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Abstract—The initial transient response of oscillators with high
quality factor Q such as quartz crystal oscillators is orders of
magnitudes larger than the period of oscillation. Therefore nu-
merical solution by standard techniques of the underlying system
of ordinary differential algebraic equations (DAEs) resulting from
Kirchhoff’s current and voltage laws is run time inefficient. In
this paper numerical techniques for the calculation of the initial
transient response and steady state solution are investigated. The
efficiency results from reformulating the underlying system of
ordinary DAEs by a suitable system of partial DAEs, known as
multirate PDE, and from suitable finite difference time domain
(FDTD) methods with small numerical dissipation of energy.
Unlike Harmonic Balance the waveforms are free of spurious
oscillations, caused by the non-compactness of the trigonometric
polynomials.

Index Terms—oscillator simulation, quartz crystal oscillators,
initial transient response and steady state, multirate PDE method,
trigonometric BDF methods, optimal estimation of instantaneous
frequency, Hilbert transformation

I. Introduction

The simulation of oscillators with a high Q factor belongs
to the severest problems in circuit simulation due to long
settling time. On the one hand, the initial transient response is
orders of magnitude larger than the period of oscillation. The
sample frequency on the other hand must be chosen much
smaller than the Nyquist rate or vice versa the time step
Δt� T , where T is the period of oscillation, f0 =

1
T the free

running, and ω0 = 2π f0 the angular frequency. The run time
is therefore prohibitively long, even for small circuits. Widely
used integration methods such as Gear’s multistep backward
differentiation formulas (BDF) [1] lead to erroneous steady
states caused by a numerical dissipation or loss of energy
[2]. The trapezoidal method on the one hand does not exhibit
numerical damping or dissipation, on the other hand it is not
L-stable and may result in erroneous and spurious oscillations.
Harmonic Balance (HB) does not exhibit numerical damping,
because the numerical differentiation operator is purely imagi-
nary. However in some cases, as shown in Section IV, spurious
oscillations have been observed too.

Several attempts have been made for the simulation of
ordinary differential equations with highly oscillatory solutions
applying special integration formulas [3]–[6]. The class of
envelope following techniques or multirate methods try to
overcome the bottleneck due to Nyquist’s theorem by sepa-
rating the slowly varying waveforms, i.e. the envelopes, from
the fast varying oscillation [4], [6]–[13].

The multirate method employed here is based on the re-
formulation of the underlying system of DAEs as a system
of suitable partial DAEs [4], [6], [10] with an estimate of
the instantaneous frequency as an additional variable (see
Section II). The instantaneous frequency is well defined em-
ploying the Hilbert transformation. The computation of the
Hilbert transform is unfortunately burdensome. Here, methods
are presented which give near optimal estimates. Moreover,
the steady state solution is not unique. Instead, any time
shifted solution solves the underlying DAE too. There exist
several techniques for the calibration of the solution. One
method is to employ the Poincaré map technique (see e.g.
[7]). Alternatively one can force the solution being orthogonal
to a reference waveform w.r.t. a given inner product [4].
The method used here is well suited for envelope analysis
as it calculates the instantaneous frequency by minimizing a
suitable distance measure in the L2 sense [14].

The effect of numerical dissipation or loss of energy is
treated in [2]. This unwanted effect is a severe problem in
simulating high Q oscillators. One technique to overcome the
problem is to expand the oscillatory waveform in a Fourier
series, which leads to Harmonic Balance (HB) type methods
[6]. Alternatively one can employ high order single step
methods [7], [15] with extremely low discretization error
or trigonometric splines [16]. In this paper modified BDF
methods are employed.

II. The envelope technique

Envelope methods [4], [6]–[13] are a class of techniques to
overcome Nyquist’s barrier by introducing different time scales
for the envelope(s) and the oscillatory signals. One method
[17], [18] reformulates the underlying ordinary DAEs by a
system of partial DAEs. Several modifications of this method
have been proposed [11], [13], [19]. The technique employed
here introduces the instantaneous frequency as an additional
unknown [4], [10], [14].

