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Abstract

Symbolictechniquesusuallyusecharacteristicfunctions
for representingsetsof states.Booleanfunctionalvectors
provide an alternate set representationwhich is suitable
for symbolicsimulation. Their use in symbolicreacha-
bility analysisand modelchecking is limited, however, by
the lack of algorithmsfor performingset operations. We
presentalgorithmsfor setunion, intersectionandquantifi-
cationthatworkwith a canonicalBooleanfunctionalvector
representationandshowhowthisenablesefficientsymbolic
simulationbasedreachability analysis. Our experimental
resultsfor reachability analysisindicate that the Boolean
functionalvectorrepresentationis oftenmorecompactthan
the correspondingcharacteristicfunction,thusgiving sig-
nificantperformanceimprovementson somebenchmarks.

1. Intr oduction

Binary DecisionDiagrams(BDDs)[3] enabledthe effi-
cientrepresentationandmanipulationof booleanfunctions.
SymbolictechniquesuseBDDs to encodeandmanipulate
setsof statesfor automaticverificationtechniquesbasedon
state-traversal,suchassymbolicmodelchecking.Themost
commonencodingusedfor state-setsis the characteristic
functionrepresentation.Booleanfunctionalvectorsprovide
analternate,thoughnot aswidely used,representation.

Booleanfunctionalvectorsrepresenta bit-level decom-
positionof thestate-setwhich is suitablefor symbolicsim-
ulation.Thedecompositionis oftenmorecompactthanthe
equivalentcharacteristicfunctionrepresentation.However,
while therearestraight-forwardalgorithmsfor setmanipu-
lationswith characteristicfunctions,similar algorithmsdo
notexist for Booleanfunctionalvectors.

In an early paperon symbolicstatetraversal,Coudert,
Berthet and Madre [6] usedsymbolic simulation for the
image-computationstepin reachabilityanalysis,asshown

in Figure1. Startingwith thesetof initial states,they itera-
tively performimagecomputationonagivencircuit model.
Theunionof theobtainedimageandthepreviouslyreached
statesgivesthesetof reachedstatesfor that iteration. The
procedurestops(LoopControl)whennonew statesaredis-
covered,i.e., a fix-point is reached.A selectionheuristicis
usedto choosethe smallerof the newly discoveredstates
andall thediscoveredstatesfor thenext iteration.

Theimagecomputationwasperformedbysymbolicsim-
ulationwith Booleanfunctionalvectors.However, all set-
manipulationwasdonewith characteristicfunctions. The
conversionbetweenthe two representationsis costly and
sinceit createsthecharacteristicfunctionanyway, thereare
no benefitsto usingBooleanfunctionalvectors.

In [7], CoudertandMadrereplacedthesymbolicsimula-
tion with arangecomputationby constrainingthetransition
functionswith the characteristicfunction. This avoids the
conversionfrom characteristicfunctionsto Booleanfunc-
tion vectors.To convert theBooleanfunctionalvector(ob-
tainedfrom therangecomputation)to acharacteristicfunc-
tion, they proposedtwo algorithmsbasedon recursively
splitting the vector. While most state-traversalprograms
todayusethe transitionrelation approachwith partitioned
transition relationsand early quantification[8], the tran-
sition functionapproachof recursive splitting is still used
sometimes,e.g.,in [11] whereahybridapproachis usedef-
fectively. However, in almostall reachabilityanalysis,the
characteristicfunction is usedasthe primary setrepresen-
tation. McMillan’s conjunctive decomposition[10] is one
approachwherethis is not the case. As we show in Sec-
tion2.7,thisdecompositionis closelyrelatedto theBoolean
functionalvectorrepresentation.

Booleanfunctional vectorsare also usedin Symbolic
TrajectoryEvaluation(STE)[4] whichis asymbolicsimula-
tion basedmodelcheckingtechnique.However, thespeci-
ficationlanguageis restrictedanddoesnot requirefix-point
computations,thusavoidingtheneedfor setmanipulations.

In this paperwe presentalgorithmsfor setunion, inter-
sectionandquantificationthatwork directly on a canonical
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Figure 1. ReachabilityAnalysiswith theCoudert,Berthet,Madre[6] approach.State-setsarerepresentedby their characteristic
functionsfor setmanipulationandBooleanfunctionalvectors(BFVs) for image-computationby symbolicsimulation.

