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Abstract

In this work we describean appmacd that implicitly
formulatesand solvesthe Chapman-Klmagorov equations
thatdescribethe stateprobabilitiesassociatedvith the sta-
tionary behavior of sequentialcircuits. Unlike previous
appmoacesthat assumeduncorrelated input signals, we
modelthe more generl casewhete the sequentialcircuit
is driven by a sequencef inputs describedby a discrete
time Markov chain. This Markov chain is describedim-
plicitly using a formalismthat allows for a compactde-
scription of chains with an exponentiallyhigh numberof
states. Using this approacd, we presentan applicationin
power estimationof sequentialcircuits that takesinto ac-
countall thetemporl andspatial correlationsbetweerthe
primary inputsandtheinternal signals. We presentresults
showingthat, in somecasesit is possibleto solveexactly
the Chapman-KImaogorov equationsor systemsvith more
than10” equations.

1 Introduction and related work

The behavior of a finite statemachinedriven by a se-
guenceof inputs that follows a probabilistic distribution
subjectto somegenerakonstraintcanbe studiedby view-
ing its transitiongraphasa Markov chain.

Many algorithmhave beenproposedo analyzeMarkov
chainsof varyingdegreesof complexity. Advancedchumer
ical techniquediave beenappliedto systemswith transition
structuresof varying sizes,but ary approachthat needsto
explicitly list all thetransitionsn a Markov chainis neces-
sarily limited in the sizeof the systemst canhandle.

For this reason,other authorshave proposedsymbolic
algorithmsthat computethe steady-statgrobabilitiesfor
very large finite state machines[4]. Thesealgorithms,
basedon ADD’s, determinethe steady-stateprobabili-
ties by regarding finite state machinesas homogeneous,
discrete-parametdviarkov chainswith finite statespaces,
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and by solving the correspondingChapman-kimogoros
equations. However, with this approachis only possible
to model systemswhen successie valuesof the primary
inputs are consideredndependent.This restrictionis too
strongfor mary realisticapplications.

The approachproposedn this work considersthat the
primary inputs are modeledby a discretetime Markov
chain. The methodproposedin this work computesthe
composedMarkov chain[5] that resultsfrom the interac-
tion of theinput probability distribution with the sequential
behaior of thecircuit dictatedby its statetransitiongraph.

An importantapplicationof methodghatsolvetheequa-
tions that govern the steadystate behavior of sequential
circuits is power estimation. When one wantsto perform
power estimationof sequentiakircuits, it is importantto
considerthe power dissipatedvhenthe circuit reacheghe
steadystate. In fact, the internalsignal probabilitiesin the
steadystateaffect very stronglythe valuecomputedor the
dissipatedpower and can be obtainedfrom the Chapman-
Kolmogoror equationf thecircuit.

In this context, we show thatthe approacikcanbe effec-
tively appliedto probabilisticpower estimationpy usingan
algorithm[2] thatestimateshe switchingactuity in circuit
nodesgiventhe Markov chainthatgovernsthe distribution
of theinputsignals.

The first probabilistic methodthat estimatesswitching
actiity atthelogiclevelin sequentiatircuitswaspresented
in [3]. This methodcan accuratelymodelthe correlation
betweerthe appliedvectorpairs,but assumeshatthe state
probabilitiesareall uniform. A more accurateprobabilis-
tic approachwas suggestedn [8]. This methodhandles
thesequentiahatureof the circuit by solvingthe Chapman-
Kolmogoror equationsHowever, thismethoddoesnottake
into accountthe correlationsbetweenthe primary inputs
andthe presenstatelines.

Using the probabilistic power estimationapproachde-
scribedin this work it is possibleto computethe power
dissipatedn sequentiakircuits taking into accountall the
temporalandspatialcorrelationsdbetweerthe signals.