As oscillators are autonomous systems, the modified nodal
analysis (MNA) leads to an initial value problem

f (x(t), ẋ(t))= i(x(t))+
d

dt
q(x(t))= 0, x(0)= x0, f :RN×RN→RN

(1)

Instead of solving (1), the DAE is reformulated by a system
of partial differential equations (PDEs)
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(
x̂(τ, t1),

∂

∂τ
x̂(τ, t1),

∂

∂t1
x̂(τ, t1)

)
=

i(x̂(τ, t1))+

(
∂

∂τ
+

d(τω0(τ))

dτ

∂

∂t1

)
q(x̂(τ, t1)) = 0

x̂(0, t1) = x0(t1), x0(0) = x0 (2)

Periodicity is assumed along the t1 direction, i.e. x̂(τ, t1) =
x̂(τ, t1 + 2π), capturing the oscillatory behavior. A solution is
therefore calculated along the domain or strip Ω

Ω :=
{
(τ, t1) |τ ∈ R+, t1 ∈ [0, 2π)

}
(3)

The fast varying oscillation is represented along the time scale
t1, whereas the smooth envelope is modeled along the time
scale τ. The solution of the underlying ordinary DAE system
(1) is obtained along the specific characteristic curve (τ= t, t1 =
ω0(t) t), i.e. x(t) = x̂(t, ω0(t) t) [4], [14]. x̂ has to be extended
periodically outside the domain Ω. Equation (2) is an under-
determined system because ω0(τ), the instantaneous angular
frequency, is not specified. An optimal choice, where a smooth
envelope curve is obtained, has been reported in [14].

A. Initialization of the multirate PDE

The initial conditions of the initial value problem (2) have
to be specified, where x0(t1) is 2π-periodic by construction. It
is assumed that the operating point is unstable so that a small
perturbation leads to a growing amplitude. The perturbation
has to be performed such that the envelope remains smooth
making the multirate PDE technique efficient. A solution
of this problem is provided by a theorem of Grobman and
Hartman [20]. The theorem emphasizes the fact that orbits of a
nonlinear ODE system are similar to the orbits of the linearized
system near the unstable equilibrium point, known as small
signal analysis. Therefore the initialization is performed in
two steps, calculation of the unstable operating point first and
the solution manifold of the linearized system second. Let x̄0

be an operating point of (1), i.e. i(x̄0) = 0. Furthermore let
G := ix(x)

∣∣∣
x=x̄0

and C := qx(x)
∣∣∣
x=x̄0

be the Jacobian matrices

evaluated at x̄0. One obtains the homogeneous linear differen-
tial equation

G x+C ẋ = 0 (4)

In what follows it is assumed that the oscillator DAE is of
index 0 or 1. Index investigations of oscillator DAEs back the
usefulness of that assumption. A solution of the generalized
eigenvalue problem

G Y +C YΛ = 0 (5)

can be obtained by the QZ algorithm. Λ is a matrix in Jordan
form of the generalized eigenvalues λi and Y a matrix of all
generalized eigenvectors, ordered column wise. In practice
Λ reduces to a diagonal matrix. The general solution of
the homogeneous linear system is therefore given by X(t) =
Y exp(Λ t). Hence the column vectors of X span the solution
space of the linearized DAE.

X(t) is referred to as the fundamental or Wronski ma-
trix. The state transition matrix Φ(t) is therefore Φ(t) =
X(t) X−1(0) = Y exp(Λ t) Y−1. For a given initial condition
x0 � x̄0 the solution of the linear system is Φ(t) x0 for any
t. In what follows x0(t1) � x̄0, i.e. the unstable operating point
shall not be the initial value. Moreover let Δx0 = ‖x0− x̄0‖2.
Due to the instability of the operating point there exists at
least one pair of conjugate complex eigenvalues λ, λ∗ with
corresponding conjugate complex eigenvectors y, y∗, ‖y‖2 = 1
with positive real part. Therefore it makes sense to initialize
the partial DAE by

(i) ω0(0) = Im {λ} and

(ii) x0(t1) = x̄0 +

(
Δx0√

4π

)
y exp( j t1)+

(
Δx0√

4π

)
y∗ exp(− j t1) , j =√−1.