Booleanfunctionalvectorrepresentation(we do not havea
negationalgorithm).Thesealgorithmsdo not constructthe
characteristicfunction either explicitly or implicitly, thus
enablinga symbolicsimulationbasedstate-traversalusing
Booleanfunctionalvectorswithoutpayingthepricefor un-
necessaryconversions.

2 SetRepresentationand Manipulation

A characteristicfunction representsa constraintwhich
mustbesatisfiedfor avectorto bein theencodedset.Con-
sider the set of vectorsS � � 000� 001� 010� 011� 100� 101 �
(we abbreviate bit-vectorswith bit-strings, e.g., 000 for�
0 � 0 � 0� ). In our example,if we usevariablesv1 � v2 andv3

for the first, secondandthird bits respectively, the charac-
teristicfunctionis χS

��� v1 � � v2 (Table1). Thisexpresses
theconstraintthatthefirst two bits cannotbothbe1.

Formally, given variablesV �
	 v0 ���
���
� vn � and � ��
0 � 1 � , a characteristicfunctionχS

	 V � representstheset:

S � � X ��� n � χS
	 X � � 1 �

Booleanfunctional vectors,on the other hand,map a
giveninputvectorto avectorin theencodedset.For exam-
ple, thesetS � � 000� 001� 010� 011� 100� 101� canberepre-
sentedby theBooleanfunctionalvectorF � � v1 � � v1v2 � v3 �
asshown in Table1.

In general,aBooleanfunctionalvectorrepresentstheset
of Booleanvectorsgivenby its range.Formally, givenvari-
ablesV ��	 v1 �
������� vm � and � � � 0 � 1 � , the Booleanfunc-
tional vectorF � � f1 	 V � �
������� fn 	 V � � representstheset:

Range	 F � � � X ��� n � � Y ��� m � F 	 Y � � X �

2.1 Canonical Representation

Unlike the characteristicfunction, the Boolean func-
tional vectorrepresentationof a setis not unique.Thevec-

v1 v2 v3 χS F
0 0 0 1 000
0 0 1 1 001
0 1 0 1 010
0 1 1 1 011
1 0 0 1 100
1 0 1 1 101
1 1 0 0 100
1 1 1 0 101

Table 1. Representinga setby its characteristicfunction
anda Booleanfunctionalvector

tors
�
v1 � � v1v2 � v3 � and

�
v1
� v2 � v2 � v3 � v4 � bothrepresentthe

set
�
000� 001� 010� 011� 100� 101� . Also, thereis noBoolean

functionalvectorfor theemptyset.
However, for non-emptysets,it is possibleto obtaina

canonicalBooleanfunctionalvectorrepresentationby plac-
ing somerestrictions[6, 13]. Theemptysetcanbetreated
asaspecialcase.

Firstly, we useexactly the samenumberof variablesas
the numberof vector components. Each variable corre-
spondsto a choicefor onecomponent.Thefunctionalvec-
tor thenrepresentsa mappingfrom the setof all n length
vectorsontothesetbeingrepresented.

Thesecondrestrictionplacedis thatavectorwhich is in
thesetmustbemappedto itself. Thirdly, we usea distance
metric to mapvectorsnot in thesetto thenearestvectorin
theset.For vectorsX � � x1 �����
�
� xn � andY � � y1 �����
�
� yn � the
distanceis definedby d 	 X � Y � � ∑n

i � 12n � i 	 xi � yi � .
Thedistancemetricensuresuniqueness,i.e.,notwo vec-

torsareequi-distantfrom a givenvector. Notethatwe have
assigneddecreasingweights to the bits, startingwith the
first bit. In general,adifferentorderingcouldbeusedto as-
signweights.Thiscorrespondsto apermutationof thebits.
We referto this orderasthecomponentorder.



For thesetS � � 000� 001� 010� 011� 100 � 101� , if we use
the choicevariablesv1 � v2 andv3 for the first, secondand
third bits (vector components)respectively, we get the
canonicalsymbolicencodingF � � v1 � � v1v2 � v3 � , shown in
Table1.

