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Abstract—This paper presents a new approach for hardwarebased QR-decomposition using an efﬁcient computation scheme
of the Givens-Rotation. In detail, the angle of rotation and its application to the Givens-Matrix are processed in a direct, straightforward manner. High-performance signal processing is achieved
by piecewise approximation of the arctangent and sine function.
In order to identify appropriate function approximations, several
designs with varying constraints are automatically generated and
analyzed. Physical and logical synthesis is performed in a 130 nm
CMOS-technology. The application of our proposal in a multiantenna mobile communication scenario highlights our work to
be very efﬁcient in terms of calculation accuracy and computation
performance.
Index Terms—QR-decomposition, Givens-Rotation, VLSI, twovariable, numeric function approximation

I. I NTRODUCTION
Efﬁcient computation of the QR-decomposition (QRD) is
a mandatory task in many application areas. In the scope of
mobile communication, it can be used in various ways [1].
In the scope of channel precoding, it has become increasingly
important in recent years, as it enables an evident reduction
of signal processing effort at the receivers side. Additionally,
it is a practical solution for the realization of multi-user
multiple-input-multiple-output (MIMO) communication [1].
In this paper a QRD algorithm is introduced that performs
all necessary computation steps by using two-variable (also
called two-dimensional (2D)) numeric function approximations (NFA). In general, NFA-based computation enables a
notable simpliﬁcation of signal processing effort by allowing
minor (computational) errors [2]. In order to achieve high
performance beneﬁts, the resulting NFAs must only consist
of a multiplexer tree and an adder-based accumulation unit.
For a quick redesign, an automated NFA design generator is
mandatory, as this enables the application-speciﬁc evaluation
of appropriate NFAs by experimental means, taking different
errors into account. Thus, an automated design method is used
that satisﬁes these challenging constraints (see Sec. III).
II. G IVENS -ROTATION - BASED QR

DECOMPOSITION

For an efﬁcient realization of the QRD in hardware, GivensRotation-based computing is proposed in this paper, as its
feasibility has been proven in many different references,
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recently [3], [4]. Generally speaking, the Givens-Rotation is a
repeated application of the Givens-Matrix


cos(ϕ) sin(ϕ)
G(ϕ) =
(1)
−sin(ϕ) cos(ϕ)
to a given matrix H in order to zero all elements below
the diagonal as well as the imaginary parts of the diagonal.
Hence, for QRD processing, the generation of ϕ (GR1) and its
application to both H and the identity matrix I (GR2) leads
to R and Q. A detailed description can be found in [5]
Considering a direct computation scheme, ϕ is achievable
using the arctangent function
 
y1
,
(2)
f1 (y1 , y2 ) = atan(y1 , y2 ) =
y2
with y1 , y2 as the elements of the affected rows. For GR2, the
Givens-Matrix must be applied to the elements that remain in
the same row

   
yn sin( π2 + ϕ) + yn+1 sin(ϕ)
yn
,
(3)
=

yn+1
yn+1 sin( π2 + ϕ) − yn sin(ϕ)
with cos(ϕ) = sin( π2 + ϕ). Hence, GR2 computation can be
realized by calculating the expression f2 (yn , ϕ) = yn sin(ϕ).
III. A PPROXIMATION OF 2D NUMERIC FUNCTIONS
The main idea of 2D NFAs for Givens-Rotation-based QRD
refers to the approximation of a given function f (x1 , x2 ) by
a bilinear equation
f˜(x1 , x2 ) = β̃0 + β̃1 x1 + β̃2 x2 ,

(4)

where β̃0 , β̃1 , β̃2 denote the linear coefﬁcients, xd the input
variables (with the dimension index d ∈ {1, 2}) and f˜(x1 , x2 )
is the NFA. For the generation of 2D NFAs from a given
function, we propose the use of non-uniform, piecewise and
multiplier-less function approximation. A general overview of
the proposed method is presented in the following.
In order to achieve high approximation quality, a hardwareefﬁcient segmentation of the function is used. In detail,
f (x1 , x2 ) is split up into several segments possessing an
approximated sub-function each. The selection of a segment
is performed by regarding the most signiﬁcant bits (MSB)
of the input operands. For an automated NFA generation, a
corresponding recursive and error-dependent heuristic is used.
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In detail, for each segment a maximum error is taken into
account which is deﬁned by

