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Abstract

Symbolidechniquesusuallyusecharacteristicfunctions
for representingsetsof states. Booleanfunctionalvectors
provide an alternate set representationwhich is suitable
for symbolicsimulation. Their use in symbolicreata-
bility analysisand modelcheding is limited, however, by
the lack of algorithmsfor performingsetopemations. e
presentalgorithmsfor setunion, intersectionand quantifi-
cationthatworkwith a canonicalBooleanfunctionalvector
representatiorand showhowthis enablesfficientsymbolic
simulationbasedreadability analysis. Our experimental
resultsfor reacability analysisindicate that the Boolean
functionalvectorrepresentations oftenmore compacthan
the correspondingcharacteristic function, thus giving sig-
nificantperformanceémprovement®n somebendmarks.

1. Intr oduction

Binary DecisionDiagrams(BDDs)3] enablecdthe effi-
cientrepresentatioandmanipulationof boolearfunctions.
SymbolictechniquesuseBDDs to encodeand manipulate
setsof statesfor automaticverificationtechniquedasedn
state-traersal,suchassymbolicmodelchecking. Themost
commonencodingusedfor state-setss the characteristic
functionrepresentatiorBooleanfunctionalvectorsprovide
analternatethoughnot aswidely usedrepresentation.

Booleanfunctionalvectorsrepresent bit-level decom-
positionof the state-sewhich is suitablefor symbolicsim-
ulation. Thedecompositioris oftenmorecompacthanthe
equivalentcharacteristidunctionrepresentationHowever,
while therearestraight-forvardalgorithmsfor setmanipu-
lationswith characteristidunctions,similar algorithmsdo
not exist for Booleanfunctionalvectors.

In an early paperon symbolic statetraversal, Coudert,
Berthetand Madre [6] usedsymbolic simulationfor the
image-computatiostepin reachabilityanalysis,as shovn
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in Figurel. Startingwith the setof initial statesthey itera-

tively performimagecomputatioron a givencircuit model.

Theunionof theobtainedmageandthe previouslyreached
stateggivesthe setof reachedstatesfor thatiteration. The

procedurestops(Loop Control)whenno new statesaredis-

covered,i.e., afix-pointis reached A selectionheuristicis

usedto choosethe smallerof the newly discoseredstates
andall thediscoveredstatedor thenext iteration.

Theimagecomputatiorwasperformeday symbolicsim-
ulationwith Booleanfunctionalvectors. However, all set-
manipulationwas donewith characteristidunctions. The
conversionbetweenthe two representationss costly and
sinceit createshecharacteristidunctionanyway, thereare
no benefitso usingBooleanfunctionalvectors.

In [7], CoudertandMadrereplaced¢hesymbolicsimula-
tion with arangecomputatiorby constraininghetransition
functionswith the characteristidunction. This avoidsthe
corversionfrom characteristidunctionsto Booleanfunc-
tion vectors.To corvertthe Booleanfunctionalvector(ob-
tainedfrom therangecomputation}o a characteristi¢unc-
tion, they proposedtwo algorithmsbasedon recursvely
splitting the vector While most state-traersal programs
todayusethetransitionrelation approachwith partitioned
transition relationsand early quantification[8], the tran-
sition function approachof recursve splitting is still used
sometimese.g.,in [11] whereahybrid approachs usedef-
fectively. However, in almostall reachabilityanalysis the
characteristidunction is usedasthe primary setrepresen-
tation. McMillan’s conjunctive decompositior{10] is one
approachwherethis is not the case. As we shaw in Sec-
tion 2.7,thisdecompositioris closelyrelatedo theBoolean
functionalvectorrepresentation.

Booleanfunctional vectorsare also usedin Symbolic
TrajectoryEvaluation(STE)[4 whichis asymbolicsimula-
tion basedmodelcheckingtechnique.However, the speci-
ficationlanguagés restrictedanddoesnotrequirefix-point
computationsthusavoidingthe needfor setmanipulations.

