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Abstract

In this work we describean approach that implicitly
formulatesandsolvestheChapman-Kolmogorovequations
thatdescribethestateprobabilitiesassociatedwith thesta-
tionary behavior of sequentialcircuits. Unlike previous
approaches that assumeduncorrelated input signals, we
modelthe more general casewhere the sequentialcircuit
is driven by a sequenceof inputs describedby a discrete
time Markov chain. This Markov chain is describedim-
plicitly using a formalism that allows for a compactde-
scription of chains with an exponentiallyhigh numberof
states. Using this approach, we presentan application in
powerestimationof sequentialcircuits that takes into ac-
countall thetemporal andspatialcorrelationsbetweenthe
primary inputsandthe internal signals.We presentresults
showingthat, in somecases,it is possibleto solveexactly
theChapman-Kolmogorov equationsfor systemswith more
than

�����
equations.

1 Introduction and related work

The behavior of a finite statemachinedriven by a se-
quenceof inputs that follows a probabilistic distribution
subjectto somegeneralconstraintscanbestudiedby view-
ing its transitiongraphasaMarkov chain.

Many algorithmhave beenproposedto analyzeMarkov
chainsof varyingdegreesof complexity. Advancednumer-
ical techniqueshavebeenappliedto systemswith transition
structuresof varying sizes,but any approachthatneedsto
explicitly list all thetransitionsin a Markov chainis neces-
sarily limited in thesizeof thesystemsit canhandle.

For this reason,other authorshave proposedsymbolic
algorithmsthat computethe steady-stateprobabilitiesfor
very large finite state machines[4]. Thesealgorithms,
basedon ADD’s, determinethe steady-stateprobabili-
ties by regarding finite statemachinesas homogeneous,
discrete-parameterMarkov chainswith finite statespaces,

and by solving the correspondingChapman-Kolmogorov
equations. However, with this approachis only possible
to model systemswhen successive valuesof the primary
inputsareconsideredindependent.This restrictionis too
strongfor many realisticapplications.

The approachproposedin this work considersthat the
primary inputs are modeledby a discretetime Markov
chain. The methodproposedin this work computesthe
composedMarkov chain [5] that resultsfrom the interac-
tion of theinput probabilitydistributionwith thesequential
behavior of thecircuit dictatedby its statetransitiongraph.

An importantapplicationof methodsthatsolvetheequa-
tions that govern the steadystatebehavior of sequential
circuits is power estimation. Whenonewantsto perform
power estimationof sequentialcircuits, it is important to
considerthe power dissipatedwhenthe circuit reachesthe
steadystate.In fact, the internalsignalprobabilitiesin the
steadystateaffect very stronglythevaluecomputedfor the
dissipatedpower andcanbe obtainedfrom the Chapman-
Kolmogorov equationsof thecircuit.

In this context, we show that theapproachcanbeeffec-
tively appliedto probabilisticpowerestimation,by usingan
algorithm[2] thatestimatestheswitchingactivity in circuit
nodesgiventheMarkov chainthatgovernsthedistribution
of theinputsignals.

The first probabilisticmethodthat estimatesswitching
activity atthelogic level in sequentialcircuitswaspresented
in [3]. This methodcanaccuratelymodel the correlation
betweentheappliedvectorpairs,but assumesthat thestate
probabilitiesareall uniform. A moreaccurateprobabilis-
tic approachwas suggestedin [8]. This methodhandles
thesequentialnatureof thecircuit by solvingtheChapman-
Kolmogorov equations.However, thismethoddoesnottake
into accountthe correlationsbetweenthe primary inputs
andthepresentstatelines.

Using the probabilisticpower estimationapproachde-
scribedin this work it is possibleto computethe power
dissipatedin sequentialcircuits taking into accountall the
temporalandspatialcorrelationsbetweenthesignals.
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2 Modeling the Markov chain at the inputs

The modelingof the Markov chain at the inputs used
in this work hasbeenproposedin [2] andis basedon the
definition of a set of Input CorrelationsFunctions(ICF),���	��
��������������
����������������������
������ �����"!

, thatdescribesthe
correlationsat theinputsandassociatedprobabilities.This
setof functionsdescribesa discrete-timeMarkov chainby
specifyingwhich transitionsarepossibleat theprimary in-
putsof the circuit. If thereare # input nodes,this setde-
scribes,in a compactway, a discrete-timeMarkov chain
with $ �	%'&

states,onefor eachpossibleinput combina-
tion.