0

with β  0 as variable of the binary search bisection method,
where the range of all possible values is reduced by half,
iteratively [7].
Taking all mentioned aspects into account, the proposed
NFA technique can be expressed

T
f˜(x) = β̃ 1 β̃ 2 x + β̃ 0 · κ(x) ,
(7)
with m as the overall number of segments, κ(x) as fade-out
function selecting the active segment and x = (x1 x2 )T . In
this paper, only functions with an equal function size and range
are considered 0 ≤ xd < 1 − 2−15 .
In a last step, the extracted parameters are mapped to hardware modules. Thus, corresponding VHDL-template strings
are used that must be ﬁlled with the previously extracted
parameters: Input/output ports and constants are realized by
a direct assignment of data-types, the partial products refer
to simple operand shifts, the segmentation is realized by
encapsulated if-statements in VHDL and the accumulation can
be performed by a tree-adder.
For the calculation of Givens-Rotation-based QRD, this
NFA generation scheme is applied to the two functions
f1 (y1 , y2 ) and f2 (yn , ϕ) introduced in Sec. II (see Fig. 1).
Due to their function properties, only positive input values are

f˜1 (y1 , y2 )

where xd = nd Xd denote the quantization effects of the digital
data path. If εmax is higher than a speciﬁed error threshold, the
function is split up into four segments by bisection of the input
ranges; each segment contains a corresponding sub-function.
As this can be performed several times and independently,
a non-uniform segmentation scheme is established (see Fig.
1). Otherwise, if εmax is below the speciﬁed error value, the
remaining segments are processed in a clockwise manner.
For the NFA generation inside a segment, the reference
coefﬁcients β1 , β2 are determined by building the arithmetic
mean of partial gradients. Due to the already mentioned
digital quantization effects, this can be realized by calculating
the one-dimensional derivation of the (sub-)function values
∂
inside a segment ( ∂n
(f (n1 X1 , n2 X2 ))). Next, the resulting
d
values are summed up and divided by the overall number of
partial gradients. By the application of this method in both
dimensions the reference coefﬁcients β1 , β2 can be obtained.
In order to enable multiplier-less signal processing, the
desired coefﬁcients β̃d have to fulﬁll further restrictions. In
detail, only a small set of partial products is permitted,
its number must be speciﬁed in advance by the so-called
quantization factor (QF) (see [6]). Hence, the desired bilinear
coefﬁcients are achieved by minimizing the gap between βd
and β̃d taking the speciﬁed QF into account.
The coefﬁcient β̃0 is calculated by solving the equation


β̃0 = arg min
|f (x1 , x2 ) − β̃1,q x1 + β̃2,q x2 + β  0 | , (6)

β

1

(5)

0.8
0.6
0.4
0.2
0
1

0.75

0.5

y1

0.25

0 0

0.25

0.5

0.75

1

y2

(a)

1

f˜2 (yn , ϕ)

εmax = max|f (n1 X1 , n2 X2 ) − f˜(n1 X1 , n2 X2 )| ,

0.8
0.6
0.4
0.2
0
1

0.75

0.5

ϕ

0.25

0 0

0.25

0.5

0.75

1

yn

(b)

Fig. 1. Example of the (scaled) (a) arctangent f˜1 (y1 , y2 ) = atan( yy1 ) π2 and
2
(b) quarter sine f˜2 (yn , ϕ) = yn sin( π2 ϕ) NFA. The gray pattern represent
−15
.
the neglected input range 0 ≤ yi < 0.5 − 2