In this paperwe presentalgorithmsfor setunion, inter
sectionandquantificationthatwork directly on a canonical
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Figure 1. ReachabilityAnalysiswith the Coudert,Berthet,Madre[6] approach State-setarerepresentedhy their characteristic
functionsfor setmanipulatiorandBooleanfunctionalvectors(BFVs) for image-computatioby symbolicsimulation.

Booleanfunctionalvectorrepresentatiofwe do nothave a
negationalgorithm). Thesealgorithmsdo not constructthe
characteristidfunction either explicitly or implicitly, thus
enablinga symbolic simulationbasedstate-traersalusing
Booleanfunctionalvectorswithout payingthe pricefor un-
necessargorversions.

2 SetRepresentationand Manipulation

A characteristidunction represents& constraintwhich
mustbe satisfiedfor avectorto bein theencodedset.Con-
siderthe set of vectorsS = {000,001,010,011,100,101}
(we abbreviate bit-vectorswith bit-strings, e.g., 000 for
[0,0,0]). In our example,if we usevariablesvy,v, andvs
for the first, secondandthird bits respectiely, the charac-
teristicfunctionis xs = —v1 + -V (Tablel). Thisexpresses
the constrainthatthefirst two bits cannotbothbe 1.

Formally, given variablesV = (vp,...,vn) and B =
{0,1}, acharacteristicfunctionys(V) representsheset:

S={X € B"|xs(X) =1}

Booleanfunctional vectors,on the other hand, map a
giveninputvectorto avectorin the encodedset. For exam-
ple,thesetS= {000,001,010,011,100 101} canberepre-
sentedby the BooleanfunctionalvectorF = [v1,—v1V2, V3]
asshavnin Tablel.

In generalaBooleanfunctionalvectorrepresenttheset
of Booleanvectorsgivenby its range.Formally, givenvari-
ablesV = (vi,...,vn) and B = {0,1}, the Booleanfunc-
tional vectorF = [f1(V),..., fa(V)] representsheset:

Rang(F) = {X € B"|3Y € B™.F(Y) =X}
2.1 Canonical Representation

Unlike the characteristicfunction, the Boolean func-
tional vectorrepresentationf a setis not unique.The vec-
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Table 1. Representing setby its characteristidunction
andaBooleanfunctionalvector

tors[vi, =1V, va] and[vi—va, Vo, V3 + V4] bothrepresenthe
set{000,001,010,011,100,101}. Also, thereis noBoolean
functionalvectorfor theemptyset.

However, for non-emptysets,it is possibleto obtaina
canonicaBooleanfunctionalvectorrepresentatioby plac-
ing somerestrictiong6, 13]. The emptysetcanbetreated
asaspecialcase.

Firstly, we useexactly the samenumberof variablesas
the numberof vector components. Each variable corre-
spondgo a choicefor onecomponentThe functionalvec-
tor thenrepresents mappingfrom the setof all n length
vectorsontothe setbeingrepresented.

The secondestrictionplacedis thata vectorwhichis in
the setmustbe mappedo itself. Thirdly, we usea distance
metricto mapvectorsnotin the setto the nearestectorin
the set. For vectorsX = [Xq,...,X)] andY = [y1,...,Yn] the
distances definedoy d(X,Y) = S, 2™ (x @ y).

Thedistancemetricensuresiniqguenesg,e.,notwo vec-
torsareequi-distanfrom a givenvector Notethatwe have
assigneddecreasingveightsto the bits, startingwith the
first bit. In generaladifferentorderingcouldbeusedto as-
signweights. This correspond$o a permutatiorof the bits.
We referto this orderasthe componenbrder.



For the setS= {000,001,010,011,100,101}, if we use
the choicevariablesvi, v, andvs for the first, secondand
third bits (vector components)respectiely, we get the
canonicalsymbolicencodingF = [v1,-V1V2, V3], shovn in
Tablel.

