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Abstract

The core computation in BDD-based symbolic synthesis and verification
is forming the image and pre-image of sets of states under the transition
relation characterizing the sequential behavior of the design. Computing

an image or a pre-image consists of ordering the latch transition rela-
tions, clustering them and eventually re-ordering the clusters. Existing
algorithms are mainly limited by memory resources. To make them as

efficient as possible, we address a set of heuristics with the main target
of minimizing the memory used during image computation. They include
a dynamic heuristic to order the latch relations, a dynamic framework to
cluster them, and the application of conjunctive partitioning during image

computation. We provide and integrate a set of algorithms and we report
references and comparisons with recent work. Experimental results are
given to demonstrate the efficiency and robustness of the approach.

1 Introduction
Symbolic techniques for state space exploration spend most of
the system resources computing the predecessors or successors of
sets of states. The algorithms forimageandpre-imagecompu-
tations have been the object of careful study since the launch of
symbolic techniques based on Binary Decision Diagrams (BDDs).

These computations usually require the following: (1) Rep-
resenting the transition relation of the system in monolithic or
conjunctive or disjunctive form; (2) taking the conjunction of all
its terms with the current set of states. The involved terms are
usually ordered, to improve theearly quantificationscheme, and
areclustered.

After a lot of work in this area in the mid’90s, see for ex-
ample [1, 2], the researchers concentrated on other topics of the
reachability analysis galaxy, namely approximate reachability anal-
ysis, guided traversal, etc. Only recently the question of image
computation gained again the attention of the scientific commu-
nity [3, 4, 5, 6, 7].

We basically follow this recent trend and we try to further
optimize image computation introducing an approach based on
dynamic sorting, dynamic clustering and partitioning.

We start from an ordering technique derived from [1], but
with major modifications introduced keeping into account the work
presented in [8, 9] on combinational optimization. First of all, we
take into consideration both the support of the latch relations and
the size in terms of BDD nodes. Secondly, we apply our ordering
heuristic dynamically, i.e., we evaluate the next term to be con-
joined with the current product only after the previous conjunc-
tion has taken place. In this way we optimize each single conjunc-

tion with respect to the previously computed intermediate result.
To avoid increasing the overhead beyond an acceptable limit, we
stop re-evaluating the order as soon as it is stable enough.

As far as the clustering heuristic is concerned, we again pro-
pose a dynamic process based on past experience. We start travers-
ing the circuit without clustering at all, albeit some initial clus-
tering is possible in case of models with a very high number of
latches or with particularly small BDDs representing them. Dur-
ing the initial image computations, we dynamically keep track of
the BDD size of the intermediate products. Then we use the col-
lected statistics to bias the clustering process: In order to tunnel
the sharper BDD peaks we cluster transition relation components
around the ones producing these peaks. To avoid BDD blow-up
we also maintain a threshold mechanism similar to the one in-
troduced in [1], i.e., we avoid creating too large BDDs during
clustering.

Finally, we apply partitioning during image computation some-
how following the trend introduced by [3, 10]. Following [10] we
disjunctively partition BDDs as soon as they become too large,
but we have a double threshold mechanism. Whereas the first
threshold enables partitioning, the second one limits the number
of recursive splittings. This methodology allows us to further re-
duce intermediate peaks, with a benefit on CPU time as a direct
consequence as well.

Our experimental results on well known benchmarks under-
line the robustness and effectiveness of the approach.

2 Preliminaries
Our systems are usually modeled as Finite State Machines (FSMs).
A completely specified FSMM is a 6–tupleM = (I; O; S; Æ; �; �)
whereI is the input alphabet,O is the output alphabet,S is the
state space,Æ : S�I ! S is the next state function,� : S�I !
O is the output function and� � S is the initial state set.