considered, as the impact of operand signs can be handled separately. In addition, there are function-speciﬁc simpliﬁcations
that can be used for further signal processing improvement.
Thus, a detailed explanation of both functions is given in the
following.
The arctangent function given in (2) is required in order to
calculate the angle of rotation in GR1. As there are strong
variations of the gradient slope, a simple approximation of
the entire function will cause bad results for the proposed
approximation scheme in terms of segmentation complexity.
In detail, approximations that are performed close to the origin
lead to a high number of sub-functions. In order to minimize
this problem, the quotient calculation in (2) can be exploited:
As every scaling of the numerator and the denominator with
an equal constant will lead to exactly the same result, the
overall input range can be reduced. An adapted shift operator
is integrated into the data path as well as a comparator that
detects the total length of zero MSBs. Hence, the input range
0 ≤ yi < 0.5 − 2−15 can be neglected (see Fig. 1). For
computation effort reduction in GR2, a scale factor of π2 is also
considered for the arctangent NFA (f˜1 (y1 , y2 ) = atan( yy12 ) π2 ),
limiting the output range to 0 ≤ f˜1 (y1 , y2 ) < 1 − 2−15 .
For the NFA of f2 (yn , ϕ), only a quarter wave of the sine
function is considered. The computation of the cosine function
is achieved by adding a (scale factor corrected) offset to ϕ and
a function ﬂip back on the approximated quarter sine function.
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Fig. 2. Data path of 2D NFA-based QRD with (a) GR1 and (b) GR2. The
solid and dotted lines depict the control signals. yn and yn+1 denote the
 and y 
unrotated inputs as well as yn
n+1 denote the results. ABS and INV
calculate the absolute value and the conditional result inversion, respectively.

This is done by a simple operand negation, causing only a
negligible additional error. Considering negative input values,
further additional signal processing is required. If yn < 0,
the result of f˜2 (yn , ϕ) must be negated. The appearance of
negative quotients in GR1 requires an equal treatment for
sine function calculation. In contrast to the sine function, the
results of GR1 must not be taken into account for the cosine
function (cos(ϕ) = cos(−ϕ)). Due to the scale factor that is
used for the approximation of the arctangent, a rescale must
be considered for the sine function approximation. Hence, the
function f˜2 (yn , ϕ) = yn sin( π2 ϕ) is taken into account.
IV. A RCHITECTURE
The hardware architecture consists of the control path that
determines the sequence of the matrix computation and the
data path which realizes all necessary arithmetic calculations
(see Fig. 2). The calculation of the R and Q matrices requires
a memory module with 64 slots that is realized by a register
array. The data path width is set to 16 bit (Q.15 ﬁxed-point
format) which causes a NFA resolution of 15 bit as only
absolute values must be considered. A hardwired hardwareaccelerator is selected as global architecture.
The control path comprises a ﬁnite state machine (FSM)
that is responsible for the global QRD computation sequence
as well as for the assignment of operands and results to
corresponding memory slots. In order to keep this decoding
task as simple as possible, the operand addresses are derivable
directly from the actual FSM state. Thus, the FSM is realized
as counter with a variable increment. Further, the control unit
possesses an input-output (IO) unit enabling the read/write
access to H and I (containing the values of Q and R when
QRD calculation is done).
In general, two different computation tasks must be considered for the data path: The angle rotation and the application.
As the latter requires signiﬁcantly higher signal processing
effort, two sine-function NFAs are used (see Fig. 2). For
the arctangent, only one NFA module is considered. As the
calculation in GR1 only depends on a single vector rotation
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Fig. 3. Segments over speciﬁed error for (a) f˜1 (y1 , y2 ) and (b) f˜2 (yn , ϕ)
with varying QFs. Bold expressions mark similar results with the added
denoting range. Other values depict the number of segments for a single QF.