2 Modeling the Markov chain at theinputs

The modeling of the Markov chain at the inputs used
in this work hasbeenproposedn [2] andis basedon the
definition of a setof Input CorrelationsFunctions(ICF),
F = {(F1,P),(Fy, P),...,(F,, P.)}, thatdescribeghe
correlationsat theinputsandassociategbrobabilities. This
setof functionsdescribesa discrete-timeMarkov chainby
specifyingwhich transitionsare possibleat the primaryin-
putsof the circuit. If therearen input nodes,this setde-
scribes,in a compactway, a discrete-timeMarkov chain
with K = 2™ statesponefor eachpossibleinput combina-
tion.

A discrete-timeMarkov chainis aMarkov procesq X ¢ |
t € T} with afinite numberof statesd = {a1,...,ax},
[6]. We assuméhatthespaceTl is discrete.Sucha process
is specifiedn termsof its stateprobabilities

P{X'=a;}i=12,... K (1)
andits conditionaltransitionprobabilities
m{ai,a;} = P{X"" = a;| X" = a;} (2)

The stationaryprobability of eachstatecan be computed
usingthe Chapman-KImogoros equations:

P{Xt+1=aj}=ZP{Xt=ai} W{ai;aj} (3)

The stationaryprobability for eachstateis obtainedsolving
equation(3) for X = X! = Xt If thestateprobabilities
areknown, the steadystateMarkov chaincanbe modeled
by anabsolutéransitionprobability, P;;. This probabilityis
obtainedfrom the conditionaltransitionprobabilityandthe
stationarystateprobability usingthefollowing expression:

Pij = P{X = ai} W{ai,aj} (4)

We will useanotationfor theMarkov chainwherer;;, rep-
resentingheconditionalprobability, is shovn neartheedge
representinghe transitionand P;;, representinghe abso-
lute transitionprobability; is showvn in parenthesis.

Assumethat the primary inputs of the circuit are X =
{z1,...,2,}. Foreachinput nodei, we definetwo vari-
ables,onerepresentinghe value beforethe transition(z?)
and the other one representinghe value after the transi-
tion (z?). Each F;, definedover the variables X3, =
XoUX, = {2b,..., 22 U{=¢,...,22} representsall
possibletransitionsthattake placewith probability P;.

The Markov chainthat modelsthe input vectorsis de-
finedby asetF of pairs(F;, P;),

F,: B* x B" » B, P; € [0,1] (5)

thatdefinea Markov chainwith

P;
P{X — Xb} W{Xb,Xa} = Pba = |F| (6)

for all pairs(Xy, X,), suchthat F; (X, X,) = 1.
This setF mustobey thefollowing conditions:
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By specifyinga setof pairs(F;, P;), complex temporal
correlationsbetweeninput words are accuratelymodeled.
EachF; is specifiedby a descriptionanguagehatdescribe
theinput word beforeandafter a transition,or by an arbi-
trary functiondescribedisinga context freegrammar

The F; functionsarespecifiedusingeitherafull descrip-
tion of eachfunction F; or asimpleformalismthat,for each
possibletransition,givesa descriptiorof theinputword be-
fore andafter a transition. Individual bits in the word can
berepresentedy:

0 : Thebit takesthevalue0
1: Thebit takesthevaluel
- : Thebit takesary value.
: Thebit keepsts valueafterthetransition.
# : Thebit changewalueafterthetransition.

Differentinputword transitionghatoccurwith thesame
probability aremodeledby a unique F; function. To illus-
tratethe useof this languageconsiderthe following exam-
ple.

Example1 Considerthat a circuit with 3 primary inputs
{z3,x2, 1} hasthefollowinginput specification.

i xl x a2 ozl P

) 1 - ) 1 - 0.7

# 1 1 # 1 1 0.3
Thisdescriptionstatesthat:

o Wth probability 0.7, the first bit staysthe sameafter
the transition, the secondbit is fixedto 1 andthe last
bit cantake anyvalue This probability correspondo
8 input transitions,which meansthat ead transition
hasa probability, Py,, equalto 0.7/8 = 0.0875.

e Wth probability 0.3, the first bit changesvalue after
thetransitionwhile the last two bits staywith value1l.
In this casethere are only two input transitionswith
probability, P;,, equalto 0.15 for ead one



0.27
(0.0875)

Figure 1. Markov chain for example 1.