Givena characteristidunctionfor a set,the correspond-
ing Booleanfunctionalvectorcanbe obtainedby usingthe
conversionalgorithmsof Coudert BerthetandMadre[6] or
the parameterizatioprocedureof [1]. In our usage how-
ever, we startwith thecanonicalectorsfor elementarysets
andbuild othervectorsby the setmanipulationalgorithms
discussedelon. The distancemetricis never usedexplic-
itly, but the nearesdistancepropertyis maintainedby the
algorithms.

2.2 Interpreting BooleanFunctional Vectors

In developing the set manipulation algorithms for
Booleanfunctionalvectorswe foundit usefulto interpreta
Booleanfunctional vectorasan orderedselectionprocess,
startingwith the highestweightedcomponent.

For S={000,001,010,011,100,101}, we can choose
thefirst bit to beeither0 or 1. We usethechoicevariablev;,
to representhis free-doice The valueof the secondbit is
restrictedby our selectionof thefirst bit. Whenthefirst bit
is choserto be 0, the secondhit canbeeither0 or 1. How-
ever, if thefirst bit is choserto be 1, thesecondit is forced
to be 0. This dependengis capturedby the secondcom-
ponentfunction —v1v,. The third bit value, which canbe
chosenindependenbf thefirst two choices,is represented
by the choicevariablevs.

In generalthei-th componenwill dependon thefirsti
variablesonly. Thei-th componenttanbe representeds
fi = fi1+ ffvi wherey; is thei-th choicevariableand fi1
and f¢ arefunctionsof thefirst (i — 1) variables.Thefunc-
tion fi1 representshe conditionunderwhich f; is forced-
to-onebecausef previous selectionchoices. f° represent
theconditionunderwhichwe have afree-hoicefor fj. The
forced-to-zeo () condition doesnot appearin f; but is
easilycomputedsincethethreeconditionsaremutually ex-
clusive andcomplete Any two of thethreefunctionsf?, f°
and f° aresufficientto definethei-th component.

2.3 SetUnion

With the selectioninterpretationof Booleanfunctional
vectors anaive unionalgorithmsuggest#self. In selecting
a vectorfrom the union, we canchoosefrom either of the
operandsets.Hence thei-th components forcedto avalue
in theuniononly whenit is forcedto thatvaluein bothsets.
If we have a free-choicein eitherset, or if onesetallows
usto choosel andthe other0, we have afree-choicen the
unionfor thatcomponent.

Considercomputingthe union S of the setsS = {000}
and S = {011}, representecby the functional vectors
[0,0,0] and [0,1,1] respectiely. Sincethe first compo-
nentis forced-to-zerain both sets, it is forced-to-zeroin
theunionaswell. Fortheseconccomponentye getafree-
choicesinceonesetallows 0 while theotherallows 1. Sim-
ilarly, by our naive algorithmwewould getafree-choiceor
thethird componento give usthe Booleanfunctionalvec-
tor [0, 2, v3] correspondindo the set{000,001,010,011},
anover-approximatiorof the correctunion.

The problemoccursbecausafterwe make a choicefor
the secondbit in our example,we restrictoursehesto one
of thetwo setsand,hencewe do not have afree choicefor
thethird bit whichis forcedto oneor zerodependingnthe
choicemadewith v».

In orderto computetheBooleanfunctionalvectorH cor
respondingo the union of (the setsrepresentedy) F and
G, we computeexclusionconditionsF* and G*. Initially,
neithersetis excluded.

fX =0
g =0

Whenever we do make a choicethat restrictsus to one of

the sets,we updatethe exclusion conditionsto restrictthe
selectionprocedureo theremainingset. A setis excluded
while selectingthei + 1 componentitherif it hasalready
beenexcludedearlier or its i-th components forcedto a
valueandwe selectedhe othervalue:

fi)-(l-l = fiX + fio - hi + fil - _|hi

g4 = G+g’-hi+g'-—h
Theunioncannow becomputedas:

hi; = fi;'gi;+ fi;'gf(+ fix'gé

' = g+ g+ g

Thei-th bit is forced-to-onen the unionif it is forced-
to-onein boththesetsor if onesetis excludedandthebit is
forced-to-onen theotherset. Theforced-to-zera&omputa-
tionis similar.