step, it can be executed in parallel to GR2 which causes
performance beneﬁts in terms of latency. A graphical overview
of the data path is given in Fig. 2. In order to speed-up the
QRD processing and avoid divisions by zero, the appearance
of zeros in the data path are treated by special means:
1) If y2 is zero at GR1 calculation, GR2 calculation can be
neglected for the entire row.
2) If either y1 or y2 is zero at GR2 calculation, the
computation of y2 or y1 can be neglected, respectively.
3) If both y1 and y2 are zero at GR2 calculation, the
computation of both y2 and y1 can be neglected.
The resulting data path is realized by the use of the timesharing implementation technique [8]. Thus, the sine function
NFAs are used twice in each computation step of GR2. As
a consequence, GR1 and GR2 require one and two cycles,
respectively. For dynamic power reduction, operand isolation
and clock gating are installed [9].
V. R ESULTS
For a meaningful analysis of the results, 1) algorithmic
complexity, 2) application-speciﬁc accuracy and 3) IC
implementation are taken into account in the following.
1) The selection of appropriate NFAs is performed analyzing
several NFAs with different speciﬁed errors and QFs. From the
results in Fig. 3, three data path conﬁgurations with different
εmax are chosen for the application-speciﬁc evaluation. For the
sine function approximation, QF3 with εmax = 2−8 (NFA1 ),
QF3 with εmax = 2−9 (NFA2 ) and QF4 with εmax = 2−11
(NFA3 ) are taken into account. The arctangent is realized as
QF3 with εmax = 2−8 (NFA1 ) and QF3 with εmax = 2−11
(NFA2 and NFA3 ).
2) The performance of the proposed QRD is evaluated by
the bit error rate (BER) of a wireless multi-antenna communication system using Zero-Forcing Tomlinson-Harashima-
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Fig. 4. Basic topology of the ZF-THP in a wireless multi-user MIMO system.

Precoder (ZF-THP) pre-equalization at the transmitter. A
multi-user MIMO transmission from a single base station
to NR single-antenna mobile stations is considered. The
base station is equipped with NT = NR antennas (see Fig.
4). The transmitted data consists of data symbols with
quadrature amplitude modulation (QAM) denoted by the vector d = [d1 , . . . , dNT ]T . Correspondingly, y = [y1 , . . . , yNR ]T
deﬁnes the received symbols at the mobile stations. In the
baseband the transmission equation can be written as
y = Hd + n ,

(8)

where H ∈ CNR ×NR denotes the channel matrix and n ∈
CNR ×1 the complex Gaussian noise with variance σn2 . A more
detailed description of the used pre-equalizer setup can be
found in [6]. The evaluation is performed for NFA1 , NFA2
and NFA3 with 16-QAM and 64-QAM modulation schemes
as well as 4×4 multi-antenna scenarios. The resulting uncoded
BER over Eb /N0 are compared to ideal and CORDIC-based
QRD results [2]. NFA3 achieves very high accuracy, NFA1
and NFA2 still obtain better results than the CORDIC design
with six iteration steps. Thus, for IC implementation NFA1
and NFA3 are considered, as they achieve highest accuracy
and require lowest segmentation effort, respectively.
3) For IC implementation, logical and physical synthesis
is applied to the proposed QRD designs NFA1 and NFA3
considering the 4 × 4 QAM-16 scenario. As target technology,
the UMC-Faraday 130 nm process is chosen. Considering
common hardware performance criteria, NFA1 and NFA3
achieve 192 MHz and 149 MHz, 71.75 kGE and 176.76 kGE

Throughput
[MQRDs/s]
0.87
0.68
31.25
0.45
25

as well as 273.69 μW/MHz and 960.34 μW/MHz in terms of
maximum operating frequency, area and energy, respectively.
Taking the computation of a single matrix element annihilation
(computation of GR1 and GR2) into account, our approach
obtains a maximum number of three cycles which is low
compared to CORDIC-approaches with similar accuracy (see
Fig. 5 and Tab. I). Considering the trade-off delay, latency
and QRD calculation accuracy, the 2D NFA approach achieves
very high performance. An overview taking actual references
into account is given in Tab. I. In order to increase the
throughput, common implementation techniques, for example
parallelization [8], must be applied and, hence, must be
considered for future work.
VI. C ONCLUSION
In this paper, a QR-decomposition architecture based on numeric function approximation is presented. Its main advantage
refers to the simpliﬁcation of two-variable functions to a corresponding hardware architecture that performs approximative
result computation. The proposed automated technique enables
quick function approximation generation in terms of design
time. Further, a Givens-Rotation-based approach is realizable
allowing a direct processing of the angel of rotation and the
Givens-Matrix. The evaluation highlights our work as very
efﬁcient in terms of calculation accuracy and the trade-off
between delay and latency.
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