Givena characteristicfunctionfor a set,thecorrespond-
ing Booleanfunctionalvectorcanbeobtainedby usingthe
conversionalgorithmsof Coudert,BerthetandMadre[6] or
the parameterizationprocedureof [1]. In our usage,how-
ever, westartwith thecanonicalvectorsfor elementarysets
andbuild othervectorsby the setmanipulationalgorithms
discussedbelow. Thedistancemetric is never usedexplic-
itly, but the nearestdistancepropertyis maintainedby the
algorithms.

2.2 Inter preting BooleanFunctional Vectors

In developing the set manipulation algorithms for
Booleanfunctionalvectors,wefoundit usefulto interpreta
Booleanfunctionalvectorasan orderedselectionprocess,
startingwith thehighestweightedcomponent.

For S � � 000� 001� 010� 011� 100 � 101� , we can choose
thefirst bit to beeither0 or 1. Weusethechoicevariablev1

to representthis free-choice. Thevalueof thesecondbit is
restrictedby our selectionof thefirst bit. Whenthefirst bit
is chosento be0, thesecondbit canbeeither0 or 1. How-
ever, if thefirst bit is chosento be1, thesecondbit is forced
to be 0. This dependency is capturedby the secondcom-
ponentfunction � v1v2. The third bit value,which canbe
chosenindependentof the first two choices,is represented
by thechoicevariablev3.

In general,the i-th componentwill dependon thefirst i
variablesonly. The i-th componentcanbe representedas
fi � f 1

i � f c
i vi wherevi is the i-th choicevariableand f 1

i
and f c

i arefunctionsof thefirst 	 i � 1� variables.Thefunc-
tion f 1

i representsthe conditionunderwhich fi is forced-
to-onebecauseof previousselectionchoices. f c

i represent
theconditionunderwhichwehavea free-choicefor fi . The
forced-to-zero ( f 0

i ) condition doesnot appearin fi but is
easilycomputedsincethethreeconditionsaremutuallyex-
clusiveandcomplete.Any two of thethreefunctions f 1

i � f 0
i

and f c
i aresufficient to definethe i-th component.

2.3 SetUnion

With the selectioninterpretationof Booleanfunctional
vectors,anaiveunionalgorithmsuggestsitself. In selecting
a vectorfrom the union, we canchoosefrom eitherof the
operandsets.Hence,thei-th componentis forcedto avalue
in theuniononly whenit is forcedto thatvaluein bothsets.
If we have a free-choicein eitherset,or if onesetallows
usto choose1 andtheother0, we havea free-choicein the
unionfor thatcomponent.

ConsidercomputingtheunionS of thesetsS0
� � 000�

and S1
� �

011� , representedby the functional vectors�
0 � 0 � 0� and

�
0 � 1 � 1� respectively. Since the first compo-

nent is forced-to-zeroin both sets,it is forced-to-zeroin
theunionaswell. For thesecondcomponent,wegeta free-
choicesinceonesetallows0 while theotherallows1. Sim-
ilarly, by ournaivealgorithmwewouldgetafree-choicefor
thethird componentto give ustheBooleanfunctionalvec-
tor
�
0 � v2 � v3 � correspondingto theset

�
000� 001� 010� 011� ,

anover-approximationof thecorrectunion.
Theproblemoccursbecauseafterwe make a choicefor

thesecondbit in our example,we restrictourselvesto one
of thetwo setsand,hence,we do not havea freechoicefor
thethird bit which is forcedto oneor zerodependingonthe
choicemadewith v2.

In orderto computetheBooleanfunctionalvectorH cor-
respondingto theunionof (thesetsrepresentedby) F and
G, we computeexclusionconditionsFx andGx. Initially,
neithersetis excluded.

f x
1
� 0

gx
1
� 0

Whenever we do make a choicethat restrictsus to oneof
the sets,we updatethe exclusionconditionsto restrict the
selectionprocedureto theremainingset. A setis excluded
while selectingthe i � 1 componenteitherif it hasalready
beenexcludedearlieror its i-th componentis forced to a
valueandwe selectedtheothervalue:

f x
i � 1

� f x
i � f 0

i � hi � f 1
i � � hi

gx
i � 1

� gx
i � g0

i � hi � g1
i � � hi

Theunioncannow becomputedas:

h1
i
� f 1

i � g1
i � f 1

i � gx
i � f x

i � g1
i

h0
i
� f 0

i � g0
i � f 0

i � gx
i � f x

i � g0
i

The i-th bit is forced-to-onein the union if it is forced-
to-onein boththesetsor if onesetis excludedandthebit is
forced-to-onein theotherset.Theforced-to-zerocomputa-
tion is similar.

