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Abstract

We presentmethodgo geneiate a Binary DecisionDia-
gram (BDD) with minimumexpectedpathlength. A BDD
is a genericdata structue which is widely usedin several
fields. Oneimportantapplicationis the representationof
Booleanfunctions. A BDD representationenablesus to
evaluatea Booleanfunction: SimplytraveisetheBDD from
theroot nodeto theterminalnodeandretrieve the valuein
theterminalnode For a BDD with minimumexpectedpath
lengthwill be also minimizedthe evaluation time for the
corresponding3ooleanfunction. Threeefficientalgorithms
for constructingBDDs with minimumexpectedpathlength
are proposed.

1. Intr oduction

Binary DecisionDiagram(BDD) wasintroducedn 1978
[1] asaneffective way to represenBooleanfunctionsthat
leadsto efficient manipulation[2] andimplementatior{3].
Givenarandominput pattern,we cantraversethe BDD to
determingheoutputing.Therearepreviousworkson mini-
mizingthenumberof nodesn aBDD [4] [5] [6]. However,
thenumberof nodess notdirectly relatedto the evaluation
time for a Booleanfunction. Rather the evaluationtime is
directly relatedto thetotal expectedpathlengthof a BDD.

In alogic circuit, the probabilitiesof occuranceof the
input variablesare different. It follows that the evalua-
tion time for differentinput combinationsarealsodifferent.
Consequentlya BDD with minimum expectedpathlength
will alsohave minimumevaluationtime. To obtainaBDD
with minimumexpectedpathlength,we needto develop(1)
methodsfor computingthe expectedpathlengthof a BDD
(2) heuristicsfor orderingthe variablesin a BDD to mini-
mizethe expectedpathlength.

This paperis organizedasfollows. BesidesSectionl be-
ing anintroduction,we will discusshasicconceptof BDDs
in Section2. In Section3, we will proposethreemethods
to computethe expectedpath length of an ROBDD. Sec-
tion 4 dealswith heuristicsto determinevariableordering
sothatthe resultantROBDD will have minimum expected
pathlength.Finally, experimentresultswill bepresented.

2. Preliminary
2.1 ROBDD

A BDD is a directed,agyclic graphwhich consistsof
nodesand edges. Therearetwo typesof nodes,terminal
andnon-terminal.A terminalnodeis a Booleanvalue {0}
or {1}, anda non-terminalnodeis an input Booleanvari-
able. Eachnon-terminalnodecontainstwo outgoingedges
pointing to othernodeswhich is referredto asthe parent-
nodeof thesenodes. For corveniencewe distinguishthe
two edgesasthen-edgandelse-edg. A nodewhichis con-
nectedfrom athen-edges thethen-aild of its parent-node
andfrom anelse-edgé¢heelse-dild.

A ReducedOrderedBDD (ROBDD) [2] is a BDD with
achoservariableorderingin all pathsfrom therootnodeto
the terminalnodesand possessethe following properties:
(1) if boththe then-childand else-childof a non-terminal
nodeareidentical, the non-terminalnodewill be removed
fromthepath,and(2) if therearetwo or moreidenticalsub-
trees,only onewill beretainedandall parent-nodesvhich
have the samesubtreewill shareone subtreeastheir chil-
dren.

Theformularepresentationf anROBDD is “if parent-
node then then-dild else else-dild”, which is called an
ITE operator(IF-THEN-ELSE).By usingthe ITE operator
Booleanoperationscan be easily performedon ROBDDs.
Figurel givesanROBDD for thefunction F = A+ B - C’
with theinputvariableorderingA < B < C. Notethatfor
the samefunction, differentorderingof input variableswill
resultin differentROBDDs.

2.2 ExpectedPath Length of ROBDD

Sincetheevaluationtime of aROBDD is directly related
to the pathlengthof ROBDD, we wantto shortenthe path
lengthswith high probability; i.e.,to minimize theexpected
pathlengthof the ROBDD. It is necessaryhatwe be able
to computea expectedpathlengthof a givenROBDD.