TheMarkov chain describedby this specificationis repre-
sentedn figure 1. For this circuit with 3 primary inputsthe
Markov chain that specifiesall possibleinput transitions
can haveup to 8 states. This descriptiononly specifiest
possibleinput combinationsand the correspondentransi-
tions betweenthem. This descriptionis equivalentto the
following one wheie thefunctionsF; are givenby:

(x3b XNOR x3a) AND (x2b AND x2a) 0.7

(x3b XOR x3a) AND (x2b AND x2a) AND (x1b AND xla) 0.3

3 Formulation of the Chapman-Kolmogorov
equations

Considemow a systemcomposedf a sequentiatircuit
whoseinputs follow a distribution specifiedby a Markov
chainasdescribedn section2. The behaior of a sequen-
tial circuit canbe representedby its statetransitiongraph,
wherethestatesare@ = {q1,...,qm}-

The completesystemcan be modeledby a composed
Markov chainthatresultsfrom the compositionof the state
transitiongraphof the circuit with the Markov chain that
describeghe input statistics. The resultingMarkov chain

Yt is representechy a setof statesD = A x Q =
{di1,-..,dxm}. The associatedransition probabilities,
n{d;j,dr; } arecomputedusing

m{dij, dri } = m{a;, ar} (8)

wherej and! aresuchthatg, = 6(g;,a;), whered(q, a) is
thetransitionfunction of the circuit. In example2, figure3
illustratesthis computation.

The stateprobabilitiesare dependenbn the structureof
the Markov chainthat resultsfrom the compositionof the
circuit STG with the Markov chainat the inputs. The sta-
tionaryprobabilityof eachstatecanbecomputedy solving

for Yt+! = Yt the Chapman-KImogoros equations:

P = dy} 3" P{Y? = dij} wl{dij, dia}
ij

> P{Y' =di;} m{ai,ar} (9)
ij

Y P{yt=dy} = 1
ij

Figure 2. Example of a sequential logic circuit.

Example2 The STGon the top of figure 3 representshe
behaviorof the sequentiakircuit presentedn figure 2. In
this figure, the labels on the edges correspondto the Pls,
(z2,21) and the value of the outputis not shown. Now
assumehatat the primary inputs{zs, z; } wehavethefol-
lowing setof ICFs:

25 b 3 z¢ P
. # . # 0.5
# . # . 0.5

The Markov chain on the left of figure 3 specifiesthis
setof input correlations. The Markov chain with 8 states
shownin the centerof figure 3 resultsfromthe composition
of the statetransitiongraph of the circuit and the Markov
chain of theinputdistribution. Figure 3 illustratesthe com-
posedMarkov chain. The codificationof eat stateof the
composedarkov chainresultsfromthe compositiorof the
FSM statecodewith the Markov statecodeat the inputs.
For example the statecode(101) resultsfromthe concate-
nation of 1 (FSM statecode)with 01 (Markov statecode).
Thetransitionprobabilitiesin thecomposedhainare given
by equation(8).

Themethodwe usedto solve this P = G(P) linearsys-
tem of equationsis the Picard-Peananethodthat finds a
fixed point of the system.The methodstartswith aninitial
guessP?, anditeratively computes

Pk = G(PF) (10)
until corvergences reached Corvergences consideredo
bereachedf |Pk+! — P*| is sufficiently small.
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Figure 4. Unrolled sequential circuit.

3.1 Implicit resolution of the equations

The most significant contribution of this work is a
methodthat implicitly solves the Chapman-kKImogoros
equationg9), by iteratively applyingexpression(10). The
methodis basednthefactthateachiterationof expression
(10) takes a probability distribution over the statesof the
Markov chainattime ¢t andcomputeghe probability distri-
butionattime¢ + 1.

