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Abstract— Statistical design approaches have been studied
intensively in the last decade so as to deal with the process
variability, and statistical delay fault testing is one of key
techniques for the statistical design. In order to represent the
distributions of timing information such as a gate delay, a signal
arrival time, and a slack, various techniques have been proposed.
Among them, Gaussian mixture model is distinguished from the
others in that it can handle any correlation, non-Gaussian
distributions, and slew distributions easily. However, the
previous method of computing the statistical maximum for
Gaussian mixture models has a defect such that it produces a
distribution similar to Gaussian in a certain case, although the
correct distribution is far from Gaussian. In this paper, we
propose a novel method for statistical maximum (minimum)
operation for Gaussian mixture models. It takes cumulative
distribution function curve into consideration so as to compute
accurate criticalities (probabilities of timing violation), which is
important for detecting delay faults and circuit optimization. The
proposed method reduces the error of criticality almost 80%
from the previous method.

Keywords- criticality; probability of timing violation; statistical
static timing analysis; Gaussian mixture model; cumulative
distribution curve

1. INTRODUCTION

Due to the progress of nanometer process technologies,
variability of circuit parameters is increasing and timing
verification becomes a hard task[1]. To overcome the
variability issue in the timing design, statistical static timing
analysis (S-STA) has been studied intensively in the last
decade[2]. The proposed S-STA algorithms are classified into

two types; path-based approach and block-based approach[3-8].

Moreover, they can be classified into two types by the way to
represent the distributions; one uses Gaussian distribution
only[3,4] and the other uses non-Gaussian distribution[5-8].
Among them, the algorithms using Gaussian distribution can
handle not only spatial correlation but also topological
correlation caused by reconvergent paths easily. However, the
distribution of the maximum (or minimum) of two Gaussian
distributions is not Gaussian[2].

To handle non-Gaussian distribution, various methods have
been proposed[5-8]. Among them, Gaussian mixture model
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proposed in [8] is distinguished from the others, in that it can
handle not only the spatial correlation but also the topological
correlation easily, because the distribution is represented by a
probability weighted sum of Gaussian distributions. Moreover,
slew distributions and the effects of slews to gate and
interconnect delays can be handled[8].

The easiness of handling correlations is an important
feature to select paths statistically for delay fault testing[9,10],
because the path selection must be conducted by considering
the criticality of a path and/or criticalities of an edge and a
vertex. The criticality is defined by the probability for the slack
Dp—Dy to be negative, where D, and Dy are the latest arrival
time (or the maximum delay) and the required arrival time,
respectively. Both D, and Dy are random variables (RVs),
unless the arrival times are considered at a primary output, and
we must take correlations into account so as to find their
accurate distributions.

Moreover, when calculating the conditional probability Pc
= Pr[ Dp;>Dp, | Max[Dp;,Dp;]>7 ] for the delay Dp; of path P1
to be larger than the delay Dp, of path P2 under the condition
that Max[Dp;,Dp;] is larger than the cutoff delay T (constant),
we must take the correlation between Dp; and Dp, into account.
Because even if the delays of all gates are independent each
other, Dp; and Dp, may have a correlation, if P1 and P2 have a
common gate. This probability Pc is useful in delay fault
testing and in inserting a canary flip-flop[11], since if Pc is
almost 1, we can get rid of path P2 from our consideration.

Although Gaussian mixture model has remarkable features,
the maximum operation proposed in [8] has a defect such that it
may produce a distribution like a Gaussian, when the correct
distribution is quite different from Gaussian. Hence, the error
of criticality may become large. Such a distribution is produced
because the method in [8] considers only the mean and
variance of the correct distribution but not its shape.

In this paper, we propose a novel method for statistical
maximum (minimum) operation for Gaussian mixture models,
which considers the shape of cumulative distribution function.
The proposed method for the statistical maximum never
produces a worse distribution shape than the method in [8],
since the proposed method cover the method in [8], and we can
attain almost 80% accuracy improvement from the method in



[8]. Since the minimum operation is quite similar to the
maximum operation, we explain the maximum operation only
in this paper.

II.  GAUSSIAN MIXTURE MODEL

The block based S-STA algorithm[3-8] represents a given
circuit by a directed acyclic graph G=(N,4), and processes each
vertex we N in the topological order. At a vertex w into which
two edges ea=(va,w) and eg=(vp,w) are incident, signal arrival
time (or delay) D(w) = Max[D(e,), D(e)] is computed, where
D(en) = D(va)td(ea), D(ep) = D(vp)t+d(ep), and d(es) and d(ep)
are the delays of edges eac 4 and ege 4, respectively. Since
these delays d(e), D(e), and D(w) are all RVs, we need
statistical maximum operation as well as statistical addition.