A discrete-timeMarkov chainis aMarkov process
��(*),+-/.10 !

with a finite numberof states2 �3��4 � �������5� 4�6/!
,

[6]. We assumethatthespace
0

is discrete.Suchaprocess
is specifiedin termsof its stateprobabilities

�7��( ) �84�9:!<;�� � ��%=������� $ (1)

andits conditionaltransitionprobabilities

> ��4 9 ��4�?'!@�A�7��( )CB � �D4�?E+ ( ) �D4 9 !
(2)

The stationaryprobability of eachstatecan be computed
usingtheChapman-Kolmogorov equations:

�7��( )CB � �84 ? !F�HG 9 �7��( ) �D4�9I! > ��4�9:��4 ? !
(3)

Thestationaryprobabilityfor eachstateis obtainedsolving
equation(3) for

(J�D(K)CB � �D(K)
. If thestateprobabilities

areknown, the steadystateMarkov chaincanbe modeled
byanabsolutetransitionprobability,

� 9 ?
. Thisprobabilityis

obtainedfrom theconditionaltransitionprobabilityandthe
stationarystateprobabilityusingthefollowing expression:

� 9 ?L�D�7��(3�A4 9 ! > ��4 9 � 4�?'!
(4)

Wewill useanotationfor theMarkov chainwhere> 9 ? , rep-
resentingtheconditionalprobability, is shown neartheedge
representingthe transitionand

��9 ?
, representingthe abso-

lute transitionprobability, is shown in parenthesis.
Assumethat the primary inputsof the circuit are

(M���NO���������5� N & !
. For eachinput node

;
, we definetwo vari-

ables,onerepresentingthe value P eforethe transition(
NRQ9

)
and the other one representingthe value

4
fter the transi-

tion (
NRS9

). Each
��9

, defined over the variables
( QTS �( QRU ( S � ��NOQ� ���������INOQ& ! U ��NRS� �������5�INOS& !

representsall
possibletransitionsthattake placewith probability

��9
.

The Markov chain that modelsthe input vectorsis de-
finedby a set

�
of pairs


��9 � ��9V�
,

��9�WYX &[Z X &]\ X^� ��9 .`_ � � ��a
(5)

thatdefineaMarkov chainwith

�7��(b�8( Q ! > ��( Q �I( S !F�8� QTS � � 9+ ��9"+ (6)

for all pairs

( Q � ( S � , suchthat

��9 
( Q �I( S �c� �
.

This set
�

mustobey thefollowing conditions:

G ��9d� �
egf�h Gi�j 9lk mYnpo f h j f�q5rs �

� 9+ ��9"+ � Gi�j 9tk m�npo f�q j f h rCs �
� 9+ ��9"+ (7)

By specifyinga setof pairs

���9 � ��9T�

, complex temporal
correlationsbetweeninput wordsareaccuratelymodeled.
Each

� 9
is specifiedby adescriptionlanguagethatdescribe

the input word beforeandafter a transition,or by an arbi-
trary functiondescribedusinga context freegrammar.

The
� 9

functionsarespecifiedusingeithera full descrip-
tion of eachfunction

� 9
or asimpleformalismthat,for each

possibletransition,givesadescriptionof theinputwordbe-
fore andafter a transition. Individual bits in the word can
berepresentedby:

u 0 : Thebit takesthevalue0u 1 : Thebit takesthevalue1u - : Thebit takesany value.u . : Thebit keepsits valueafterthetransition.u # : Thebit changesvalueafterthetransition.

Differentinputword transitionsthatoccurwith thesame
probabilityaremodeledby a unique

� 9
function. To illus-

tratetheuseof this languageconsiderthefollowing exam-
ple.

Example 1 Considerthat a circuit with v primary inputs��NRw'�IN � � N � !
hasthefollowing input specification.N w Q N � Q N �Q N w S N � S N �S � 9

. 1 - . 1 - 0.7
# 1 1 # 1 1 0.3

Thisdescriptionstatesthat:

u With probability
� �yx

, the first bit staysthe sameafter
the transition,thesecondbit is fixedto

�
and the last

bit cantake anyvalue. Thisprobability correspondtoz
input transitions,which meansthat each transition

hasa probability,
� QVS , equalto

� �{x�| z � � � ��z x'}
.

u With probability
� � v , the first bit changesvalueafter

thetransitionwhile thelast two bits staywith value
�
.