We usethe unrolling procedure similar to the one pro-
posedby otherauthorg8] andshowvn in figure 4, to model
thecorrelationsntroducedby thesequentiabehaior of the
circuit.

Considera circuit with n input nodes,z statelines and
m internalnodes. The setof variablesX = {x1,...,z,}
correspondsgo the input nodes,the setof variablesS =

{s1,...,s;} corresponddo the statelines and the set of
variablesY = {y1,...,ym} correspondgo the internal
nodes.Eachinternalnodey; is associatedvith a function
fi(X,S). A subsebf theinternalnodesarealsonext state
linesof thecircuit, N = {y1,...,y.}

Let Sea = SelUS. = {s4,...,s8}U{s%,...,8%},
Yo = }/I;UY = {yga'"7yfn}U{yf7"'7y?n}andNba =
NyUNo = {},-- 92 U{wt, - 2}

LetR(Xy, Sy, Np) bethetransitionrelationof thecircuit
computedusingthefollowing expression:

R(X5, S0, Np) = [ f = £i(X5,5)

y2 ENy

(11)

A setof functionsG? and H} is usedin the computation
of successie iterationsof equation(10). The functionsG*
atiterationstept aredefinedby:

G: = [Xb(—Xa, SbFSa]VXb,Sbeta EXbaR(Xb, Sh, Sa)Hf_l
(12)
ThefunctionsH{, thatspecifyall possibletransitionsat
theprimaryinputsfor iterationstept + 1, aredefinedby:

H! = F,G! (13)

For the first iteration step, H? = F;, and no function
is imposedat the statelines, which meanghatall possible
combinationsat theselinesareassumedSubsequeritera-
tionsimposerestrictionsin the value of the statelines that
modelthe sequentiatorrelationdmposedby the circuit.

FunctionsG; result from the first iteration step, and
model the correlationsimposedby the circuit in the next
statelines after one clock cycle. This correlationsare
computedby computingthe productof R(Xj;, Si, S,) and
H? = F;, which modelsthe input correlations.Functions
G} dependon the next statevariables,on the input vari-
ablesX, andonthesetof thepreviousinputvariablesXy, .
However, andin orderto be ableto performthe next itera-
tion, theinputvariablesX, have beenrmovedto X;, andthe
next statevariablesS, have beenmovedto the placeof the
currentstatevariables,S;. Furthermorejn orderto avoid
collapsingof mintermsdueto variablereuseijt is necessary
to createa new setof variablesV;' andV}! thatis usedto
storethe previousinput variablesX,,. Eachnew iteration
attime ¢ requiresa new setof variablesV;! andV. In this
way, the numberof variablesneededyrows with the num-
berof iterationsof thefixed point procedure However, this
doesnot representa significantlimitation, sincethe algo-
rithm usually corvergesafter a relatively small numberof
iterations.

The functionsH; are obtainedfrom the productof the
functionsG; andthe F; functionsthatarepresentedt the
primary inputs. The setof functions{H}, Hs,...,H}



representghe Markov chain that describeghe input and
statelines distribution for the next iteration. The probabil-
ity associatedvith eachnew H} is computedusing:

Pl
Pl =Pix —z (14)
where Nt = 7 | PZ% is a normalizingfactor |H{|

denotesin this formula, the numberof mintermsin H{ and
|F;| denoteghe numberof mintermsin F;.

By iteratingthis procedurethe algorithmobtainsfunc-
tions H! andassociated’ that, after corvergence repre-
sentthe stationarystateprobabilitiesof thecircuit.

4 Application in power estimation

The approachdescribedn the previous sectioncan be
usedto computethe power dissipationin sequentiatircuits
consideringall temporaland spatial correlationsbetween
theprimaryinputs,the statelinesandtheinternalsignals.