As is done in [8], we represent the distribution of delay D
by 2-GMM (Gaussian mixture model consisting of 2 Gaussian
distributions), that is, we denote its probability distribution
function (PDF) by the following form:

1 D—pup1 1 D—-pp;
f(D)=P1'c—m'¢(G—m)+Pz'c—m'¢(c—m) (1
Here, ¢(e) is the PDF of the standard Gaussian distribution
N(0,1),

o(x) = \/% -Exp [— xz—z] (2)

and P, and P, are probabilities satisfying P,+P, = 1, which are
called mixture proportions of two Gaussian distributions
N(},LDl,GDlZ) and N(},LDZ,GDZZ). Henceforth, we assume pp; <
Up2, and call the Gaussian distribution N(uDi,(sDiz) (i€ {1,2})
the i-th component of 2-GMM. Moreover, we assume that the
delay d(e) of an edge e does not have the second component
(P, =0), and denote cumulative distribution function (CDF) of
N(0,1) by ®(e).

D) = [ d(2)dz 3)

As usually done[1], we assume that the i-th component of D
is represented by a first order canonical form of a local RV xp;
and n global RVs 7, (1<g<n),

D; = pup; + sxi[D]-xp; + Xg=154i[D] 1 4
where D; (i€ {1,2}) is the RV representing the i-th component
of D, and s,;[D] and sy;[D] are the sensitivities of the i-th
components of D to xp; and 7, respectively. We assume that
xpi (i€ {1,2}) and r, (1<g<n) are all N(0,1) and independent
each other. Therefore, the mean E[D;] of D; is Up;, and the
variance V[D;] of D; is the following.

V[D;] = s4;[D]* + ¥5-154;[D]? %)

Let Dyj (je {1,2}) and Dy (ke {1,2}) be RVs representing
the j-th component of delay D, and the k-th component of Dg,
respectively, and Cj[Da,Dg] = C[D,j,Dzi] be the covariance
between D,; and Dg obtained by regarding each distribution
of D,j and Dgy as a single Gaussian. Moreover, let x,; ~ N(0,1)
and xg, ~ N(0,1) be the local RVs of D, and Dgy, respectively,
and Cj]i([DA, Dg] be the part of Cy[Da,Dg] generated by these

local RVs, which we call the local covariance of Ci[Da,Dg].
Namely, if we introduce the correlation coefficient R[xj,xpk] =

Clxaj.xpi] between x,; and xpy, then lei([DA, Dg] is the term
written by the following equation.
Cii[Da, Dg] = s;[Dal-sxk[Dp]-R[xaj Xpi] (6)

We keep the value of local covariance, and use it to compute
covariance Cj[D,Dg] by the following equation.

Cjk[Da, Dg] = Cjic[Da, Dg] + X5-1 5g;[Dal-sgk[Ds]  (7)

III. MAXIMUM OPERATION

Let us consider the distribution of the maximum Dy =
Max[Da,Dg] of RVs D, and Dg whose distributions are
represented by the following 2-GMMs, respectively.

fa(Da) = Xje(1,2) Paj '(,LA].'(I) (DAG;A:LM> (3
fe(Dg) = Yke1,2) Poi * ULBk*P (%) )

In order to find the distribution of Dy, we introduce a JPDF of
D, and Dg represented by the following equation

P, (Da, Dg) =

po 14 (PATHaj De-mp, )
Bikein P ooty (202, 2 o ) (10)
where ¢(x,y:p) is the standard Gaussian JPDF
. _ 1 . _ x2—2p»x-y+y2
¢2(X, yip) = 2myip? exp [ 2(1=p?) ] (11)

and P’y (j,ke {1,2}) is the mixture proportion of the j-k
Gaussian JPDF satisfying P’} + P’ =Py, P’y + P’ =Ppy =
1- PAla P’ll + P’Zl = PB17 and P’IZ + P’zz = PBZ =1- PBI- Flg 1
shows an image of such a JPDF, where ellipses are contour
lines of each Gaussian JPDF. Henceforth, the j-k Gaussian
JPDF of the JPDF of D, and Dy is called the j-k component of
JPDF 5.