In this casethere are only two input transitionswith
probability,

� QTS , equalto
� � � }

for each one.
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Figure 1. Markov chain for example 1.

TheMarkov chain describedby this specificationis repre-
sentedin figure1. For thiscircuit with v primary inputsthe
Markov chain that specifiesall possibleinput transitions
can haveup to

z
states. This descriptiononly specifies~

possibleinput combinationsand the correspondenttransi-
tions betweenthem. This descriptionis equivalentto the
followingone, where thefunctions

��9
are givenby:

(x3b XNOR x3a) AND (x2b AND x2a) 0.7

(x3b XOR x3a) AND (x2b AND x2a) AND (x1b AND x1a) 0.3

3 Formulation of the Chapman-Kolmogorov
equations

Considernow a systemcomposedof a sequentialcircuit
whoseinputs follow a distribution specifiedby a Markov
chainasdescribedin section2. Thebehavior of a sequen-
tial circuit canbe representedby its statetransitiongraph,
wherethestatesare � ����� � �������5� ���K!

.
The completesystemcan be modeledby a composed

Markov chainthatresultsfrom thecompositionof thestate
transitiongraphof the circuit with the Markov chain that
describesthe input statistics. The resultingMarkov chain� )

, is representedby a set of states � � 2 Z � ����=� ���������5� � 6�� !
. The associatedtransitionprobabilities,> ��� 9 ?���� i"� ! arecomputedusing> ��� 9 ?�� � i"� !F� > ��4 9 ��4 i ! (8)

where� and � aresuchthat
� � ���=
��"?���4 9 �

, where
�=
���� 4=�

is
thetransitionfunctionof thecircuit. In example2, figure3
illustratesthis computation.

Thestateprobabilitiesaredependenton thestructureof
the Markov chainthat resultsfrom the compositionof the
circuit STG with the Markov chainat the inputs. The sta-
tionaryprobabilityof eachstatecanbecomputedby solving

for
��)CB � �8��)

theChapman-Kolmogorov equations:

�7��� )CB � �A� i�� !�� G 9 ? �7��� ) �A�Y9 ? ! > ���E9 ? ��� i�� !
� G 9 ? �7��� ) �A�Y9 ? ! > ��4�9:��4 i ! (9)

G 9 ? �7��� ) �D� 9 ?�!�� �
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Figure 2. Example of a sequential logic circuit.

Example 2 TheSTGon the top of figure 3 representsthe
behaviorof the sequentialcircuit presentedin figure 2. In
this figure, the labelson the edgescorrespondto the PIs,
CNR��� NO�5�

and the value of the output is not shown. Now,
assumethatat theprimary inputs

��N � � N � !
wehavethefol-

lowing setof ICFs:NRQ� NRQ� NOS� NRS� ��9
. # . # 0.5
# . # . 0.5

The Markov chain on the left of figure 3 specifiesthis
setof input correlations. TheMarkov chain with 8 states
shownin thecenterof figure3 resultsfromthecomposition
of the statetransitiongraph of the circuit and the Markov
chainof theinputdistribution. Figure3 illustratesthecom-
posedMarkov chain. Thecodificationof each stateof the
composedMarkov chain resultsfromthecompositionof the
FSM statecodewith the Markov statecodeat the inputs.
For example, thestatecode


 ����� �
resultsfromtheconcate-

nationof
�

(FSMstatecode)with
���

(Markov statecode).
Thetransitionprobabilitiesin thecomposedchainaregiven
byequation(8).

Themethodwe usedto solve this
���A��
���

linearsys-
tem of equationsis the Picard-Peanomethodthat finds a
fixedpoint of thesystem.Themethodstartswith aninitial
guess

���
, anditeratively computes

� i B � �8��
�� i �
(10)

until convergenceis reached.Convergenceis consideredto
bereachedif

+ � i B ��� � i +
is sufficiently small.
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Figure 3. Markov chain of the composed system.
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Figure 4. Unrolled sequential circuit.