The FSM is usually described by a predicate,T (s;w; y), called
transition relationof the system. This relation is true when the set
of “next” statesy is directly reachable from the set of “present”
statess under inputsw. In the sequel, we will usex to indicate the
set of boths andw variables. Thetransition relationT associated
to an FSMM is:

T (x; y) =

nY

i=1

(yi � Æi(x)) =

nY

i=1

ti(x; yi) (1)

Given the transition relation of the FSM, the implicit compu-
tation of the successorsTo of a set of statesFrom is given by the



formula:

To(y) = Img(T (x; y);From(s)) = 9x(T (x; y) � From(s))

Predecessor computation (pre-image) is dual.
On practical examples, representingT by a single BDD, i.e.,

monolithically, is usually impossible. In those cases a partitioned
form, i.e., a conjunctive or disjunctive partition, is used.

This partitioned form is especially natural when the system is
a deterministic hardware circuit. In this case, each memory ele-
ment of the circuit, i.e., each next state function, is encoded in one
term of the transition relation. When the circuit is synchronous,T

is expressed in conjunctive form, as it can be written as a product
of all “latch relations”.

With these assumptions computing the setTo from the set
From involvessorting, i.e., reordering terms,clustering, i.e., par-
tially computing productsCi, andearly quantification, i.e., mov-
ing the existential quantification inside the conjunction:

To(y) = 9x(
Qn

i=1
ti(x; yi) � From(x))

= 9x(
Qm

i=1
Ci(x; y) � From(x))

= 9x(Cm � Cm�1 � : : : � C1 � From)
= 9xm(Cm � : : : � 9x1(C1 � From). . .))

(2)

where the innermost products may be computed, with early quan-
tification of variables not in the support of the outer terms. The
process results in a linear chain of relational products, usually
producing peak BDD sizes within intermediate steps [11]. Some-
times there is a further step consisting in re-ordering the clusters
following the same strategy used to order simple latch relations.

The set of forward reachable statesReached can be com-
puted with the following least fixed point computation:

Reachedi(y) = Reachedi�1 + Img(T;Reachedi�1)
= Reachedi�1 + 9x (T (x; y) � Reachedi�1(x))

whereReached0 is set to the initial set of states,Reachedi is
the reachable state set at stepi, andReached at the fixed point is
the overall set of reachable states.

3 Related Works
Until recently the most widely used image computation strategy
has been the one presented in [1]. The majority of the verification
and traversal packages include it in one form or in another. It is
essentially based on the three steps described in Section 2: Or-
dering the latch transition relationsti, clustering them into theCi

terms, taking the product of the clusters sequentially starting from
the From set. As far as ordering the latch transition relations is
concerned, let us suppose to initially haven latch transition rela-
tions, to callP the current-partial conjunction already computed,
andt the generic latch transition relation among the ones still to
be conjoined. Then [1] defines:

� q = variables which can be existentiallyquantified out by se-
lectingt as the next conjunction term

� q = variables which have not been existentiallyquantified out
yet

� x = present stateandinput variables int

� y = next statevariables int

� y = next statevariables not yet introduced inP

� bottomt = maximumBDD indexof a variable to be quantified
out in the support oft

� bottom = maximumBDD indexof a variable to be quantified
out in the support of the remaining clusters.

The ordering heuristic (which has a quadratic cost,O(n2)) per-
formsn iterations during each of which it selects the termt with
the maximum value of:

Wi = w1 �
jjqjj
jjxjj

+ w2 �
jjxjj
jjqjj

+ w3 �
jjyjj
jjyjj

+ w4 �
bottomt

bottom

where jj jj indicates the cardinality of a set of variables, and
w1; w2; w3; w4 are generic weights (usually set tow1 = 2; w2 =
1; w3 = 1; w4 = 1).

Minor variants of this method include: Changing the value of
the four weights, reordering the clusters after clustering or leaving
them in the original order, reordering the clusters at each image
computation or once and for all at the beginning of the traversal.
It is also useful to remember that sometimes different behaviors
may be obtained because of floating point arithmetic.