2.4 Setlintersection

Consider the sets § = {000,010} and S =
{001,010,011} representecdy the vectorsF = [0,v2,0]
and G = [0,v2,—V2 + V3] respectiely. While selectinga
vectorfor theintersectionwe cannotchoosethe secondit
to be0 sincethatwould give conflicting valuesfor the third
bit.

A conflict is introducedwhen a bit is forced-to-onen
onesetandforced-to-zeran theother To handlethesecon-
flicts, we introduceeliminationconditionskE. Thefunction
g representshe conditionswhich leadto a conflict down-
stream,irrespectve of the remainingchoices. Sincethere



are no downstreamcomponentgor the n-th bit, it's elim-
ination condition e, is 0. The elimination conditiong_1
includesconflictingchoicedor thei-th bit positionandalso
further downstreamconflicts which cannotbe resolhed by
eithervalueof thei-th choicevariablev;:

en = 0
a1 = fOgl+f-gd+vve

For our example, the elimination conditions are E =
[07 V2, 0]

Before computingthe intersection,we should normal-
izetheoperandsetsby propagatinghe constraintsmposed
by the eliminationconditionsto remove the conflictinduc-
ing choices.In the example,we would getthe normalized
setsF, = [0,1,0] and G = [0, 1,vs] by substitutingl for
Vs to eliminatevectorswith the secondbit 0. However, we
cancomputean approximationto the intersectiorwith the
original setsandthenmalke a final (forward) passto prop-
agatethe elimination constraints.The approximationK is
obtainedby:

fi:L + g|:L + € ‘Vi=0

kil
] fio+gi0+a\vi:l

The correctintersectionis obtainedby substitutingthe
restrictedchoicesfor the choicevariables:

b
1t
hiva = Kialvjen;i<i<i
W = Kialvienigisi

The intersectionalgorithmrequiresa quadratichumber
of BDD operationsIn symbolicreachabilityanalysis(Fig-
ure 2), however, we use symbolic simulation for image
computationand thus avoid intersectionas part of the re-
lationalcrossproduct.

2.5 Cofactorsand Quantification

We can computethe Shannon-cadctorsof vectorF by
cofactoringtheindividual componentsi,e.,

I:|><=c = [fl|x:ca ) fn|x:c]

wherec is either0 or 1. This correspondso fixing a value
for achoicevariable.

Existential and universalquantification(set smoothing
andconsensusganthenbe computedby the unionandin-
tersectiorof the cofactorswith respecto thevariablebeing
quantified!

IxXF = F|X=0 U F|X=l
VX.F = Fleo n F|X=1
1Thisis the sameexpansionasthe domainpartitioningin [6, 7]. How-

ever, sincewe have a union algorithm,we do not necessariljhave to split
recursvely.

In reachability analysis (Figure 2), we will existentially
guantify out the variablescorrespondingdo the inputsand
thechoicevariabledfor the currentstateelementsaspartof
there-parameterizatioproceduredescribedelow.

2.6 Re-Parameterization

Startingwith acanonicafrepresentationf theinputs,we
canobtaina Booleanfunctionalvectorfor the outputsof a
circuit by symbolic simulation. This vector, which repre-
sentseachoutput value as a function of the input choice
variables,must be re-parameterizedo obtaina canonical
representatiofor the output.

The re-parameterizatiois doneby existentially quan-
tifying the input choice variables. In general,ary non-
canonicaBooleanfunctionalvectorcanbe madecanonical
by this procedurepy quantifyingout the variablesusedin
thenon-canonicalorm.

