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Abstract VCO -V, (1)

(+prescaler;

This paper presents a new, frequency-domain based Y
method for modeling and analysis of phase-locked loop H, - (s) = Digital , Charge-|_ 0
(PLL) small-signal behavior, including time-varying as- LF PFD ~ Pump ref
pects. Focus is given to PLLs with sampling phase-
frequency detectors (PFDs) which compute the phase er- Figure 1. Typical PLL architecture.
ror only once per period of the reference signal. Using
the harmonic transfer matrix (HTM) formalism, the well-
known continuous-time, linear time-invariant (LTI) approx- as the distance between the zero-crossings of the reference
imations are extended to take the impact of time-varying signal and the VCO signal. Therefore, they only compute
behavior, arising from the sampling nature of the PFD, into the phase error once per period of the reference signal, i.e.
account. Especially for PLLs with a fast feedback loop, this they sample the phase error. For this reason, we call them
time-varying behavior has severe impact on, for example,sampling PFDs Due to their sampling nature, these PFDs
loop stability and cannot be neglected. Contrary to LTI introduce linear periodically time-varying (LPTV) compo-
analysis, our method is able to predict and quantify these nents in the PLL’s small-signal behavior. So, in analyzing
difficulties. The method is verified for a typical loop design. a PLL, we are essentially dealing with a periodically time-

varying system, as opposed to a time-invariant one, e.g. a

filter. Especially for PLLs with a fast feedback loop, this

time-varying behavior has severe impact on, for example,
1. Introduction loop stability and cannot be neglected.

This paper introduces a method to deal with the time-
Phase-locked loops (PLLs) are used in both analog and:c/arylng aszects _ofda PL.LS. small-&gga:jbehar\:lorhusmg a
digital systems for generating signals that track the phase requfency- o.maSTNTS?”pt'OP grognlg O_Ph.t € armor?lc
of a given reference signal. They can be used to reducetrants)ler matng_( d) orma_nsrrr]] [ dff ].I . |shapprpac.
oscillator phase noise by phase-locking it to a high-quality 's able to prec 'C.t an qugnnfyt e difficulties that arise in
reference, to synthesize frequencies which are multiples ofpl‘l‘S due their time-varying nature. Furthermore, being a

the input frequency or, in digital applications, to buffer and frequency-domain description, it allows us to recover pow-
deskew clock signals. In a lot of applications, PLLs are erful tools and concepts from the theory of LTI systems,

among those blocks who's performance is crucial in meet- like transfer functions and phase margin, for analyzing PLL

. e : . time-varying behavior.

ing system-level specifications. Adequate analysis of their ’ .

behavior is therefore of great importance. Classical textbook analyses typically model PLL small-
A typical PLL architecture, illustrated in Fig. 1, con- signal behavior using continuous-time, linear time-invariant

sists of a voltage controlled ,oscillator (VCHYa ph,ase- (LTI) feedback theory [2, 7]. This approximation works

frequency detector (PFD) and a loop filtér r(s). Nowa- }‘ine as Ionl? basl thehunifty gain freq;Jer?cy ?f the feeQbacIk
days, one most commonly uses digital PFDs which steer oop is well below the frequency of the reference signal.

a charge-pump [7], this because of their superior acquisi-,lf this condition no longer holds, the approximation runs

tion of phase-lock. These PFDs measure the phase erroftO trouble. _Especially for_PLLs with a fast fe(_edback '°‘?p
and a sampling PFD, the impact of time-varying behavior

Lin this text, we assume prescalers to be included in the VCO models. on system performance can become quite dramatic. For
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this case, [3, 5] suggest to treat PLLs as discrete-time sys—with similar definition for Y(s)— and the infinite-
tems. This analysis reveals constraints on the design ofdimensional matrit (s) with elements
a PLL's open-loop characteristic that are not readily de-

rived using continuous-time approximations. However, us- Hn.m(S) = Hn-m(s + jmawo) .

(5)

ing z-domain models, [3, 5] still don't fully recognize the
mixed continuous-time/discrete-time nature of PLLs. Fur-

thermore, they are not very well suited as a framework for
symbolic computations, at least not for arbitrary loop char-

acteristics. This limits their help in gaining understanding
and making decisions on design parameters.