To beableto computethe nodetransitionswe will usea
functionthatspecifieghevalid combination®f variablesn
thecircuit. Thisfunction,the TransitionConsisteng Func-
tion (TCF), hasbeenproposedn [2] and dependson the
input andinternal signalsat time ¢ (subscriptedwith a b)
andtimet + 1 (subscriptedvith ana).

For the caseof a sequentiakircuit, the TCF is defined
overthespaceX, U X, U S, US, UY, UY, andrepresents
all possibletransitionsof the circuit underanalysis,when
the zero delay modelis used. The TCF is definedto be
1 if the valuesof the variablesin the circuit X, S, Y may
experimenta transitionfrom Xy, S;, Y, to X, S,,Y,. The
TCFis computedusing:

T(Xbaasbaayba)z HJ ab Hz lyz = ( Sj)(15)

4.1 Computation of dissipated power

Under a simplified model, the enegy dissipationof a
CMOS circuit is directly relatedto the switching actiity.
The modelusedby mostpower estimationalgorithmsthat
work atthelogic level is of theform:

Pavg ZCka “Vip - feik (16)

l\')li—‘

whereVpp is thevoltageof the power supplyof the mod-
ule, f.r is theclock frequeng atwhichit operates(C), the
capacitancef nodek andT}, theswitchingactiity of node
k.

The proceduradescribedn the previous sectionis used
to computethe steadystateactiities in eachnodeof the
circuit. For eachiterationstepthe actiity at eachnodeof

thecircuitis computedn orderto verify if cornvergencehas
beenachievzed. Whencorvergencds reachedhedissipated
poweris computedusingexpression16).

Usingthe T function,the switchingactiity atnodek at
iterationstept, T}, is givenby [2]:

t

P
T¢ =" |(@h & 2T (Xpa, Sba, Yoa) HY| X A
i

2

(17)

wherez, € {XUSUY}.

After the computation of the product of functions
T (Xpa, Seas Yoa) @andH;, thenumberof transitiongor each
nodeis counted.Theresultis multiplied by the probability
P; of function H; andnormalized.

A generalizatiorof theabove methodto handlenon-zero
delay modelshasbeenproposedn [1] andis basedon a
mechanisnthatappliesdiscretizatiorto thetime axis.

5 Reaults

This sectionpresentgreliminaryresultsobtainedusing
theapproachdescribedn section3 andthe power estimates
obtainedas describedn section4. To evaluatethe appli-
cability of the methodthe algorithmwasintegratedwithin
the SIS logic synthesissystem[7]. As testcaseswe used
a setof circuitsfrom the ISCAS’89 benchmark Thesecir-
cuitsweremappedto the MSU library after applicationof
the script script.algebraic. All testswere performedon a
300MHz PentiumrunningLinux with a CPUtime limit of
4 hoursandmemoryusageestrictecto 90 MB.

Table1 summarizeshe obtainedresults. Columns2 to
5 in this tablelist the statisticsof the circuits, namelythe
numberof primary inputs, primary outputs,registersand
size,in literals. The next six columnslist the numberof it-
erationsandnumberof BDD variablesequiredto solvethe
Chapman-KImogoror equationdor the testcircuitswhen
threedifferentsetsof IC'F's are presentat the circuit in-
puts. Finally, the last six columnslist the power estimates
obtained(in xW) andthe CPUtimesused(in seconds).

The ICF's specifieddescriberespectiely, a One Hot
code(whereonly onebit at a time takesthe valueone),a
codecalled High/Low ( wheretwo input bits exhibit high
activity while the remaininginput bits are stationary) and
a Binary code. Thesespecificationgorrespondo Markov
chainswith a numberof statesequalto n, 2" and2”, re-
spectvely, wheren is the numberof inputs.

Fromtheresultsin this tableit is possibleto verify that
even whenwe the systemis describedby Markov chains
with alargenumberof stateghe proposednethodis ableto
implicitly solvethe Chapman-Klmogoror systemof equa-
tions, corvergingto the steadystateprobabilitiesin a small

1This codemodelsa situationthatis very commonand very hardto
modelusingeithersimulationbasednethodor randomsampling.