In [2] the authors show firstly evaluates a quantification tree,
then they use it to compute clusters, and finally they arrange the
clusters into a linear chain. They also prove, under certain hy-
pothesis, that bounding the cost of a quantification tree is a NP-
complete problem. Nevertheless, they show that “partial collaps-
ing”, i.e., clustering, is very useful to reduce time and space com-
plexity. As a result, algorithms to cluster and order relations are
indeed used, but are heuristic in nature.

In [3] the authors mix the technique just presented, based on
the transition relation, and the one based on recursive case split-
ting, often known astransition function. They show that very
often one technique outperforms the other and propose a hybrid
approach based on an on-the-fly selection of the method.

In [4] the authors try to produce a good quantification sched-
ule minimizing the “active lifetime” of variables, i.e., the number
of conjunctions in which the variable participate. The method is
based on the analysis and manipulation of thedependence matrix
of the system, i.e., the matrix that indicates the variables in the
support of every latch relation.

Correlated techniques are also the one presented in [6, 7].
In [6] the authors introduce a clustering technique using informa-
tion coming from the high-level Verilog descriptions and valuable
for controllers. In [7] the authors presents algorithms for building
a hierarchically partitionedT and a consequent scheduling algo-
rithm.

In [5] the authors present an algorithm combining BDDs and
SAT (Boolean Satisfiability) in order to exploit their complemen-
tary benefits. In their approach SAT provides a disjunctive de-
composition of the image computation into smaller sub-problems,
each of which is handled in a standard fashion using BDDs. This
mechanism trades off space and time complexity and is one of the
first applications of a SAT solver to the symbolic image computa-
tion.

To sum up, the closest technique to the one proposed in the
sequel is the one presented in [1]. We modify it also keeping
into consideration the work on combinational optimization done
in [8, 9]. A reference has to be made to [12] that first introduced



a learning activity in a symbolic computation, more specifically
in the domain of guided-traversal. We also have a learning pro-
cess to trim clustering and reordering but our methodology and
application domain are completely different. Finally, as far as
partitioning BDDs is concerned, [10] introduces the sort of split-
ting we use but applies it at the traversal level, instead we ap-
ply it at a lower level, i.e., inside image computations. More-
over [3] switches only once and for-all from splitting to conjunc-
tion, whereas in our methodology splitting is always enabled.

4 Ordering the Latch Relations
We derive our ordering algorithm directly from [1] keeping into
consideration the analysis done in [8, 9]. In [9] the authors try to
solve the following problem: Given a Boolean functionf(x1; : : : ; xn)
and the BDDs for each of the input functionsxi, how should the
BDD for f be constructed so that the intermediate memory re-
quired to build the BDD is minimized? The authors present a set
of heuristics (minimum-size-first, minimum-support-first, minimum-
extra-support-first, etc.) based on the support of the function, as
well as their size (in terms of BDD nodes). They also present a
heuristic based on a partial traversal of the BDDs, i.e., a partial
pre-computation of the operation before the final computation to
decide which possible operation is the best one.

We start from these considerations trying to keep into account
the strong impact of early quantification that usually drastically
helps in simplifying intermediate products. First of all, we try
to apply a try-and-abort heuristic: We select the best candidates
among a set of good ones by partially computing the conjunction.
This methodology did not perform particularly well especially in
terms of CPU time. As a consequence we propose the follow-
ing algorithm taking into consideration five factors. We refer to
Section 3 for some of the definitions used here. Then we define:

� c = variablescommon tot andP

� e = (extra) variables int but not inP

� jtj = size oft in terms of BDD nodes.

Using the subscriptmax to indicate the maximum of the value
among all the latch transitions still to be conjoined withP, we
evaluate the following cost function for all thet term still to be
conjoined:

Wi = w1 �
jjqjj

jjqmaxjj
+ w2 �

jjcjj
jjcmaxjj

+ w3 � (1�
jjejj

jjemaxjj
)+

w4 � (1�
jjxjj

jjxmaxjj
) + w5 � (1�

jtj

jtmaxj
)

We select the term with the highestWi value as next term to
conjoin with P. Again, following [1], w1; : : : ; w5 are generic
weights, but we are more drastic to characterize the weight of each
factor as we selectw1 = 10; w2 = 1; w3 = 1; w4 = 1; w5 = 2,
giving higher priority to the quantification scheme and to the size
of the BDDs involved.