The distribution of Dy is composed of the distribution of
D, in the area of D, = Dy and that of Dy in the area of Dy <
Dg, and these distributions of D, and Dy are composed from
four j-k components of JPDF 5. Therefore, the distribution of
Dy is approximated by an 8-GMM consisting of 8 Gaussian
distributions. Namely, if we denote the distribution obtained
from the area of D, = Dy by q = 1 and that from the area of Dg
> Dy by q = 2, then the PDF of 8-GMM of Dy can be
approximated by the following equation.

fs (DM) = Zj,k,qe{l,z} ijq id’ <M> (12)

Ojkq

Figure 1. JPDFag of Ds and Dsg.



As shown in [8], since the j-k component of JPDF,p is a
single Gaussian JPDF, the mixture proportion Pj,, the mean
Eixg[Dm] = Mikg» and the second moment Ejkq[DMz] = ijqz +
ujqu of the j-k-q component of 8-GMM can be computed
precisely. Moreover, the covariance Cjxqn[Dwm,Z] between the j-
k-q component of 8-GMM of Dy; and the h-th component of
other RV Z can be computed precisely, too. Due to the limited
space, we omit the equations to compute these values.

The problem to be solved is to represent the distribution of
Dy by a 2-GMM
— 1 DM—HMmi
f2(Dw) = Sicguzy Pui 50 (Pt (13)
such that the first moment Y ¢ 23 Pyi - i and the second
moment Yic(1,2) Pui + (omi? + 1y °) are matched to those of 8-

GMM, respectively, and the shape of distribution is as close as
possible to that of 8-GMM.

The method in [8] matched these moments, but composed a
2-GMM in a fixed way without taking the shape of the
distribution into account. Namely, if probability Pr[D,>Dg]
= Yjkef1,2) P1 0.5 (case 1), then the first component of 2-
GMM is composed from the four components of 8-GMM with
q =1, if Pr[Ds>Dg] = 1 (case 2), then from those with j = 1,
and if Pr[D,>Dg] = 0 (case 3), then from those with k = 1. The
second component of 2-GMM is composed from the remaining
four components of 8-GMM. Hence, in the case 1, it happens
that a 2-GMM with a different distribution from the
distribution of 8-GMM 1is produced. Thus, the criticalities
computed from such a 2-GMM may have errors.

For the case 1, we propose a new method of generating a 2-
GMM by taking the shape of CDF of 8-GMM into account. For
the case 2 or 3, we use the method in [8], since 4 probabilities
Pjq of j-k-q components with g=2 and q=1 are almost 0 in the
cases 2 and 3, respectively, and the method in [8] can produce
an appropriate 2-GMM.

The new method first approximates the CDF of 8-GMM by
a piecewise linear function consisting of 17 lines with 16 joints,
and then fits the middle 15 lines by 2 lines with one joint[12].
Finally, by using the coordinate of the joint of the 2 lines, we
divide 8 components of 8-GMM into two groups each of which
composes a component of 2-GMM. This is done as follows.

For each j-k-q component N(ujkq,cjqu) of 8-GMM, we
introduce a uniform distribution I with the mean L, and the
variance Gj,”. Let Yjq(Dy) be the PDF of I, and Liy, and Ry,
be the minimum and maximum boundaries of I, Then, we
can approximate the PDF fy(Dy) of 8-GMM by y(Dy) =
Yikaqe(1,2} Pkq -yjkq(DM). The CDF T'(Dy) of PDF Y(Dy) is
composed of 17 lines and has 16 points to joint two
consecutive lines, unless two different uniform distributions
have the same minimum and the maximum boundary (if it
happens, the numbers of lines and joints decrease). We denote
these joints by points (i,,A,) on a 2-dimensional space with
coordinates k and A, where k corresponds to Dy;and 0 <A< 1.

In order to fit the middle 15 lines of CDF I'(Dy) by 2
lines[11], we concentrate on the part where the CDF curve

changes steeply, by discarding the joints (k,,A,) such that A, is
smaller than the threshold value A1 or greater than 1-Ar. In the
experiment, we set Ar = 0.03. Let (i5,,A,) (pL < p < pr) be the
remaining joints, for which we find two lines A = a;-x + b; and
A = ayk + b, with one joint (ky,Ay) by the least squares
method. Namely, we try to hold a;-ky + by = ay Ky + by = Ay
and to minimize the sum of square errors (ay %, + b, — 7»,,)2 at x;,
(pL £p <pr), where h=1if x, < Ky and h =2 if Ky < K.