2.7 RelatedWork

In [10], McMillan considersa canonicakonjunctive de-
compositionof characteristidunctions. We now show that
this decompositioris closelyrelatedto the Booleanfunc-
tional vector

Given the choice variablesV = (vi,...,v,) and the
(canonical)BooleanfunctionalvectorF = [fy,..., fy], the
vector F = [vi & f1,...,vq & fy] representsa conjunc-
tive decompositiorof thecharacteristidunctionfor the set,
i.e., Xima(F) = AiL1(vi < fi). The differencebetweenF
and F is that F mapsan input vector to a vectorin the
representedetwhile F represents vectorof constraints,
one for eachbit, which must be satisfiedfor set mem-
bership. Thus, f; = fil + ffv; evaluatesthe i-th bit while
fi = flvi + £9-vi + f¢ is aconstraintor thei-th bit.

The paperalsogivesalgorithmsfor setmanipulationus-
ing theconjunctvedecompositionvhich, giventheconnec-
tion above, arein essencgerformingthe sameoperations
asour algorithms. The algorithmsfor the conjunctive de-
compositiorarebasednthegeneralizedofactoroperation
[6]. WhenthecomponenbrderandtheBDD variableorder
arethe same the BDD constrainoperatorcanbe usedfor
the generalizeccofactor In this case,the algorithmswith
the conjunctive decompositiorrequirefewer BDD opera-
tionsthanwith Booleanfunctionalvectorsandare,hence,
moreefficient.

In [14], the authorspresentan algorithmto corvert a
non-canonicaBooleanfunctional vector into a canonical
form. They do so by maintaininga relation betweenthe
non-canonicabnd canonicalexpressiondor eachcompo-
nent. They alsomentiona possibleoptimization.However,
without moredetails, it is hardto comparetheir algorithm
with our re-parameterizatioprocedure.
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Figure 2. ReachabilityAnalysiswith BooleanFunctionalectors.Ouralgorithmsmale it unnecessarto corvertto characteristic

functionsfor setmanipulationsasis donein Figurel.

3 Symbolic Reachability Analysis with
BooleanFunctional Vectors

Ourapproacho symbolicreachabilityanalysiss shavn
in Figure 2. Unlike Figure 1, we do not convert to
the characteristicfunction at ary stage. Instead, the
re-parameterizatiorand set union are performedon the
Booleanfunctional vectorsusing either our algorithmsor
by convertingto the conjunctve decomposition.

In our experimentsdescribedelow, we usedfixed vari-
ableorderings.Thereasons thatin additionto BDD vari-
ableordering,we needto developcomponenteorderingor
the component®f the Booleanfunctionalvector We used
the sameorderfor componenbrderingand BDD variable
ordering. In this case,it is moreefficient to usethe algo-
rithmsfrom [10], asexplainedin Section2.7.

We performedreachabilityexperimentson someof the
non-trivial ISCAS89benchmarlcircuits. Table2 shavsthe
resultsobtainedand comparegshemwith the reachability
analysismplementedn VIS [2] , usingthe IWLS95 setof
heuristicd12] with default settings.Theresultsfor our ap-
proacharelisted underBFV. Eachrow in thetablelists the
nameof thecircuit, the variableorderingused the runtime

in seconds@indthe peaklive BDD nodecountin thousands.

The variableorderswe used were the static orderingob-
tainedfrom VIS (S1),the staticorderingobtainedfrom our
tool (S2),anorderingobtainedafteraVIS runwith dynamic
orderingenabled(D), ordersfrom the pdtexp distribution
[5] (P) and others(O) availableto us’. The experiments
wererun on an UltraSRARC-II 336MHz with the memory
limit setto 1GB andthetime limit setto 10 hours.

From the table we seethat the new approachperforms

2We only list thosecasesvhereat leastoneof the two toolscompleted
3D andP arebiasedn favor of characteristidunctions

well with s3271ands4863but cannotcompletes3330.0n
the otherhand,we wereableto completes3330with VIS,
but nots3271.For s1512 BFV wasmuchslowerthanVIS.