B. Estimate of the instantaneous frequency

The multirate PDE assumes a slowly varying or lowpass
envelope for making the method efficient. A key issue is
therefore the knowledge of the instantaneous frequency ω. For
driven systems it is given a priori. For autonomous systems
however it must be estimated from the calculated waveforms.
Note that (2) is under-determined. The instantaneous fre-
quency is well defined via the Hilbert transformation. Let

xRF (t) : R→ R
be the real radio frequency (RF) or bandpass signal and

x(t) : R→ C
the complex baseband signal. Employing the Hilbert transfor-
mation there exist a unique relation between the two signals for
a given modulation frequency f0. Given the impulse response
h(t) = 1

π t , the Hilbert transformation of xRF (t) is defined by
the convolution

H {xRF (t)} := xRF (t)∗ 1

πt

The analytical signal, which is characterized by a solely
positive spectrum X( f ) ≡ 0⇔ f < 0, reads

x+RF(t) = xRF (t)+ jH {xRF (t)}
Given a modulation frequency f0 which is in most practical
cases the center frequency of the RF signal, the relation
between the analytical and bandpass signals

x+RF (t) =
√

2 x (t) e j2π f0 t

holds1. Therefore the complex baseband signal is obtained by

x (t) =
1√
2

x+RF (t) · e− j2π f0 t =
1√
2

(xRF (t)+ jH {xRF (t)}) · e− j2π f0 t

The bandpass signal is therefore obtained by

xRF (t) =
√

2Re
{
x (t) · e j2π f0 t

}
=
√

2 |x (t)| · cos(2π f0 t+Θ (t))

1The factor
√

2 ensures that the RF and baseband signals have identical
power.
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with instantaneous amplitude |x (t)| and instantaneous phase
Θ (t). The instantaneous frequency is therefore well defined
by

f (t) = f0+
1

2π

dΘ (t)

dt

Specifically, the instantaneous frequency is independent of the
choice of the modulation frequency f0.

The Hilbert transformation performs a 90◦ phase shift on
the RF waveform. There exist a variety of analog and digital
circuits approximating the impulse response of the Hilbert
transformation within some frequency range of interest. For
a numerical treatment the evaluation is too expensive and
hence inappropriate in circuit simulation. We resort therefore
to alternative techniques with small numerical complexity. In
[4] two heuristic methods have been tested:

1) The linearized system of the discretized PDE (2), em-
ploying Newton’s method is rank one deficient. It is
solved in a least squares sense. A numerically efficient
way for this calculation is also presented in [4]. This
method however is not invariant w.r.t. scaling. The
instantaneous frequency is therefore scaled to its initial
estimate ω0(0) discussed above.

2) In periodic steady state simulation any time shifted
solution solves the DAE as well. It is well known that
a unique solution can be obtained by fixing the phase.
This gives rise to the following method. The phase of
one specific waveform, say x̂1(τ, t1) is fixed to the phase
of the inital value at τ = 0, i.e.

〈x̂1(τ, ·), cos〉
〈x̂1(τ, ·), sin〉 =

1
2π

∫ 2π

0
x̂1(τ, t1) cos(t1)dt1

1
2π

∫ 2π

0
x̂1(τ, t1) sin(t1)dt1

=
〈x̂1(0, ·), cos〉
〈x̂1(0, ·), sin〉

The inner products can be calculated by quadrature.

An alternative, which is invariant of scaling, solves the PDE
(2) with a constraint [14]: the locally optimal frequency is
obtained as follows: Let x̂(τk, t1), x̂(τk−1, t1) be the waveforms
after semi-discretization of (2) employing the method of lines
or Rothe’s method. The optimal instantaneous frequency ωk =

ω(τk) w.r.t. a smooth envelope is calculated for the interval
(τk, τk−1) by minimizing∫ 2π

0
|x̂(τk, t1)− x̂(τk−1, t1)|2 dt (6)

The integral is evaluated numerically as shown next. Let
F(X, ω) be the nonlinear algebraic system from the discretized
PDE (2) using one of the discretization methods discussed
in the next Section with 2K + 1 disjoint grid points on the
interval [0, 2π). Then F : R(2 K+1) N ×R→ R(2 K+1) N . Moreover
let A = DX F(X, ω) be the Jacobian w.r.t. the vector X and
z = Dω F(X, ω). Solving F(X, ω) = 0 similar to Newton’s
method results in the linear equation

AdX +dω z = b

with b = −F(X, ω) subject to the constraint (6). Here the
count � of the Newton iteration is dropped for convenience.
In practical applications A is regular and can be inverted.