2.4 SetIntersection

Consider the sets S0
� �

000� 010� and S1
��

001� 010� 011� representedby the vectorsF � � 0 � v2 � 0�
and G � � 0 � v2 � � v2 � v3 � respectively. While selectinga
vectorfor theintersection,we cannotchoosethesecondbit
to be0 sincethatwouldgiveconflictingvaluesfor thethird
bit.

A conflict is introducedwhena bit is forced-to-onein
onesetandforced-to-zeroin theother. To handlethesecon-
flicts, we introduceeliminationconditionsE. Thefunction
ei representsthe conditionswhich leadto a conflict down-
stream,irrespective of the remainingchoices.Sincethere



areno downstreamcomponentsfor the n-th bit, it’s elim-
ination condition en is 0. The elimination condition ei � 1

includesconflictingchoicesfor thei-th bit positionandalso
further downstreamconflictswhich cannotbe resolved by
eithervalueof the i-th choicevariablevi :

en
� 0

ei � 1
� f 0

i � g1
i � f 1

i � g0
i ��� vi � ei

For our example, the elimination conditions are E ��
0 � � v2 � 0� .

Before computingthe intersection,we shouldnormal-
ize theoperandsetsby propagatingtheconstraintsimposed
by theeliminationconditionsto remove theconflict induc-
ing choices.In the example,we would get the normalized
setsFn

� � 0 � 1 � 0� and Gn
� � 0 � 1 � v3 � by substituting1 for

v2 to eliminatevectorswith thesecondbit 0. However, we
cancomputean approximationto the intersectionwith the
original setsandthenmake a final (forward)passto prop-
agatethe eliminationconstraints.The approximationK is
obtainedby:

k1
i
� f 1

i � g1
i � ei � vi � 0

k0
i
� f 0

i � g0
i � ei � vi � 1

The correctintersectionis obtainedby substitutingthe
restrictedchoicesfor thechoicevariables:

h1
1
� k1

1
h0

1
� k0

1
h1

i � 1
� k1

i � 1
�
vj  h j ! 1 " j " i

h0
i � 1

� k0
i � 1
�
vj  h j ! 1 " j " i

The intersectionalgorithmrequiresa quadraticnumber
of BDD operations.In symbolicreachabilityanalysis(Fig-
ure 2), however, we use symbolic simulation for image
computationand thusavoid intersectionaspart of the re-
lationalcrossproduct.

2.5 Cofactorsand Quantification

We cancomputethe Shannon-cofactorsof vectorF by
cofactoringtheindividualcomponents,i.e.,

F� x� c
� � f1 � x� c ���
����� fn � x� c �

wherec is either0 or 1. This correspondsto fixing a value
for a choicevariable.

Existentialand universalquantification(set smoothing
andconsensus)canthenbecomputedby theunionandin-
tersectionof thecofactorswith respectto thevariablebeing
quantified1

� x � F � F� x� 0 # F� x� 1

� x � F � F� x� 0 $ F� x� 1
1This is thesameexpansionasthedomainpartitioningin [6, 7]. How-

ever, sincewe have a unionalgorithm,we do not necessarilyhave to split
recursively.

In reachabilityanalysis(Figure 2), we will existentially
quantify out the variablescorrespondingto the inputsand
thechoicevariablesfor thecurrentstateelementsaspartof
there-parameterizationproceduredescribedbelow.

2.6 Re-Parameterization

Startingwith acanonicalrepresentationof theinputs,we
canobtaina Booleanfunctionalvectorfor theoutputsof a
circuit by symbolicsimulation. This vector, which repre-
sentseachoutput value as a function of the input choice
variables,must be re-parameterizedto obtain a canonical
representationfor theoutput.

The re-parameterizationis doneby existentially quan-
tifying the input choice variables. In general,any non-
canonicalBooleanfunctionalvectorcanbemadecanonical
by this procedure,by quantifyingout thevariablesusedin
thenon-canonicalform.

