportion to the stationary distribution of the 
random surfer described earlier. 

Since the PageRank values are in proportion to 
probabilities in the stationary distributions, we use the 
following natural distances that are commonly used:  
• The first metric we use is the variation distance [24], 

which is defined as , where the 
summation is over the set  of all web pages, and  
(resp., ) denote the steady state probability of the 
random surfer being at page  computed using an inexact 
implementation (resp., exact implementation). This is 
proportional to the  distance between the two 
distributions. 

• The second metric we use is the  norm (also called the 
max norm) and is defined as the .  

• Inspired by the purpose of ranking the importance of web 
pages for which PageRank algorithm was designed, we 
also measure the Kendall’s  distance, which is defined as 
the number of inversions between the two rank orders 
(i.e., exact and inexact) of the web pages induced by 
sorting them based on their PageRank values.  

PageRank is primarily used to process very large web graphs 
to ensure that important web pages are placed ahead of 
unimportant ones in web search results. This naturally makes 
it robust against mildly inexact results. For example, if the 
exact and the inexact system differ only by a small value  in 
the  norm, then, no two pages that are more than  apart in 
PageRank value will ever be wrongly ordered in the inexact 
system. While the  norm captures this worst case behavior, 
the other two norms are a bit more forgiving in the sense that 
they are sums of differences and thereby may not reveal 
situations where a few web pages processed in the inexact 
system have very different PageRank values (or very different 
rank orderings) from when processed exactly. 
B. Analysis of Results 
In our first experiment, we have shown the amount of error we 
incur when we introduce inexactness via bitwidth truncation. 
Our error was computed with respect to a baseline 
implementation of PageRank in which the tolerance was set to 
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0.01 without any inexactness (i.e., no truncat
compute the number of times different 
performed, we had to write our own PageRan
the algorithm was self-contained without a
third party libraries; to ensure corre
implementation, we tested our code agains
implementation in Graphlab [13]. We used 
profile the execution to arrive at the number 
each type of activity.  
As in the case of the IGCM study, we were 
almost-error-free execution despite the sign
inexactness that was injected with associated
In order to understand these savings better, we
against naïve approaches such as those that a
in PageRank. Some of these findings are 
Figure 1 where we have mapped out  t
operations per virtual Joule as a function o
iterations of PageRank to reach a given tole
We notice that the number of operations p
increases by factor of 1.5 or so, as we introdu
thus implying that we get more computation 
energy expended.  Consequently, as we go fro
0.04 (exact) to a value of 0.01 (inexact) and f
energy budget, the PageRank algorithm is abl
in the latter case and thus achieve lower error 
the golden solution.   

 

Figure 1. The relationship between exa
realizations of PageRank. 

 

VI. CONCLUDING REMARKS 
The work described in this paper represen

study of the opportunities present in achievin
through novel approaches such as inexactnes
to be done, in particular, through energy an
rooted in hardware measurements (such as tho
interesting general conclusion that we could
results in this paper is that inexactness ha
disproportionate benefit as follows, true f
applications. Inexactness might lower the
application by a certain amount but in return 
Now, if we reinvest these gains in a diffe
application—computing the IGCM at a 

tion). In order to 
activities were 

nk code in which 
any reference to 
ectness of our 
st the PageRank 
Valgrind [36] to 
of executions of 

able to retain an 
nificant level of 
d energy savings. 
e compared them 
lter the tolerance 

summarized in 
the  number of 

of the number of 
erance threshold. 
per virtual Joule 

uce inexactness—
done per unit of 

om a tolerance of 
for a comparable 
le to iterate more 
levels relative to 

 
act and inexact 

nts a preliminary 
ng energy savings 
ss. Much remains 
nd power models 
ose in [22]). One 
d draw from the 
as an interesting 
for both of our 
e quality of an 
for energy gains. 

erent part of the 
finer scale or 

increasing the number of iterations
result could in fact be better tha
solution that is typically viewed as
data that justifies this in our own p
here and intend to expand along thi
and a future paper. However, this in
of co-design and also room for
efficient design space exploration 
achieving energy efficiencies throu
likely that machine learning and 
traditional approaches could play a 
such an exploration [38], [33], [15]. 
to studying energy (and by exten
through a relative virtual metric mig
general interest. Finally, more amb
beyond precision variation have sho
the context of other applications in 
the value of such methods in th
described here will also be of value
not include considerations of compu
in that sense in the present paper s
focus on the energy consumption as
estimates for the relationship to sim
time improvements which will be a 
along with more robust modeling an
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