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Abstract

Shooting finite differenceor Harmonic Balanceted-
niguesin conjunctionwith Newton’s methodare widelyem-
ployedfor the numericalcalculation of limit cyclesof os-
cillators. Theresultingsetof nonlinearequationsare nor-
mally solvedby dampedNewton’s method. In somecases
however, divergence occurs when the initial estimateof
the solutionis not closeenoughto the exactone A two-
dimensionalhomotopymethodis presentedn this paper
which overcomesthis problem. Theresultinglinear setof
equationemployingNewnton’s methods underdetermined
andis solvedin a leastsquaessenseor which a rigorous
mathematicabasiscanbederived.

1 Limit cycle calculation of oscillators

We considerthe autonomouscircuit differential alge-
braicequation{DAES) of dimensionN

fla(t) = i@) + a@@) =0 )
We assumehat

o theDC operatingpointis unstablej.e. i(zpc) = 0is
anunstablesolutionof (1) and
e the circuit DAE exhibits a periodic limit cycle
T55(t) = 245 (t + T') YV t wherethe periodT is a priori
unknown.
The boundaryvalue problem can be solved by finite dif-
ferencetechniques:For a numericaltreatment(1) might
be discretizedusingsomesort of finite differenceschemes
choosing K nodeson an equidistantmeshwith the grid
spacingAt = % whereT is thea priori unknown period
of thelimit cycle:

F(X)=I(X)+ VQ(X)=0. )

HereF, X, I, () arevectorsof thesize N - K andV
representthediscretizedime derivative. Unfortunately fi-
nite differencetechnique®ftenfail to convergewhenusing
plain Newton’s method.
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The homotopy techniqueappliedto (2) sweepsrom an
initial valueproblem(A = 0) to a periodicboundaryvalue
problem(\ = 1):

F(X,\,w) =I(X) + VQ(X) + VQ(X) =0
X=MX+(1-M)Xo, 0<N <1 (3)

whereV andV areblocklowertriangularandstrictly block

uppertriangularmatrices,respectrely, andV = V+V.

Note thatin (3) FisamapF : R x Rx R —

R™, wherem = N - K. Associatenow the normalized
angularfrequeny w/wo with asecondhomotory parameter
X2. wp is aninitial estimate.The two-dimensionahomo-
topy methodis thereforestartedwith the initial conditions
(A1,A2) = (0,1). The homotofy methodemployed is a

generalizatiorof a techniquepresentedy Deuflhardet al

[1].

The continuationmethodhasbeenappliedto different
oscillatorswhereplain Newton methoddailed because¢he
initial estimatesf the solutionwereto far away from the
exactone.Most circuitsarequartzcrystaloscillatorswhere
finding thelimit cycleis very difficult.

Quadrature Clapp Colpitts  Pierce
fo/MHz 131 20 20 2
f—fo 0.056 0.999978 0.99996 0.999976
steps 29 16 16 16

Table 1. Results for various oscillators
Table 1 shows initial estimatef,, final ratio f/f, and
numberof iterationsfor variousoscillators. The numberof
iterationsis acceptabldor all circuitsundertest.
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