2.7 RelatedWork

In [10], McMillan considersa canonicalconjunctivede-
compositionof characteristicfunctions.We now show that
this decompositionis closelyrelatedto the Booleanfunc-
tional vector.

Given the choice variablesV �
	 v1 ���
����� vn � and the
(canonical)BooleanfunctionalvectorF � � f1 ���
����� fn � , the
vector F̃ � � v1 % f1 ���
����� vn % fn � representsa conjunc-
tivedecompositionof thecharacteristicfunctionfor theset,
i.e., χIMG & F ' �)( n

i � 1
	 vi % fi � . The differencebetweenF

and F̃ is that F mapsan input vector to a vector in the
representedsetwhile F̃ representsa vectorof constraints,
one for eachbit, which must be satisfiedfor set mem-
bership. Thus, fi � f 1

i � f c
i vi evaluatesthe i-th bit while

f̃i � f 1
i vi � f 0

i
� vi � f c

i is aconstraintfor the i-th bit.
Thepaperalsogivesalgorithmsfor setmanipulationus-

ing theconjunctivedecompositionwhich,giventheconnec-
tion above, arein essenceperformingthe sameoperations
asour algorithms. The algorithmsfor the conjunctive de-
compositionarebasedonthegeneralizedcofactoroperation
[6]. WhenthecomponentorderandtheBDD variableorder
arethe same,the BDD constrainoperatorcanbe usedfor
the generalizedcofactor. In this case,the algorithmswith
the conjunctive decompositionrequirefewer BDD opera-
tions thanwith Booleanfunctionalvectorsandare,hence,
moreefficient.

In [14], the authorspresentan algorithm to convert a
non-canonicalBooleanfunctional vector into a canonical
form. They do so by maintaininga relation betweenthe
non-canonicalandcanonicalexpressionsfor eachcompo-
nent.They alsomentiona possibleoptimization.However,
without moredetails,it is hardto comparetheir algorithm
with our re-parameterizationprocedure.
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Figure 2. ReachabilityAnalysiswith BooleanFunctionalVectors.Ouralgorithmsmake it unnecessaryto convert to characteristic
functionsfor setmanipulations,asis donein Figure1.

3 Symbolic Reachability Analysis with
BooleanFunctional Vectors

Ourapproachto symbolicreachabilityanalysisis shown
in Figure 2. Unlike Figure 1, we do not convert to
the characteristicfunction at any stage. Instead, the
re-parameterizationand set union are performedon the
Booleanfunctional vectorsusingeither our algorithmsor
by convertingto theconjunctivedecomposition.

In our experimentsdescribedbelow, we usedfixedvari-
ableorderings.Thereasonis that in additionto BDD vari-
ableordering,weneedto developcomponentreorderingfor
thecomponentsof theBooleanfunctionalvector. We used
the sameorderfor componentorderingandBDD variable
ordering. In this case,it is moreefficient to usethe algo-
rithmsfrom [10], asexplainedin Section2.7.

We performedreachabilityexperimentson someof the
non-trivial ISCAS89benchmarkcircuits.Table2 showsthe
resultsobtainedand comparesthem with the reachability
analysisimplementedin VIS [2] , usingtheIWLS95 setof
heuristics[12] with default settings.Theresultsfor our ap-
proacharelistedunderBFV. Eachrow in thetablelists the
nameof thecircuit, thevariableorderingused,theruntime
in secondsandthepeakliveBDD nodecountin thousands.
The variableorderswe used2 werethe staticorderingob-
tainedfrom VIS (S1),thestaticorderingobtainedfrom our
tool (S2),anorderingobtainedafteraVIS runwith dynamic
orderingenabled(D), ordersfrom the pdtexp distribution
[5] (P) and others(O) available to us3. The experiments
wererun on an UltraSPARC-II 336MHz with the memory
limit setto 1GBandthetime limit setto 10 hours.

From the tablewe seethat the new approachperforms

2Weonly list thosecaseswhereat leastoneof thetwo toolscompleted
3D andP arebiasedin favor of characteristicfunctions

well with s3271ands4863but cannotcompletes3330.On
theotherhand,we wereableto completes3330with VIS,
but not s3271.For s1512,BFV wasmuchslower thanVIS.