A solution which satisfies the minimization constraint for
(Xk, ωk) is

dX = b̃−dω z̃

where b̃ = A−1 b, z̃ = A−1 z and

dω =
z̃T

(
X(�)

k
−Xk−1− b̃

)
z̃T z̃

Accordingly, the Newton updates are obtained by

X(�+1)
k
= X(�)

k
+dX

ω(�+1)
k
= ω(�)

k
+dω

The main computational work lies in calculating the LU de-
composition of A. The overhead for evaluating dω is therefore
negligible.

III. Discretization of the multirate PDE

First, a semi discretization by the method of lines is per-
formed along the t1 axis, resulting in a system f̃ (x̂, ˙̂x) = 0 in τ
with initial values x̂(0, t1). This system can be solved with
standard single or multistep methods until the steady state
is achieved. The instantaneous frequency is obtained by the
method described above (6).

A severe problem in simulating oscillators with high Q
factor however is the discretization along the t1 axis with
its periodic boundary condition. Standard methods such as
the BDF methods fail to calculate the solution correctly due
to a numerical dissipation or loss of energy. Alternatives
besides HB are trigonometric splines [16] or a novel class
of multistep methods [2] without numerical dissipation for the
spectral components at the fundamental frequency and the first
harmonics. We employ these methods since they are closely
related to the BDF formulas and easy to implement, exhibiting
the same sparsity structure as BDF methods. We choose on the
interval [0, 2π) a set of 2K +1 mutually disjoint grid points2

tl, l = 0, . . . ,2K in ascending order and t0 = 0. Moreover the
sparsity structure of the BDF-p methods shall be preserved,
i.e. ∇ = (ai j) with ai j = 0 ∀ j � i− p, . . . , i (mod 2K + 1), i =
1, . . . ,2K+1, where ∇ is the numerical differentiation operator.
For |k| ≤ L ≤ K the harmonic waveforms

xk =
[
exp(− j k t0) , . . . ,exp( j k tl) , . . . ,exp( j k t2K)

]T (7)

shall be eigenvectors of ∇. Moreover the corresponding eigen-
values of ∇ shall be λk = j k, ∀|k| ≤ L. That is, the derivative
is exact if the waveform is a harmonic polynomial with
harmonics |k| ≤ L. For the special case L = K one obtains
the Sample Balance method which is equivalent to HB but
avoids the transformation into the frequency domain. For
L� K one gets a highly sparse operator ∇. For an equidistant
discretization, i.e. tl+1 − tl = Δt, the operator ∇ is circulant
and all eigenvectors are harmonics given by (7). Employing
the notation [i− j] := i− l (mod 2K + 1) the i-th row of the
differentiation operator reads as

22K + 1 grid points are chosen for a simple comparison with HB: the
frequency indices range from −K ≤ k ≤ K.
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Fig. 1. Regions of absolute stability of the modified BDF scheme p = 2.

λk =

p∑
l=0

ai,[i−l] exp
(
j k (ti− ti,[i−l])

)
= j k, ai,[i−l] = 0

∀ i = 1, . . . ,N, |k| ≤ L

One obtains for p+ 1 coefficients 2L+ 1 equations, hence
there exists a solution if 2L ≥ p. The eigenvalues of ∇ are
purely imaginary for low frequencies. Hence the displacement
current and the voltages are 90◦ out of phase. Therefore no
energy is spuriously dissipated in capacitors/inductors which
reflects the correct physical behavior. In contrary the BDF
methods lead to eigenvalues with a positive real part and
therefore a numerical dissipation of energy. In [2] it has
been shown that this discretization formula is consistent and
moreover in the limit for vanishing time steps Δtl one obtains
the same coefficients as for Gear’s BDF formulas.