Notice that some of the introduced terms are similar to the
ones presented in [1] but not equivalent. In particular we consider
the size of the terms, not only their support. Moreover, we pro-
pose a different strategy regarding the support of the function. To
this regard, two strategies are possible: Giving priority to func-
tion with a large support or giving priority to a function with a

small support. While the first method tries to optimize the vari-
able quantification scheme obtained for the subsequent products,
the second one tries to optimize the size of the current intermedi-
ate product. We prefer the second choice, whereas [1] selects the
first one.

Moreover, and most important we insert the ordering heuris-
tic inside a dynamic procedure (see Section 7 for the complete
pseudo-code and more details). As the heuristic presented in [1],
our procedure has a quadratic cost, i.e., ifn is the number of
latch relations/clusters its complexity isO(n2). In principle we
run it after each intermediate conjunction. In practice, to avoid
too much overhead, at each application we compare the ordering
with the old one, and we end re-evaluating it as soon as it is stable
enough. Experimentally we discover that the cluster order usually
changes a lot during the first two or three image computations,
and after that point it remains relatively stable.

5 Clustering the Latch Relations
As described in Section 3 clustering is usually a linear process
based on a BDD size threshold. Moreover, clustering is usually
done once and for-all at the beginning of the traversal process.

We propose an on-the-fly clustering done after an initial phase
of traversal with the purpose of minimizing intermediate peaks in
terms if the size of the BDDs involved in the computation. Our
process is based on the following considerations. In [11] the au-
thors show that very often traversal processes require the maxi-
mum number of BDD nodes during intermediate traversal levels.
This consideration usually holds also inside intermediate evalua-
tion of the image computation. As a consequence let us suppose
to have a situation like the one represented in Figure 1(a), indeed
a very common situation. It plots the BDD size of each interme-
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Figure 1: BDD Peaks during Image Computation.

diate product as a function of the number of steps performed, i.e.,
the number of conjunction already computed. Our idea is to ide-
ally start with no clustering at all (i.e., withn latch relations), and
proceed with a self-tuning process that tries to smooth the curve
of Figure 1(a) avoiding intermediate peaks. A possible solution
is the one reported in Figure 1(b) where clusters are formed start-
ing from the latch relations whose conjunction produces the peak
BDDs.

More formally the algorithm works as follow. During each
image computation, we collect information about the size of in-
termediate products. Then, at clustering time, we evaluate the
maximum values obtained. Each latch relation producing a peak
size BDD is conjoined with one of its neighbor terms. During
conjunction, we also use a size threshold to avoid memory blow-



up. We conjoin a term if its size is smaller than the threshold
and we keep the result only if it is smaller than two times the
threshold. We usually perform different steps of clustering, using
peak size information coming from different traversal levels, to
cluster the terms enough. We experimentally evaluate that a good
heuristic consists in starting from a relatively small cluster size
threshold and double it after each successive clustering.

6 Partitioning
We follow [10] to mix the usual conjunction of terms with recur-
sive case splitting.

Our purpose is to simplify a costly operationop between two
BDDsa andb, resorting to the well known “divide–and-conquer”
strategy(a1+a2) op b = (a1 op b)+ (a2 op b) wherea1 anda2
can be recursively partitioned. Decomposition is done by select-
ing a splitting variablev, that induces a partitioning also on theb
operand:a op b = (av op bv) + (a�v op b�v).

We use this mechanism embedded in a recursive image com-
putation procedure. The method uses two user-defined thresholds.
The first one is a BDD size: We partition each single intermediate
term whenever its size exceeds the threshold. The second one is
a limit in the number of recursions for partitioning, i.e., we limit
the number of partitions performed recursively. Experimentally
we discover that this strategy gives better results and limits parti-
tioning overheads.