Thetwo approachesdiffer in severalaspects,e.g.,weuse
a dynamicquantificationschedulebasedon a simplesup-
port basedcostheuristic.(Computingthecostdynamically
doesnot imposemuchadditionaloverhead,sincewe com-
putesupportsto avoid BDD operationson vectorcompo-
nentsthatdo not dependon thevariablebeingquantified).
Thevariableorderingrequirementsfor the two representa-
tionscanbequitedifferent.Forcharacteristicfunctions,it is
essentialthatrelatedvariablesoccurtogetherin thevariable
order. With Booleanfunctionalvectors,the requirementis
mainly thattheimportantvariablesoccurearlyin theorder.
Functionaldependencies[9] areautomaticallyfactoredout
by the representation.Considerthe characteristicfunction
χ �)	 v1 % v2 �+* 	 v3 % v4 �+* 	 v5 % v6 � wherea goodvari-
ableorderingis onein which thepairs 	 v1 � v2 � , 	 v3 � v4 � and	 v5 � v6 � occurtogether. With theBooleanfunctionalvector,
all orderingsaregoodin thiscase.We believethisproperty
makesthevariableorderingrequirementslessrestrictivefor
Booleanfunctionalvectors,e.g.,in Table2, BFV is ableto
completethereachabilityof threeof thebenchmarksusing
astaticallygeneratedvariableordering(S1or S2).

It is oftenthecasethattheBooleanfunctionalvectorrep-
resentationis muchsmallerthanthecorrespondingcharac-
teristicfunction. Table3 lists thesizesof thecharacteristic
functionandtheBooleanfunctionalvectorfor thereachable
statesof s4863(thesizeof thecharacteristicfunctionBDD
wasobtainedby converting the Booleanfunctionalvector
to the correspondingcharacteristicfunction). The sizefor
BFV is thesharedsizeof all thecomponents;theindividual
componentsareusuallymuchsmaller, whichcanhelpavoid
the intermediateblowup, e.g. in s4863with orderO, since



VIS - IWLS BFV
Name Order time(s) Peak(K) time(s) Peak(K)

s1269 D 600 5958 1185 5691
P 2135 14221 8656 29637
O 8273 9384 592 2210

s1512 S2 11393 2551 18997 784
D 990 1509 T.O.
O 13872 1889 18963 784

s3271 S2 T.O. 1531 2196
D T.O. 28414 16673
P T.O. 1617 1578

s3330 P 8866 3415 M.O.
O 4797 19120 T.O.

s4863 S1 T.O. 30 220
D 51 2413 4481 17314
P 1108 2514 17 175
O M.O. 19 102

Table 2. Resultsfor ReachabilityAnalysiswith fixedvari-
ableordersfor someISCAS89circuitsusingVIS andwith
Booleanfunctional vectors. T.O.(M.O.) indicatesthat the
time (memory)limit wasexceeded.

Order S1 D P O
Char.Fn. 1455093 3387 8241 8515
BFV 19686 9817 6864 8851

Table 3. Sizesof theBDD for thecharacteristicfunction
andthesharedsizeof theBDDs for theBooleanfunctional
vectorfor thereachablesetsof s4863

.

thealgorithmswork on onecomponentat a time.
In summary, the Boolean functional vector approach

forms a viable alternative to the traditional reachability
analysismethod.The propertyof Booleanfunctionalvec-
tors to factorout functionaldependenciescanoftenreduce
thevariableorderingrequirements.

4 Conclusions

We havepresentedalgorithmsfor setunion,intersection
andquantificationthatwork directlyonacanonicalBoolean
functionalvector representation.Thesealgorithmsenable
efficient symbolicsimulationbasedstate-traversal.Our ex-
perimentsindicatethat in many cases,the Booleanfunc-
tional vectorrepresentationis muchmorecompactthanthe
correspondingcharacteristicfunction. This resultsin sig-
nificantperformancegains.

In future work, we would like to develop a component
reorderingtechniquefor componentsof thefunctionalvec-
tor. We would also like to develop a symbolicsimulation

basedmodelchecker.
We would like to thankFabio Somenziandthe anony-

mousreviewersfor valuablecomments.
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