The method is exemplified by the modified BDF-2 method
for an equidistant grid. Let z= 2π

2K+1 . The trigonometric BDF-2
method is given by

ẋ ≈ 1

Δt

2∑
i=0

ai xn+1−i

where the coefficients are the solution of⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝
1 1 1
1 cosz cos2z
0 −sinz −sin2z

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

a0

a1

a2

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠ =
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

0
0
z

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
namely⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

a0

a1

a2

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠ =
(
−z

cosz− cos2z

sin2z−2sinz
z

sinz

cosz−1
z

1

2sinz

)T

It is easy to prove that in the limit for K → ∞ the coef-
ficients coincide with the BDF method employing rational
polynomials. Furthermore one can prove that if the signal is
a sinusoidal waveform with angular frequency ω = 2π

(2K+1)Δt
the signal and its derivative are 90◦ out of phase, hence no
spurious dissipation of energy occurs in energy conserving
devices such as inductors and capacitors.
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Fig. 2. Schematic of the Grounded base quartz crystal oscillator.

It shall be noted that the trigonometric BDF-2 method is
not A-stable: the locus curve of the region of absolute stability
of the (trigonometric) BDF methods for the test initial value
problem (IVP) ẋ = λ x, x(0) = 1 is given by

σ(Θ) =

p∑
i=0

ai exp(− j iΘ) , 0 ≤ Θ < 2π (8)

where σ = ΔT λ. The IVP exhibits the oscillation frequency
ω0 = Im {λ} As for the modified (trigonometric) BDF methods
the ai depend on K and indirectly on the estimate of the
instantaneous frequency ω, so the locus curve. For K grid
points per oscillation period the crossing of the locus curve
with the imaginary axis is σ = ± 2π

K . Fig. 1 shows exemplarily
one locus curve. For weakly damped systems Re {σ} → 0 and
a too large estimate of the oscillation frequency one observes
a small region of instability:

−2π

K

ω0

ω
≤ Im {σ} ≤ 2π

K

ω0

ω

with estimate ω. For the envelope method the weak instability
is irrelevant because a boundary value problem is solved.
For transient analysis the damping caused by the circuit’s
nonlinearities is in practice much larger.

IV. Simulation results

A Colpitts, Pierce, Clapp and Grounded Base quartz crystal
oscillator are investigated employing the circuit simulator
Sframe [21]. The Fig. 2 depicts exemplarily the Grounded
Base oscillator schematic. Table I depicts the calculated fre-
quencies at steady state. The results obtained for HB and the
modified BDF-2 are in excellent agreement whereas the solu-
tion for the standard BDF-2 differs slightly. Moreover standard
BDF-2 fails to calculate the limit cycle for the Grounded Base
oscillator. Instead the physically unstable operating point is
obtained in the limit. Fig. 3 shows the envelope simulation:
the oscillation dies out due to the positive real parts of the
eigenvalues of the differentiation operator. The Fig. 4 and
Fig. 5 show the multirate solution for the output of the
3 MHz Colpitts and 20 MHz Clapp oscillator, respectively.
The envelope is smooth which confirms that the estimate
of the instantaneous frequency is nearly optimal. Otherwise
undulations of the envelope would be observed which requires
smaller time steps and larger run time.
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TABLE I
The numerically calculated frequencies of the limit cycles of for
several difference schemes and Harmonic Balance for 128 knots.
The free running frequencies are in

f0
MHz .

Circuit HB BDF-2 mod. BDF-2

Colpitts I 3.000107 2.997734 3.000106

Colpitts II 20.002824 19.987037 20.002824

Pierce 20.009107 19.993205 20.009107

Clapp 20.002316 19.986542 20.002316

Grd. Base 50.000682 - 50.000682

0

0.5
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1.5

0

Pi/2

Pi

3/2*Pi

2*Pi
1500

1000

500

0

500

1000

t/msΦ/rad

Fig. 3. Grounded Base quartz crystal oscillator envelope following sim-
ulation by BDF-2.