This work presents a method for constructgagomain
PLL small-signal models that include the time-varying as-
pects of PLL behavior. Although extension to arbitrary

PFDs is possible, this work focuses on PLLs using sam-

it can be shown that the input-output relation (1) has the
frequency-domain equivalent

Y(s) = H(s)U(s) . (6)

The matrix H(s) is called the harmonic transfer matrix
(HTM) [9, 10] corresponding to the LPTV system (1).
When truncated and evaluatedsat= jw, it corresponds
to the harmonic conversion matrix as introduced in [8].
The nature of the HTM-representation is clarified by

pling PFDs since those occur most commonly. The model considering the input-output behavior for

is stated in terms of the HTM formalism [9, 10]. Itis a

frequency-domain approach, extending ideas and intuitions

on LTI systems to include a PLL's time-varying behavior.

+00

uty =y~ Upn(t)elMeot

m=—0o0

(7)

Furthermore, this method can be used to obtain both nu-

merical results and symbolic expressions.
The remainder of this article is structured as follows.

Here, thaum(t) have Fourier spectldm(jw) = F {um(t)},
band-limited within[—wo/2, o/2]. They hence model the

Section 2 provides a brief summary on HTMs. Next, sec- Signal content around the carriers:at= mwo. Defining

tion 3 discusses how to model the behavior of the PLL
building blocks in terms of these HTMs. In section 4, the

building block models are connected in order to obtain the

input-output HTM of the overall PLL. Experimental results

Us(jo)=[ -+ U.a(jo) Uo(jo) Ui(jo) -]
(8)
as the vector containing the input signal’s equivalent base-

are presented in section 5. Finally, section 6 draws someP@nd components, then, with a similar definitionYas(s),

conclusions.

2. A brief summary on HTMs

it can be shown that
Ye(jo) =H(jo)Us(jo) . 9)

This implies that the matrix eIemerhTtn,m(ja)) character-

Considering a general LPTV system, its input-output re- izes the transfer of the signal content from the input signal

lation is described by

o
y(t) = H[u@®)] = / h(, tut — )dr . (1)

—00
Here,u(t) is the input,y(t) is the output andh(t, ) is the
kernel describing the system’s behavior. Since for LPTV
systems, the kernél(t, r) is T-periodic in the variablé, it
can be expanded as a Fourier series with respdctThis
yields

oo +oo
y(t) = Z elk“’ot/ h(tut —)dr , (2
k=—o00 —o0

with wp = 27/ T. The functionshg(z) are called the har-
monic impulse responses and their Laplace transforms

Hk(s) = L {hk(1)} (3

the harmonic transfer functions. Introducing the-

dimensional vector

U= - Us+jwy) -]

(4)

U(s—jwo) U(s)

frequency band aroundwg to the output signal frequency
band aroundhwg. In short,H(s) characterizes how infor-
mation moves from one frequency-band to another. This
process is illustrated in Fig. 2.

Besides offering an elegant frequency-domain character-
ization of LPTV behavior, HTMs also provide an efficient
way to manipulate LPTV systems and to compute the over-
all input-output behavior, given the system’s building block
models. The HTMs corresponding respectively to the paral-
lel connectiory = Hj[u] + H[u] and the series connection
y = Ha[H1[u]] are given by

H1(s) + Ha(s)
Ha(s)Ha(s) .

H.(s)
Hx(s)

(10)
(11)

Furthermore, HTMs corresponding to basic building block
systems are computed in a straightforward manner. An LTI
system with transfer functioH (s) corresponds to the HTM
whose elements are given by

{ |in,m(s)
Hn,m(S)

H(s+ jmwg) m=n

0 m#£n (12)
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Figure 3. Sampling phase-frequency detector.
The reference and VCO phase are compared
using sequential digital logic which steers a
charge pump. The impedance Z| g(s) acts as
Figure 2. Signal transfers between the differ- the loop filter.

ent input and output frequency bands.

period of the reference signal. Typical sampling circuits,
Note this HTM having a diagonal structure. On the other like the charge pump based topology in Fig. 3 [7], code this
hand, the elements of the HTM corresponding to the mem-error as the width of a sequence of digital pulses. If the

oryless multiplicationy(t) = p(tu(t), with pt) = width of these pulses is small compared to the time-constant
i Pelko® are specified by of the loop filter-VCO combination, they will have the same
effect as Dirac impulses with their weight equal to the width
|:|n,m(S) =Pq_m . (13) of the original pulses. This equivalence is depicted in Fig. 4.