With the use of the joint coordinate 1y, we divide 8

uniform distributions Ijq into Ul = { (,k,q) | Kjig < ¥m §, U2 =
£ Gk | Mg > K 1, and U3 = { (k) | tq = Ko . If UL is
empty, then there exist only minimum boundaries Liyq to the
left of ky. Hence, we change Ul to the set of (j,k,q) such that
the minimum boundary L is located in the left one third
interval of the range between the smallest boundary L =
Min[lyq | j,k,qe {1,2} ] and xy. If U2 is empty, we modify U2
similarly.

By using these sets Ul, U2, and U3, we partition 8§
components N(Wjq,0ikq-) of 8-GMM into two, each of which
composes a component of 2-GMM of Dy as follows.

Puii-tmi = X kq)<Ui Pkq Hikg T % 2Gkq)<us PrqgMikg  (14)
Pui-(omi® + i) = X(ikq)<ui Pikg' (Ojkq” + Mikg?)
+%'Z(j,k,q)eU3 Piq (Ojkq”® + Mjkg?)  (15)
wherei=1 or 2, and
Pu1 = X kaqyeut Prg T % X kq)eu3 Pkq (16)
Pz =1 =Py (17)
In order to calculate the covariance C;,[Dy,Z] between the i-

th component of Dy thus obtained and the h-th component of
other RV Z, we match the covariances,

Yic(1,2) PviCin[Dwm, Z] = ¥jiqe(1,2) Pikq Cikgn[Pm, Z] (18)
Hence, we determine C;,[Dy,Z] as follows:
Pui-Cin[Dm, Z] = X xq)<ui Piq Cikgn [Pm, Z]

1
+3 - Xk <us Prq Cikgn[Dm, Z] (19)

Therefore, the sensitivity sgi[Dm] = Cii[Dwm,re] of the i-th
component of Dy to each global RV 7, is calculated from this
equation.

On the other hand, the sensitivity sy;[Dy] of the i-th
component of Dy to local RV xy; of Dy, is calculated by

Sx,i [DM]2 = GMiZ - Z§=1 Sgii [DM]2 (20)
If the right hand side of this equation becomes negative, we set
sxi[Dm] = 0 and modify each sy ;[Dy] by multiplying the factor

omi/ Yg=1SgilDm]? as is done in [4].

The local covariance C} [Dy;, Z] of Ci,[Dy,Z] between the i-
th component of Dy; and the h-th component of Z is calculated
by the following equation.

Ch[Dum, Z] = Cin[Dy, Z] — X8y Sgi[Dul-sgnlZ] 1)

However, as shown in Eq.(6), the local covariance Cf; [Dy, Z]



must satisfy |Ch[Dy, Z]| < |syi[Dml-sxnlZ]| . Therefore, if
Ch[Dy, Z] calculated by Eq.(21) does not satisfy this
inequality, then C}; [Dy;, Z] is set to sy ;[Dy]-sxnl[Z].

IV. EXPERIMENTAL RESULTS

In order to see the effect of the proposed methods, we
considered RVs D, and Dg whose PDFs are shown in Fig. 2 by
a solid line and a dotted line, respectively. The correlation
coefficient pj, and mixture proportion P’ of the j-k component
of the JPDF 5 are pj, = 0.5 and P’y = 0.25, respectively, for all
j-k components. In the figure, the PDF of 8-GMM of Dy =
Max[D,,Dg] is also shown by a broken line.

Figure 3 shows various PDFs of Dy. In Fig.3(a), the broken
line is the PDF of 8-GMM, and the dotted line is the correct
PDF obtained by a numerical computation. Since they are
almost same, the difference cannot be seen from this figure.
The solid line (new 2GMM) is the PDF of 2-GMM obtained by
the proposed method, and the same PDF is shown in Fig.3(b)
by a solid line. In Fig.3(b), the broken line (old 2GMM) is the
PDF of 2-GMM obtained by the method in [8], and the dotted
line is the Gaussian with the same mean and the variance. From
these figures, we can see that the proposed algorithm generates
an accurate distribution of Dy;.

In Fig. 4, the differences of CDFs of 2-GMMs from that of
8-GMM are shown, where the broken line is the difference of
the method in [8] and the solid line is that of the proposed
method. From this figure, we can see that more than 80% error
reduction can be achieved.

V. CONCLUSION

In this paper, we proposed a novel method of statistical
maximum (minimum) operation for Gaussian mixture models.
The method generates a 2-GMM such that the first two
moments match those of 8-GMM and the CDF curve fits that
of 8-GMM. By using this 2-GMM, we can increase the
accuracy of criticalities. Therefore, the method is useful in
delay fault testing and circuit optimization. We are now
investigating the performance of the S-STA algorithm using the
proposed method by ISCAS bench mark circuits.
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