7 Implementation and Pseudo-Code
The ideas presented so far are implemented and better detailed in
the following set of algorithms.

TRAVERSAL (T , �)
New �

From �

Reached �

level 1
while (New 6= ;) do

if ( level 2 [CLUSTERFROM, CLUSTERTO]) then
CLUSTERDYNAMICALLY (T , size, ord)

To IMG (T , From, size, ord, 0, PARTD)
New To � Reached
Reached Reached + New
From BESTBDD (New, Reached)
level level + 1

return (Reached)

Figure 2: Symbolic Forward Traversal.

Figure 2 represents the top-level pseudo-code, i.e., a standard
breadth-first traversal routine with our modifications. TheT pa-
rameter is the initial set ofn latch relations ideally with no clus-
tering. Notice moreover that some initial clustering is possible in
the case of models with a very large number of latches or with
particularly small BDDs representing them. In this case we ap-
ply our ordering heuristic and a size threshold based clustering
mechanism. Our first modification to the standard function is the
presence of the function CLUSTERDYNAMICALLY . It clustersT
trying to minimize the BDD peaks obtained during the previous
image computation. It follows the strategy illustrated in Section 5.
To avoid useless overheads it is called only when necessary, i.e,

during intermediate traversal levels (from theCLUSTERFROM to
the CLUSTERTO level), avoiding easy level and till we have ob-
tained a satisfactory clustering.

CLUSTERDYNAMICALLY (T , size, ord)
eliminate duplicate values into arraysize
for eachi such thatsizeordi�1 � sizeordi � sizeordi+1 do

if ( jtordi j � CLUSTERTH) then
r = tordi � tordi+1
if ( jrj < 2� CLUSTERTH) then

extracttordi andtordi+1 from T

insertr in T

modify arraysize accordingly

Figure 3: Dynamically ClusterT .

Function CLUSTERDYNAMICALLY is described in Figure 3.
The ti terms are clustered around the ones that gave the higher
BDD peaks during the previous image computation.size is the
array used, by function IMG, to store the BDD size after each
intermediate conjunction.ord is the array assigned by function
SELECTBESTCLUSTER(see Figure 5) to indicate the order of the
clusters used to evaluate the image. During clustering the size of
the new clusters is checked with a double threshold mechanism
based on theCLUSTERTH value.

IMG (T , Pi, size, ord, i, PARTD)
if ( i� number ofti in T ) then

return (Pi)
ordi = SELECTBESTCLUSTER(T , Pi, i)
f  tordi
Pi+1  9x (Pi � f )
sizei jPij
if ( jPi+1j< PARTTH OR PARTD < 0) then

r IMG (T , Pi+1, size, ord, i + 1, PARTD)
else

var VARSELECT (Pi+1)
t IMG (T , Pi+1 � var, size, ord, i + 1, PARTD�1)
e IMG (T , Pi+1 � var, size, ord, i + 1, PARTD�1)
r t + e

return (r)

Figure 4: Image computation with Dynamic Ordering and Clus-
tering, and Disjunctive Partitioning.

Our second set of modifications is embedded into function
IMG, detailed in Figure 4. It introduces our image computation
routine. Whereas the standard formulation is linear, our procedure
is recursive and it includes disjunctive partitioning of large terms.
We indicate withi the number of conjunction performed during
the current image computation, and withPARTD the partitioning
depth, i.e., the number of recursive partitioning still allowed. It
essentially computesPi+1 = 9x (Pi � tordi), wherePi is the
current partial product andtordi is the element ofT in position
ordi. ordi is set by function SELECTBESTCLUSTER (see Fig-
ure 5). If Pi has a BDD whose size is smaller than the threshold
PARTTH or the maximum level of recursions in term of partition-
ing has already been reached, the procedure recurs. Otherwise it
partitions this partial productPi and the recurs in a similar way
on the two partitions. The BDDPi is partitioned by computing
a splitting variable by function VARSELECT. This function was



firstly described in [10], but various implementations of similar
functions can be directly found in [13]. It basically selects the
best variable in the set of support ofPi to cofactorPi itself so to
obtain the two smallest cofactors possible. Notice that as a single
partitioning temporarily increases the number of BDD nodes, a
certain care has to be paid during this phase to avoid unnecessary
memory blow-ups.