Note that the pulses in the upper plot were normalized to
Using (10)-(13), HTMs corresponding to more complex have magnitude 1. The effective charge-pump curtgnt
systems can be determined from their topology and buildingwill be taken into account in the loop filter model.

block HTMs. Assuming the equivalence in Fig. 4 to hold, the input-
output relation of a sampling PFD can be modeled as a mul-
3. Modeling the PLL building blocks tiplication of the phase err@ker — 6 with a Dirac impulse
train, or
In constructing the HTM describing a PLLs overall 1o
input-output behavior, we first need to determine the HTMs yt) = ( Z S(t— mT)) (Bref (1) —O(1)) (16)
corresponding to the building blocks in Fig. 1. The next m=—oo

couple of sections respectively describe the PFD, loop filter wo [ B2

and VCO models together with the HTMs that accompany = 5 ( Z el m“’ot) (Bref 1) —0(1)) (17)
them. Note that when talking about the phasg of the 7T \m="00

reference signal and the phasef the VCO, these are re-

lated to the signal models with T = 27 /wg the sampling period. Using (13), this

multiplication can be stated in terms of HTMs as

Viet (1) = Xref (t + Oret (t)) (14) 5 ~ ~ ~
Y(s)=H S) (6(S) — Oref (S 18
Verl) = Yo (t 4 () a5) (® =Hpro(®) (9 —frer(s)  (18)
where bothx;ef (t) andxesc(t) are T-periodic waveforms. with
In what follows, we furthermore assunfger /T| < 1, i.€. _
it represents a small-signal excursion. In a stable PLL that :
has acquired phase-lock, this implies tigtT| < 1. 3 w0 111
Hpep (8) = o 111 (19)
. JT
3.1. Sampling phase-frequency detector 111
In sampling PFDs, the phase ertipgsr — 6 between the w0, |1
reference and VCO output is measured (sampled) once per = ZI A (20)



point, and a small correctiofiu(t), i.e. u(t) = ug+ Au(t).

PFD In [1], it is shown that the chang@st) in the VCO phase
due to a perturbation componefti(t), are governed by
1 H 0—0Bref —‘4_ 4o
| L | — =v(t +0())Au(t) (22)
o T 2T ¢ dt
or .
@ o) :/ v(t +60(t))Au(r)dr . (23)
—00
PFD Here,v(t) is the periodic impulse sensitivity function asso-
6—B1ef ciated with the input sourcau(t). Since, in a stable PLL,
the control signaAu(t) is such as to keep the VCO phase
H 0(t) close todref (t) and since we assumégks () to repre-
0 T 2T 4 senta small-signal excursion, [Fef / T| < 1, it holds that
|0/T| <« 1. Equation (23) can therefore be approximated
Figure 4. If the PFD produces pulses whose as ¢
width is small compared to the time-constant o) ~ / v(t)Au(r)dr . (24)
of the loop filter-VCO combination, they will —0
have the same effect as Dirac impulses. We hence find tha#(t) is related toAu(t) via an LPTV

operator consisting of a multiplication with(t) followed
by an integration. The HTM corresponding to this operator

wherel = [ - 1 1 1 ---]". From (20)itis ob-  'S9VeNPY

served thatH pep (s) is a rank one matrix. This should
come at no wonder, since sampling maps all input sig-
nal content to the frequency banddo/2, wp/2], a phe- _vw v
nomenon known as aliasing. This spectrum is then periodi- Aveo(s) = S S (25)
cally repeated over the remainder of the frequency axis. So, veos = S s S

knowledge of the output’s signal content in one frequency S+”j1wo S+”J.°wo
band implies knowledge of its content in all other frequency . .
bands. This explains the HTM corresponding with the sam- L B o
pling operator being rank one.

Here, thevk are the Fourier coefficients oft), i.e. v(t) =

j kaot
3.2. Loop filter >k vkeeot,

Typically, the loop filter is a time-invariant system with 4 PLL input-output HTM
transfer functiorH_ g (s). For the charge-pump topology in

Fig. 3, this transfer function is given by Having constructed the building block models, we are
now ready to tie them together in order to obtain the HTM

HLE(S) = lep (21) describing the PLL's overall small-signal input-output be-

ZLF(9) havior. Using the composition rules outlined in section 2,

where I¢p is the pump current and | F(s) is the output we obtain the loop equation

impedance as seen by the charge-pump. The HTM corre- ~ ~ ~ ~
sponding with this LTI system is a diagonal matrix deter- 0(s) = G(s) (Qfef (S — 9(5)> (26)
mined from (12).

where

3.3.VCO G(s) =Hvco(s) - HLE(S) - Hpep(s)  (27)