The Fig. 7 shows the numerically calculated steady states
for a selected waveform employing (trigonometric) BDF-2
and HB. One can see the effect of numerical dissipation of
energy caused by BDF-2: the amplitude of the waveform
is much smaller compared with the competing methods. HB
and modified BDF-2 are generally in an excellent agreement.
However when one considers the cut out in Fig. 7(b) a spurious
ringing is observed for HB whereas modified BDF-2 shows
the expected smooth signal behavior. The frequency of the
ringing depends on the number of grid points and cannot
have a physical origin. The reason for the spurious ringing
is still not clearly understood. It may be caused by the fact
that trigonometric basis functions have no compact support.
Moreover, the basis functions are not causal which is obviously
nonphysical. Finally, the numerical differentiation operator of
HB has purely imaginary eigenvalues which means that high
frequency numerical artifacts are not damped.

The Fig. 6 shows as second example the steady state
waveforms calculated with modified BDF and HB. One can
observe again the ringing of the HB solution due to the non-
compactness of the trigonometric polynomials.

Fig. 4. Colpitts oscillator envelope following simulation by modified
BDF-2.

Fig. 5. Clapp oscillator envelope following simulation by modified BDF-
2.

V. Conclusion

This paper addressed the topics: 1) the calculation of the
initial transient response of oscillators, 2) the estimation of the
instantaneous frequency and 3) a multistep method with low
numerical dissipation of energy. The bottleneck 1) caused by
Nyquist’s theorem has been overcome employing the multirate
PDE technique. For this method however the optimal choice of
the instantaneous frequency is crucial. A method is presented
based on minimizing a functional in a quadratic norm circum-
venting the burdensome calculation of the Hilbert transform.
Because multistep integration formulas such as the well known
BDF methods lead to numerical damping, they are not suited
for oscillators with a high quality factor. In contrary, Harmonic
Balance may lead to spurious ringing which is a numerical
artifact and has no physical origin. Trigonometric multistep
methods are investigated which are exact if the waveforms are
well approximated locally by a trigonometric polynomial of
low order. These methods diminish both the unwanted effect of
numerical damping and spurious ringing for all quartz crystal
oscillators under test.
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Fig. 7. Comparison of the numerically obtained limit cycle employing the second order BDF method (dashed), modified BDF method (solid) versus
Harmonic Balance (dash-dot), for a mesh of 128 grid points per period for a 3 MHz Colpitts oscillator.
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Fig. 6. Comparison of the steady state solution calculated by modified
BDF (solid) and HB (dashed) for the Grounded-Base oscillator.

Acknowledgement

This work has been partly supported by the ENIAC research
project ARTEMOS under grant 829397 and the FWF under
grant P22549.

References

[1] C. W. Gear, Numerical Initial Value Problems in Ordinary Differential
Equations. Englewood Cliffs, N. J.: Prentice-Hall, 1971.

[2] H. Brachtendorf and K. Bittner, “Grid Size Adapted Multistep Methods
for High Q Oscillators,” Computer-Aided Design of Integrated Circuits
and Systems, IEEE Transactions on, vol. 32, no. 11, pp. 1682–1693,
2013.

[3] L. Petzold, “An Efficient Numerical Method for Highly Oscillatory
Ordinary Differential Equations,” SIAM J. Numer. Anal., vol. 18, no. 3,
pp. 455–479, 1981.

[4] H. G. Brachtendorf, “Theorie und Analyse von autonomen und
quasiperiodisch angeregten elektrischen Netzwerken. Eine algorithmisch
orientierte Betrachtung,” Universität Bremen, 2001, Habilitationsschrift.

[5] G. Denk, “The Simulation of Oscillatory Circuits: An Efficient Inte-
gration Scheme,” in Progress in Industrial Mathematics at ECMI 94,
H. Neunzert, Ed. John Wiley and B. G. Teubner, 1996, pp. 295–300.