SELECTBESTCLUSTER(T , P, i)
for j i TOm

computeqordj , cordj , eordj , xordj , jtordj j
updateqmax, cmax, emax, xmax, jtmaxj

for j i TOm

Wj = w1 �
qordj
qmax

+w2 �
cordj
cmax

+ w3 � (1�
eordj
emax

)+

w4 � (1�
xordj
xmax

) + w5 � (1�
jtordj

j

jtmaxj
)

return (j such thatWj is maximum)

Figure 5: Recursive Relational Product with Disjunctive Parti-
tioning.

Figure 5 shows the procedure used to compute statistics and
evaluate the order for latch/cluster relations. It computes the weight
Wi as described in Section 4 and then uses these weights to eval-
uate the orderord of the clusters.

8 Experimental Results
The presented technique is implemented within a traversal pro-
gram built on top of the Colorado University Decision Diagram
(CUDD) package [13]. Our experiments ran on a550 MHz Pen-
tium II Workstation with a256 MByte main memory, running
RedHat Linux 7.1. We present data on a few ISCAS’89 and
ISCAS’89–addendum benchmarks, selected with different sizes,
within the range of circuits manageable by state–of–the–art reach-
ability techniques.

8.1 Case Study:s1269

In this section we present detailed data and a complete compari-
son for circuits1269. Albeit its transition relation and its reach-
able state set are relatively small, the third level is extremely com-
plex to traverse, with a very high peak in terms of BDD nodes.
This characteristic is mainly due to a bad behavior of all known
heuristics to deal with that model during image computations, and
makes it extremely suitable for extensive analysis.

In Table 1 our methodology is compared with the one pre-
sented in [1] and data taken from the literature [3, 4, 5]. For
rows [1] all the data are obtained with our implementation of the
original algorithm. On the contrary, rows [4]-[1] show results ob-
tained with the same methodology implemented in VIS [14] and
derived by [4]. As introduced in Section 3 minor implementation
differences may give different results, and this consideration may
explain the different data reported in the table. All the other data
are extracted from the referenced papers. In all the cases standard
breadth–first traversal is considered. We are aware that better re-
sults may have been presented with some other technique, i.e.,
guided traversal, but we consider this work as orthogonal as all
kinds of reachability analysis (guided, over-approximate, under-
approximate, etc.) may take advantages from any improvement
in the underlying image computation procedure.

In the top part of the table, we start the experiment with a stat-
ically computed variable order (obtained with a standard depth
first search performed on the original source BLIF file, see [14]
for example). These experiments show results in a common ex-
perimental environment, where dynamic variable reordering is
automatically activated whenever necessary. This part of the table
is divided into three more sections. In the first/top one, we com-
pare our methodology with [1] without clustering: This allows us
to compare ordering heuristics as a solo heuristic, i.e., without any
sort of clustering involved. In the second/middle one, we compare
a few cases of usual traversal, including ordering and clustering.
In the third/bottom one, we compare strategies involving some
sort of partitioning.

In the bottom part of the table, we start our traversal from
an already optimized BDD variable ordering (obtained from [10,
15]) and with dynamic variable reordering disabled. These ex-
periments show the performance and contributions of the various
algorithms without the influence of dynamic variable reordering.
This may be useful because albeit being really beneficial dynamic
variable reordering is a large source of noise and may randomly
modify performances.

The meaning of the columns follows the terminology used
in Section 7: CLUSTERTH indicates the threshold (in terms of
number of BDD nodes) used to clusterT , PARTTH is the threshold
used to disjunctively partition intermediate products,Peak Live
Nodes is the peak of BDD nodes during the process,Peak Size
is the size of the larger BDD created during the process. Finally,
Mem. and Time indicate respectively memory occupation (in
MBytes) and CPU time (in seconds).