In capturing the controlled oscillator's behavior, we g the PLL’s open-loop gain HTM. Solving féK(s) yields
make use of the results presented in [1]. It is assumed that

the inputu(t) controlling the VCO can be decomposed in ~ ~ -1. ~
a large signal DC componens, specifying the operating 0(s) = (' + G(S)) G(S) | bret () (28)



relating changes in the reference phase to changes in the 200

VCO phase. 100+
Considering the fact that elaborating (28) involves the in- \

or ]

100} \

version of an, in principleso-dimensional matrix, this ex-

pression does not seem to hold much practical value. How-

ever, by exploiting the fact that prp (S) = (wo/27) 1 - 1T

is of rank one, it is possible to obtain a closed-form ex- 200 1(;-2 0

- -1
pression for(l + G(s)) , and hence for the input-output _120 ‘ Weyg
relation (28). Defining

Magnitude (dB)

10°

[y
o

-140

V(s) = %cho@ HLe@) -1, (29)

Angle (dB)

) -160 |
we can write

-2

G(s)=V(s)-IT . (30) -180
10 10° 10°

Using the Sherman-Morisson-Woodbury formula [4], we o
then find ve

- -1 - -1 - . - .
(| + G(s)) (| +V(s) - |T) (31) Figure 5. Typical characteristic for  A(jw).
V() - IT _ : :
= |- 10 (32) The factorwg/27 in front arises from the sampling PFD
model (19). Fig. 5 shows a typical gain characteristic. It
with contains three poles (the first two at DC) and one zero. Note
T T ~ that the frequency-axis is normalized with respect to the
Mo =1V =I [HVCO(S) ' H"F(S)] . (33) unity-gain frequencyoy g of A(s). This characteristic will
be used for further numerical computations.
Using (33) and (34), the input-output HTMI(s) is found

In words,2(s) equals the sum of all elementstaf,co(s) -
HLE(s). Substituting (32) in (28) and using (30), the input-

output relation becomes to equal
6(s) = 1 V(S) - 1T ) Gret () (34) :
“ 1+ refts) - AGs— joo)
This relation is straightforward to evaluate numerically. It H(S) = 1170 A®S) [~ 111 ...]
can also be used as a starting point for obtaining symbolic A(s + jwo)
results. :
. (36)
5. Experimental results with
+00
We illustrate and verify our method for PLL loops with AS) = m;oo A(s + | mawo) (37)

time-invariant VCO behavior. Computations obtained using
the HTM framework are compared with results from time- being the effective open-loop gain. The HTM element
marching simulations in Matlab/Simulif¥. The Mat-  Ho,o(s), modeling the closed-loop signal transfers from
lab/Simulink model implements the PFD using flip-flops Paseband to baseband, is given by
and therefore encodes the phase error through the width of ) A®S) A®S)
the pulses it produces. This corresponds to the behavior of Ho.o(s) = R~ )
an actual circuit realization. It allows us to test the accuracy ’ 1+  1+AG
of our approximations.

Time-invariance of the VCO implies that in (25) =

(38)

The latter approximation, corresponding to classical

LTI analysis, is valid as long as long a#\(s
0, Yk # 0. The HTM becomes diagonal and represents an y . £ thi gl hglda ( )| >;
LTI system with transfer characteristidyco(s) = vo/s. _Zm;ﬁO A(.S"' Jm‘”O)" If this r.10 Onger noids, 1.e.-when
The open-loop gain of the continuous-time LTI approxima- time-varying effects become important, the other terms of

tion then becomes A(s) need to be taken into account. This is the case as the
w0 V0 frequency range of interest, characterized by the unity gain
A(s) = EgHLF(S) : (35) frequencywyc of A(s), approachesy. Note that signal
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Figure 6. Baseband to baseband signal trans-
fer, represented by the HTM element  Hg,o(S),
for wyg/wo = 0.01, 0.1 and 0.15.

Figure 7. The normalized effective unity gain
frequency wuc.eff/wuc (upper plot) and the
open loop phase margin (lower plot) versus
wyg/wo. The horizontal line indicates the
phase margin as predicted by LTI analysis.

transfers to other frequency bands can be studied as well by
considering the other elementstdfs).

Fig. 6 shows the impact of an increasingg/wo on
Ho,o(S)- The solid lines are obtained by evaluating (38) erful tools and concepts from the theory of LTI systems,
while the marks are extracted from time-marching simula- like transfer functions and phase margin, for analyzing PLL
tions. Both are within 2%. Note, however, that evaluating time-varying behavior. The method can be used to obtain
(38) is only a matter of seconds while it takes several min- Poth numerical results and symbolic expressions.
utes for the time-marching simulations to complete.
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