3.1 Implicit resolution of the equations

The most significant contribution of this work is a
method that implicitly solves the Chapman-Kolmogorov
equations(9), by iteratively applyingexpression(10). The
methodis basedonthefactthateachiterationof expression
(10) takesa probability distribution over the statesof the
Markov chainat time

-
andcomputestheprobabilitydistri-

butionat time
-g� �

.
We usethe unrolling procedure,similar to the onepro-

posedby otherauthors[8] andshown in figure4, to model
thecorrelationsintroducedby thesequentialbehavior of the
circuit.

Considera circuit with # input nodes,� statelines and� internalnodes.Thesetof variables
(�����N � �������5�IN & !

correspondsto the input nodes,the set of variables � �

��� � �������5������!
correspondsto the statelines and the set of

variables
��� ��¡ � �������5� ¡�¢�!

correspondsto the internal
nodes.Eachinternalnode

¡ 9
is associatedwith a function£ 9 
(*� � �

. A subsetof theinternalnodesarealsonext state
linesof thecircuit, ¤ ����¡E����������� ¡ � !

.
Let � QTS � � Q U � S � ����Q� ������������Q� ! U ����S� �������5����S� !

,� QTS �8� Q U � S ����¡ Q� ��������� ¡ Q¢ ! U ��¡ S� ���������I¡ S¢ !
and ¤ QTS �

¤ Q U ¤ S ����¡�Q� �������5�I¡�Q� ! U ��¡=S� ���������I¡�S� !
.

Let ¥ 
( Q � � Q � ¤ Q � bethetransitionrelationof thecircuit
computedusingthefollowing expression:

¥ 
C( Q � � Q � ¤ Q �¦� §
¨�©n5ª�« ©

¡ Q9�¬ £ 9 
C( Q � � Q � (11)

A setof functions
��)9

and  )9
is usedin thecomputation

of successive iterationsof equation(10). Thefunctions
��)9

at iterationstep
-

aredefinedby:

� ) 9 � _ ( QV® ( S � � Qp® � S a eOf © j ¯ ©{° )QTS ¬ ( QTS ¥ 
C( Q � � Q � � S �  )T± �9
(12)

Thefunctions  )9
, thatspecifyall possibletransitionsat

theprimaryinputsfor iterationstep
-g� �

, aredefinedby:

 )9 �8��9V� )9
(13)

For the first iteration step,  �9 �²��9
, and no function

is imposedat thestatelines,which meansthatall possible
combinationsat theselinesareassumed.Subsequentitera-
tions imposerestrictionsin thevalueof the statelines that
modelthesequentialcorrelationsimposedby thecircuit.

Functions
� �9

result from the first iteration step, and
model the correlationsimposedby the circuit in the next
state lines after one clock cycle. This correlationsare
computedby computingtheproductof ¥ 
( Q � � Q � � S � and �9 �³��9

, which modelsthe input correlations.Functions� �9
dependon the next statevariables,on the input vari-

ables
( S andonthesetof thepreviousinputvariables

( QVS .
However, andin orderto beableto performthenext itera-
tion, theinputvariables

( S havebeenmovedto
( Q , andthe

next statevariables� S havebeenmovedto theplaceof the
currentstatevariables,� Q . Furthermore,in orderto avoid
collapsingof mintermsdueto variablereuse,it is necessary
to createa new setof variables° �Q and ° �S that is usedto
storethe previous input variables

( QTS . Eachnew iteration
at time

-
requiresa new setof variables° )Q and ° )S . In this

way, the numberof variablesneededgrows with the num-
berof iterationsof thefixedpointprocedure.However, this
doesnot representa significantlimitation, sincethe algo-
rithm usuallyconvergesafter a relatively small numberof
iterations.

The functions  �9
areobtainedfrom the productof the

functions
� �9

andthe
��9

functionsthatarepresentedat the
primary inputs. The set of functions

�  �� �  �� �������5�  �� !



representsthe Markov chain that describesthe input and
statelinesdistribution for thenext iteration. Theprobabil-
ity associatedwith eachnew  )9

is computedusing:

� )9 �A��9 Z ��9E´ µ¦¶n ´´ mYn ´· ) (14)

where
· )¸�º¹ �9 s � ��9E´ µ,¶n ´´ m n ´ is a normalizingfactor.

+  )9 +
denotes,in this formula,thenumberof mintermsin  )9

and+ � 9 +
denotesthenumberof mintermsin

� 9
.