[6] H. G. Brachtendorf and R. Laur, “A time-frequency algorithm for the
simulation of the initial transient response of oscillators,” in Proc. IEEE
Int. Symp. on Circuits and Systems, Monterey, June 1998.

[7] P. Maffezzoni, “A Versatile Time-Domain Approach to Simulate Oscil-
lators in RF Circuits,” Circuits and Systems I: Regular Papers, IEEE
Transactions on, vol. 56, no. 3, pp. 594–603, 2009.

[8] P. Feldmann and J. Roychowdhury, “Computation of circuit waveform
envelopes using an efficient, matrix-decomposed harmonic balance al-
gorithm,” in Proc. ICCAD-96, 1996.

[9] P. A. Lagerstrom, Matched Asymptotic Expansion. Berlin: Springer,
1988.

[10] H. G. Brachtendorf, “On the relation of certain classes of ordinary differ-
ential algebraic equations with partial differential algebraic equations,”
Bell-Laboratories, Tech. Rep. 1131G0-971114-19TM, 1997.

[11] J. Roychowdhury, “Efficient methods for simulating highly nonlinear
multi-rate circuits,” in Proc. IEEE Design Automation Conf., 1997, pp.
269–274.

[12] T. Mei, J. Roychowdhury, T. Coffey, S. Hutchinson, and D. Day,
“Robust, stable time-domain methods for solving mpdes of fast/slow
systems,” Computer-Aided Design of Integrated Circuits and Systems,
IEEE Transactions on, vol. 24, no. 2, pp. 226 – 239, feb. 2005.

[13] R. Pulch and M. Günther, “A method of characteristics for solving
multirate partial differential equations in radio frequency application,”
Appl. Numer. Math., no. 42, pp. 399–409, 2002.

[14] K. Bittner and H.-G. Brachtendorf, “Optimal frequency sweep method in
multi-rate circuit simulation,” COMPEL, vol. 33, no. 4, pp. 1189–1197,
2014.

[15] E. Gad, R. Khazaka, R. Nakhla, and R. Griffith, “A circuit reduction
technique for finding the steady-state solution of nonlinear circuits,”
Microwave Theory and Techniques, IEEE Transactions on, vol. 48,
no. 12, pp. 2389–2396, Dec 2000.

[16] K. Bittner and H.-G. Brachtendorf, “Trigonometric splines for oscillator
simulation,” in 22nd International Conference Radioelektronika, 2012,
pp. 1 – 4.

[17] H. G. Brachtendorf, Simulation des eingeschwungenen Verhaltens elek-
tronischer Schaltungen. Aachen: Shaker, 1994.

[18] H. G. Brachtendorf, G. Welsch, R. Laur, and A. Bunse-Gerstner,
“Numerical steady state analysis of electronic circuits driven by multi-
tone signals,” Electronic Engineering, vol. 79, no. 2, pp. 103–112, April
1996.

[19] E. Ngoya and R. Larchevèque, “Envelope transient analysis: A new
method for the transient and steady state analysis of microwave com-
munication circuit and systems,” in Proc. IEEE MTT-S Int. Microwave
Symp., San Francisco, 1996, pp. 1365–1368.

[20] V. I. Arnold, Geometrical Methods in the Theory of Ordinary Differential
Equations, 2nd ed. Springer, 1988.

[21] R. Melville, S. Moinian, P. Feldmann, and L. Watson, “Sframe: An
efficient system for detailed dc simulation of bipolar analog integrated
circuits using continuation methods,” Analog Integrated Circuits and
Signal Processing, vol. 3, no. 3, pp. 163–180, 1993.

2015 Design, Automation & Test in Europe Conference & Exhibition (DATE) 1167



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (None)
  /CalCMYKProfile (None)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.7
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo false
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 200
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages false
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 200
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 400
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<


    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200036002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200036002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>



    /HUN <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 6.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200036002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 6.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>


    /SKY <>

    /SUO <>
    /SVE <>
    /TUR <>

    /ENU (Use these settings to create Adobe PDF documents suitable for reliable viewing and printing of business documents.  Created PDF documents can be opened with Acrobat and Adobe Reader 6.0 and later.)
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