Circuit || #1 | #0O | #Rey | #Lits Onehot High/Low Bin Onehot High/Low Bin
Iter | Vars | Iter | Vars | Iter | Vars P cpu P cpu P cpu

shiftreg 1 2 3 8 5 28 3 24 5 28 0 2| 58 2| 40 2
traind 2 1 2 22 3 64 | 14| 108 3 64 35 2| 92 24| 75 2
bbtas 2 2 3 33 5 96| 30| 196 - - 33 7| 106 | 344 - -
trainll 2 1 4 68 5| 168 | 21| 232 9| 184 || 190 22 | 168 | 370 | 242 48
beecnt 4| 28 3 71 5| 190 8| 214 4| 182 | 271 27 | 189 82 | 315 25
dally 14 6 4 73 10 | 462 7| 378 7| 378 | 180 738 | 41| 5598 | 63| 5732
ex5 2 4 4 93 - -| 11| 242 | 10| 238 - - | 278 | 272 | 470 144
dk17 2 3 3 101 - -| 10| 252 | 10| 252 - - | 356 | 226 | 422 116
5208 10 1 8 117 3] 330 3| 330 3| 330 55 440 | 119 | 1101 | 131 | 1985
5298 3 6 14 184 6 | 438 - - 8 | 450 || 431 | 2487 - - | 269 | 6517
s420 18 1 16 233 3| 642 - - - - 49 | 13327 - - - -
cse 7 7 4 258 4 | 594 6| 622 | 20| 818 | 229 492 | 14| 3166 | 123 | 14305
s382 3 6 21 306 5] 690 - 4| 684 | 390 | 12198 - - | 397 | 5466
kirkman || 12 6 4 311 14 99 - - - - || 475 | 9814 - - - -
keyb 7 2 5 316 || 16| 880 - -| 10| 796 || 807 | 8934 - - | 489 | 9525
exl 8| 19 5 319 11| 840 - - - - || 431| 3026 - - - -
s641 35| 23 19 539 4 | 1466 - - - - 51 | 13076 - - - -

Table 1. Statistics of the circuits, number of iterations and variables in the BDDs, and results obtained.

numberof iterations. To illustratethis point, considerthe
circuit s382with Binary codeat the inputs. This circuit is
describedoy a Markov chainwith 224 statesandonly 4 it-

erationswere requiredto find a solution. The numberof

BDD variableggrowsfor eachnew iterationdueto theneed
to storethe previousinput variablesto avoid collapsingof

mintermsdueto variablereuse.

Theresultsalsoshaw thatif thecorrelationdetweerthe
input sequenceandthe statesare not considereda signif-
icant error is introducedin the power estimatesbecause
codeswith similar actiities (e.g.,OneHotandBinary) give
very differentresults.

6 Conclusionsand future work

We have presente@nalgorithmthatimplicitly solvesthe
Chapman-KImogoror equationgo computethe stationary
stateprobability distribution of a systemcomposedy ase-
guentialcircuit whoseinput sequencés modeledby a dis-
creteMarkov chain.By composingheinput Markov chain
with the statetransitiongraphthat describeghe sequential
behavior of thecircuit, it is possibleto modelexactly all the
temporalandspatialcorrelationsbetweerthe signals.

Theapplicationof thenew approacho powerestimation
resultsin a methodthat performspower estimationfor se-
guentialcircuitsusinginput statisticghatwould requireex-
tremelylargetracesf simulationbasednethodsvereused.

An interestingdirection for future work resideson the
useof approximatioralgorithmsto achieve alargerrangeof
applicabilityof thismethod.Anotherinterestingdirectionis
theapplicationof this methodto the analysisof networksof
finite statemachines.In fact, the methoddescribedn sec-

tion 3 canbe generalizedo solve the equationghat result
from the compositionof the Markov chainsthat modelthe
behavior of any numberof interactingfinite statemachines.
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