By iteratingthis procedure,the algorithmobtainsfunc-
tions  )9

andassociated
��)9

that, after convergence,repre-
sentthestationarystateprobabilitiesof thecircuit.

4 Application in power estimation

The approachdescribedin the previous sectioncanbe
usedto computethepowerdissipationin sequentialcircuits
consideringall temporaland spatialcorrelationsbetween
theprimaryinputs,thestatelinesandtheinternalsignals.

To beableto computethenodetransitionswe will usea
functionthatspecifiesthevalid combinationsof variablesin
thecircuit. This function,theTransitionConsistency Func-
tion (TCF), hasbeenproposedin [2] anddependson the
input and internal signalsat time

-
(subscriptedwith a P )

andtime
-»� �

(subscriptedwith an
4
).

For the caseof a sequentialcircuit, the TCF is defined
overthespace

( QR¼ ( S�¼ � QO¼ � S�¼ � QR¼ � S andrepresents
all possibletransitionsof the circuit underanalysis,when
the zero delay model is used. The TCF is definedto be�

if the valuesof the variablesin the circuit
(*� � ���

may
experimenta transitionfrom

( Q � � Q � � Q to
( S � � S � � S . The

TCF is computedusing:½ 
C( QTS � � QVS ��� QTS �¾� ¿ ? s S j Q ¿ ¢9 s � ¡ ?9 ¬ £ 9 
(/?�� � ?�� (15)

4.1 Computation of dissipated power

Under a simplified model, the energy dissipationof a
CMOS circuit is directly relatedto the switchingactivity.
Themodelusedby mostpower estimationalgorithmsthat
work at thelogic level is of theform:

� S�À"Á � �%[Â 
TG iÄÃ i 0 i � Â ° �ÅcÅ Â £'Æ �Çi (16)

where ° Å¾Å is thevoltageof thepower supplyof themod-
ule,

£ Æ �Çi is theclock frequency at which it operates,Ã i the
capacitanceof nodeÈ and

0 i theswitchingactivity of nodeÈ .
Theproceduredescribedin theprevioussectionis used

to computethe steadystateactivities in eachnodeof the
circuit. For eachiterationstepthe activity at eachnodeof

thecircuit is computedin orderto verify if convergencehas
beenachieved.Whenconvergenceis reachedthedissipated
power is computedusingexpression(16).

Usingthe
½

function,theswitchingactivity at node È at
iterationstep

-
,
0 )i , is givenby [2]:

0 )i �ÉG 9 +Ê
N Qi�Ë N Si � ½ 
C( QTS � � QVS ��� QTS �  )9 + Z ��)9+  )9 + (17)

where
N i . ��( ¼ � ¼ ��!

.
After the computation of the product of functions½ 
C( QTS � � QTS � � QVS � and 9

, thenumberof transitionsfor each
nodeis counted.Theresultis multiplied by theprobability��9

of function  9
andnormalized.

A generalizationof theabovemethodto handlenon-zero
delaymodelshasbeenproposedin [1] and is basedon a
mechanismthatappliesdiscretizationto thetimeaxis.

5 Results

This sectionpresentspreliminaryresultsobtainedusing
theapproachdescribedin section3 andthepowerestimates
obtainedasdescribedin section4. To evaluatethe appli-
cability of the methodthe algorithmwasintegratedwithin
the SIS logic synthesissystem[7]. As testcases,we used
a setof circuits from theISCAS’89benchmark.Thesecir-
cuitsweremappedto the MSU library after applicationof
the script script.algebraic. All testswereperformedon a
300MHzPentiumrunningLinux with a CPUtime limit of~ hoursandmemoryusagerestrictedto Ì � MB.

Table1 summarizesthe obtainedresults.Columns2 to
5 in this table list the statisticsof the circuits, namelythe
numberof primary inputs, primary outputs,registersand
size,in literals. Thenext six columnslist thenumberof it-
erationsandnumberof BDD variablesrequiredto solvethe
Chapman-Kolmogorov equationsfor the testcircuitswhen
threedifferent setsof Í Ã ���

are presentat the circuit in-
puts. Finally, the last six columnslist the power estimates
obtained(in ÎÐÏ ) andtheCPUtimesused(in seconds).

