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Abstract

Shooting, finite differenceor Harmonic Balancetech-
niquesin conjunctionwith Newton’smethodarewidelyem-
ployedfor the numericalcalculationof limit cyclesof os-
cillators. Theresultingsetof nonlinearequationsare nor-
mally solvedby dampedNewton’s method. In somecases
however, divergenceoccurs when the initial estimateof
the solution is not closeenoughto the exact one. A two-
dimensionalhomotopymethodis presentedin this paper
which overcomesthis problem. Theresultinglinear setof
equationsemployingNewton’smethodis under-determined
andis solvedin a leastsquaressensefor which a rigorous
mathematicalbasiscanbederived.

1 Limit cycle calculation of oscillators

We considerthe autonomouscircuit differential alge-
braicequations(DAEs)of dimension
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(1)

We assumethat� theDC operatingpoint is unstable,i.e.
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is
anunstablesolutionof (1) and� the circuit DAE exhibits a periodic limit cycle��!"!#���	���$��!"!%���&�(')�+*,�

wheretheperiod
'

is a priori
unknown.

The boundaryvalue problemcan be solved by finite dif-
ferencetechniques:For a numericaltreatment(1) might
bediscretizedusingsomesortof finite differenceschemes
choosing - nodeson an equidistantmeshwith the grid
spacing. �/�102 , where

'
is thea priori unknown period

of thelimit cycle:3 ��45���768��45�+�:9<;=��45�����?>
(2)

Here
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representsthediscretizedtimederivative. Unfortunately, fi-
nitedifferencetechniquesoftenfail to convergewhenusing
plainNewton’smethod.

Thehomotopy techniqueappliedto (2) sweepsfrom an
initial valueproblem( C �D� ) to a periodicboundaryvalue
problem( C �FE ):3 ��4 @ C�G @"H ���768��45�I�KJ9<;=��45�/�ML9<;=��J45�����J4N� C G 4O�7�"EQP C G �R4TS @ �VU C G U7E (3)

where
J9

and
L9

areblocklowertriangularandstrictly block
uppertriangularmatrices,respectively, and

9W�XJ9Y�ZL9
.

Note that in (3)

3
is a map

3 [<\�]�^F\_^`\ a\ ] @ where b � �_A - . Associatenow the normalized
angularfrequency HdceH S with asecondhomotopy parameterC?f . H S is an initial estimate.The two-dimensionalhomo-
topy methodis thereforestartedwith the initial conditions� CgG @ C?f �h�i��� @ Ej� . The homotopy methodemployed is a
generalizationof a techniquepresentedby Deuflhardet al
[1].

The continuationmethodhasbeenappliedto different
oscillatorswhereplain Newton methodsfailedbecausethe
initial estimatesof the solutionwereto far away from the
exactone.Mostcircuitsarequartzcrystaloscillatorswhere
finding thelimit cycle is verydifficult.
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Table 1. Results for various oscillators
Table 1 shows initial estimate

� S
, final ratio

� c � S and
numberof iterationsfor variousoscillators.Thenumberof
iterationsis acceptablefor all circuitsundertest.
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