Thetwo approachedifferin severalaspectse.g.,weuse
a dynamicquantificationschedulebasedon a simple sup-
portbasedcostheuristic.(Computingthe costdynamically
doesnot imposemuchadditionaloverhead sincewe com-
pute supportsto avoid BDD operationson vector compo-
nentsthat do not dependon the variablebeing quantified).
The variableorderingrequirementgor the two representa-
tionscanbequitedifferent.For characteristiéunctionsiit is
essentiathatrelatedvariablesoccurtogetheiin thevariable
order With Booleanfunctionalvectors,the requiremenis
mainly thattheimportantvariablesoccurearlyin the order
Functionaldependencief®] areautomaticallyfactoredout
by the representationConsiderthe characteristidunction
X = (V1 & V2) A (V3 & Va) A (Vs < Vg) Wherea goodvari-
ableorderingis onein which thepairs(vi,v2), (vs3,va4) and
(vs,Vg) occurtogether With the Booleanfunctionalvector,
all orderingsaregoodin this case We believe this property
malesthevariableorderingrequirement¢essrestrictve for
Booleanfunctionalvectors,e.g.,in Table2, BFV is ableto
completethe reachabilityof threeof the benchmarksising
astaticallygeneratedariableordering(S1lor S2).

It is oftenthecasethatthe Boolearfunctionalvectorrep-
resentationis muchsmallerthanthe correspondingharac-
teristicfunction. Table3 lists the sizesof the characteristic
functionandtheBooleanfunctionalvectorfor thereachable
statesof s4863(the sizeof the characteristi¢dunctionBDD
was obtainedby corverting the Booleanfunctional vector
to the correspondingharacteristidunction). The sizefor
BFV is thesharedsizeof all the componentstheindividual
componentsareusuallymuchsmaller which canhelpavoid
theintermediateblowup, e.g. in s4863with orderO, since



VIS - IWLS BFV
Name | Order || time(s) | Peak(K) | time(s) | Peak(K)
s1269| D 600 5958 1185 5691
P 2135 14221 8656 29637
@) 8273 9384 592 2210
s1512| S2 11393 2551 | 18997 784
D 990 1509 T.O.
(0] 13872 1889 | 18963 784
s3271| S2 T.O. 1531 2196
D T.O. 28414 16673
P T.O. 1617 1578
s3330| P 8866 3415 M.O.
0] 4797 19120 T.O.
s4863| S1 T.O. 30 220
D 51 2413 4481 17314
P 1108 2514 17 175
(0] M.O. 19 102

Table 2. Resultfor ReachabilityAnalysiswith fixedvari-
ableordersfor somelSCAS89circuitsusingVIS andwith
Booleanfunctional vectors. T.O.(M.O.) indicatesthat the
time (memory)limit wasexceeded.

Order S1 D P (e
CharFn. | 1455093 3387 | 8241 | 8515
BFV 19686 | 9817 | 6864 | 8851

Table 3. Sizesof the BDD for the characteristidunction
andthesharedsizeof the BDDs for the Booleanfunctional
vectorfor thereachablesetsof s4863

thealgorithmswork on onecomponenatatime.

In summary the Boolean functional vector approach
forms a viable alternatve to the traditional reachability
analysismethod. The propertyof Booleanfunctionalvec-
torsto factorout functionaldependenciesanoftenreduce
thevariableorderingrequirements.

4 Conclusions

We have presentedlgorithmsfor setunion,intersection
andquantificatiorthatwork directlyonacanonicaBoolean
functional vectorrepresentation. Thesealgorithmsenable
efficient symbolicsimulationbasedstate-traersal.Our ex-
perimentsindicatethat in mary casesthe Booleanfunc-
tional vectorrepresentatiois muchmorecompacthanthe
correspondingharacteristidunction. This resultsin sig-
nificantperformancegains.

In future work, we would like to develop a component
reorderingtechniquefor component®f thefunctionalvec-
tor. We would alsolike to develop a symbolic simulation

basedmodelchecler.
We would like to thank Fabio Somenziandthe anory-
mousreviewersfor valuablecomments.
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