As a final remark notice that a direct comparison of all the
data (e.g., time values) should give a rough idea of performance
but may be unfair. In fact, initial variable orders are not always
comparable and experiments are performed on different hardware
configuration, as reported at the end of the table.

To conclude, let us notice that our heuristic usually performs
pretty well especially in terms of memory. As far as CPU time
is concerned, we pay two sources of overheads: (1) The heuristic
is intrinsically more expensive than the original one; (2) Some
implementation inefficiency that would be avoided with a more
accurate implementation. In any case, the overheads introduced
to are often more than balanced by the saving obtained in terms
of BDD nodes and CPU time as a direct consequence.

8.2 Other Experiments

We follow is this section the flow used in the previous one.
First of all, we present some data showing the impact of dy-

namically reordering the termsti, without clustering them. In
Figure 6 we compare, on three circuits, our dynamic ordering
methodology with the one in [1] without clustering, i.e., the clus-
tering threshold was set to zero. We plot the peak live nodes used
as a function of the traversal level. In all the cases we report
only meaningful traversal iterations. Again in this case we use an
initial optimized variable order and dynamic variable order is dis-
abled, to better isolate the experiments from the noise introduced
by dynamic variable reordering.

In Table 2 we compare our methodology with our implemen-
tation of the one presented in [1] on a set of benchmark circuits.
To set-up this table we use the same strategy used for Table 1.



Method CLUSTERTH PARTTH Peak Live Nodes Peak Size Mem. Time
[MByte] [sec]

Static Initial Variable Order - Dynamic Variable Reordering Enabled
[1] 0 0 6819019 5130600 186 8979
This Paper 0 0 1420778 759356 53 1123
[1] 5000 0 1498205 1008719 52 985
[4]–[1] � 0 3652300 � � 6429
[4] � 0 1413900 � � 1658
[5] � � 600000 � 46 1877
This Paper 2000,4000 0 794034 480942 36 892
[3] � � � 1576000 � 891
This Paper 2000,4000 100000,3 643710 296151 30 653

Optimized Initial Variable Order - Dynamic Variable Reordering Disabled
[1] 0 0 7632364 3874167 161 365
This Paper 0 0 1519305 859208 51 246
[1] 500 0 4136867 2921359 97 230
[1] 5000 0 1654485 1189487 56 242
[4]–[1] � 0 9000000 � � 178
[4] � 0 25565000 � � 283
This Paper 2500 0 1235446 652473 47 154
This Paper 2500,5000 0 1234138 652473 46 160
This Paper 2500 100000,3 836881 422826 37 316

Reference Machine
This Paper, [1] Pentium III,550 MHz, 256 MByte
[3] Pentium II,400 MHz, 1 GByte
[4] Pentium II,400 MHz, 750 MByte
[5] UltraSPARC Workstation,296 MHz, 768 MByte

Table 1: Reachability Analysis Comparison for circuits1269. � means data not available.

Optimized variable ordering are taken from [16, 15].
Circuit s3271 is the one on which our ordering and cluster-

ing heuristics obtains the worst results, as the memory reduction
is mainly due to the partitioning methodology. In all the other
examples the results are similar to the ones previously presented,
with gains due both to a better ordering and a better clustering
with some further reductions due to partitioning.

9 Conclusions
The core computation in both synthesis and verification is form-
ing the image and pre-image of sets of states under the transition
relation characterizing the design. Existing algorithms are mainly
limited by memory resources in practice. To make them as ef-
ficient as possible, we address a set of heuristics with the main
target of minimizing memory usage. These include an heuris-
tic to order the latch relations, a new framework to cluster them
and the application of conjunctive partitioning during the com-
putation. We provide and integrate a set of algorithms and we
give reference and comparison with recent work. Experiments
are given to demonstrate the efficiency and robustness of the ap-
proach.
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Figure 6: Peak size BDD nodes without clustering.
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