The Í Ã ���
specifieddescriberespectively, a One Hot

code(whereonly onebit at a time takesthe valueone),a
codecalledHigh/Low ( wheretwo input bits exhibit high
activity while the remaininginput bits arestationary1) and
a Binary code.Thesespecificationscorrespondto Markov
chainswith a numberof statesequalto # ,

% &
and

% &
, re-

spectively, where# is thenumberof inputs.
Fromtheresultsin this tableit is possibleto verify that

even when we the systemis describedby Markov chains
with alargenumberof statestheproposedmethodis ableto
implicitly solve theChapman-Kolmogorov systemof equa-
tions,convergingto thesteadystateprobabilitiesin a small

1This codemodelsa situationthat is very commonandvery hard to
modelusingeithersimulationbasedmethodsor randomsampling.



Circuit # I # O # Reg # Lits Onehot High/Low Bin Onehot High/Low Bin
Iter Vars Iter Vars Iter Vars P cpu P cpu P cpu

shiftreg 1 2 3 8 5 28 3 24 5 28 0 2 58 2 40 2
train4 2 1 2 22 3 64 14 108 3 64 35 2 92 24 75 2
bbtas 2 2 3 33 5 96 30 196 - - 33 7 106 344 - -
train11 2 1 4 68 5 168 21 232 9 184 190 22 168 370 242 48
beecnt 4 28 3 71 5 190 8 214 4 182 271 27 189 82 315 25
dally 14 6 4 73 10 462 7 378 7 378 180 738 41 5598 63 5732
ex5 2 4 4 93 - - 11 242 10 238 - - 278 272 470 144
dk17 2 3 3 101 - - 10 252 10 252 - - 356 226 422 116
s208 10 1 8 117 3 330 3 330 3 330 55 440 119 1101 131 1985
s298 3 6 14 184 6 438 - - 8 450 431 2487 - - 269 6517
s420 18 1 16 233 3 642 - - - - 49 13327 - - - -
cse 7 7 4 258 4 594 6 622 20 818 229 492 14 3166 123 14305
s382 3 6 21 306 5 690 - - 4 684 390 12198 - - 397 5466
kirkman 12 6 4 311 14 99 - - - - 475 9814 - - - -
keyb 7 2 5 316 16 880 - - 10 796 807 8934 - - 489 9525
ex1 8 19 5 319 11 840 - - - - 431 3026 - - - -
s641 35 23 19 539 4 1466 - - - - 51 13076 - - - -

Table 1. Statistics of the circuits, number of iterations and variables in the BDDs, and results obtained.

numberof iterations. To illustratethis point, considerthe
circuit s382with Binary codeat the inputs. This circuit is
describedby a Markov chainwith

% �IÑ
statesandonly ~ it-

erationswere requiredto find a solution. The numberof
BDD variablesgrowsfor eachnew iterationdueto theneed
to storethe previous input variablesto avoid collapsingof
mintermsdueto variablereuse.

Theresultsalsoshow thatif thecorrelationsbetweenthe
input sequencesandthe statesarenot considereda signif-
icant error is introducedin the power estimates,because
codeswith similaractivities (e.g.,OneHotandBinary)give
verydifferentresults.

6 Conclusions and future work

Wehavepresentedanalgorithmthatimplicitly solvesthe
Chapman-Kolmogorov equationsto computethestationary
stateprobabilitydistributionof asystemcomposedby ase-
quentialcircuit whoseinput sequenceis modeledby a dis-
creteMarkov chain.By composingtheinput Markov chain
with thestatetransitiongraphthatdescribesthesequential
behavior of thecircuit, it is possibleto modelexactlyall the
temporalandspatialcorrelationsbetweenthesignals.

Theapplicationof thenew approachto powerestimation
resultsin a methodthatperformspower estimationfor se-
quentialcircuitsusinginputstatisticsthatwould requireex-
tremelylargetracesif simulationbasedmethodswereused.

An interestingdirection for future work resideson the
useof approximationalgorithmsto achievealargerrangeof
applicabilityof thismethod.Anotherinterestingdirectionis
theapplicationof thismethodto theanalysisof networksof
finite statemachines.In fact, themethoddescribedin sec-

tion 3 canbe generalizedto solve theequationsthat result
from thecompositionof theMarkov chainsthatmodelthe
behavior of any numberof interactingfinite statemachines.
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