To begin with, we definethe expectediength of the ith
pathin ROBDD asP; - L;, whereP; is the probability of the
ith pathand L; is the pathlengthof theith path. The total
ExpectedPath Length(EPL) of a ROBDD rootedat noder

is definedas
EPL(r) =" Pi-L; )



Figurel. An ROBDD example.

wherem is the numberof pathsof the ROBDD. Following

thisformula,to calculatehe expectedpathlengthwill need
directly enumeratall paths. This approachs impractical
becausehe numberof pathsmay grows exponentially In

thefollowing sectionwe will proposethreeefficient meth-
odsto calculateexpectedlength: bottom-upmethod,top-
down method andmiddle-way method.

3. ThreeMethods for Computing EPL

Since it is impractical to enumerateall pathsin a
ROBDD. We presenthreeefficient methodsn this section
for computingthe EPL of a ROBDD. They arebottom-up
method,top-dovn method,and middle-way method. The
firstandsecondnethodsheedio beexecutednly onceover
all nodes. After initializing, the third methodwill be acti-
vatedto improve the performaceof our algorithm.

3.1 Bottom-up Method

Bottom-upmethodis formulatedby which the expected
pathlengthcanbecalculatedrom terminalnodesupto root
node. Sinceat eachnon-terminalnode,the expectedpath
lengthsof its two child-nodesare alreadycomputed,we
cancomputethe expectedpath length of the non-terminal

nodebasednthe expectedpathlengthsfor its child-nodes.

Before we proceedto develop the formula, we definethe
following notationsas:

[BEPL(a)] the expectedpathlengthof all pathsfrom a to
terminalnodes

[BP#] the probability of theith pathfrom nodea to ater-
minal node

[BL¢] the pathlengthof theith pathfrom nodea to a ter-
minal node

Now, let a beanon-terminalnodewith its then-childa,
andelse-childay asshowvn in Figure2. The expectedpath
lengthsof all pathsfrom terminalnodesupto a; andag can
supposediype computedas

BEPL(a1) = Y % BP#' - BL! @)

BEPL(ag) = Y120 BP0 . BL%® €)

BEPL (a)@
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Figure 2. Bottom-up methodfor calculatingthe ex-
pectedpathlength.

wherem,, andm,, arethetotalnumberof pathsfrom ter-

minal nodesup to nodea; anday, respectiely.

Let the probability from nodea to a; bep,. Then,the
probabilityfrom nodea to ag will bel — p,. Theexpected
pathlengthfrom terminalnodesup to nodesa is computed
as

BEPL(a) = 0% pa-BP - (BL{' +1)+
Ma
> io2(1—pa) - BP® - (BL;' +1)

mal

= pa- (30 BE" - BL{' + 301 BPY) +
(1 pa) - (70 BP© - BL® + 31 BP{)
4
Note that the total path probability from a non-terminal
nodeto terminalnodess 1. Thatis,
227:11 BP" = E?:lo BP® =1 ®)

From the identity of equationg(2) (3) (5), we canreduce
equation(4) to

BEPL(a) =

Pa - (BEPL(a1) +1) +

(1 —pa) - (BEPL(ag) + 1)

= pa-BEPL(ay) +

(1 —pa) - BEPL(ap) +1 (6)

From equation(6), we follow that the expectedpath
lengthof a non-terminalnodeat a canbe computedby fol-
lowing steps.

stepl multiply the probability of the then-childby the ex-
pectedbathlengthof thethen-childwhichis computed
in the previous stageandis readilyused.

step2 multiply the probability of the else-childby the ex-
pectedpathlengthof the else-childwhichis computed
in the previous stageandis readilyused.

step3 sumresultsof stepl,step2,andconstantl



With boundaryconditionthatboththe pathlengthof ter-
minal nodes) and1 are0, we canrecursvely calculatethe
expectedlength of the root of an ROBDD by bottom-up
method.

3.2 Top-down Method

Reversely top-davn methodis usedto calculatethe ex-
pectedpathlengthfrom root nodedown to terminalnodes.
Sinceat eachnon-terminainode,the expectedpathlengths
of its parentnodesare alreadycomputedwe cancompute
the expectedpathlengthof annon-terminalnodebasedon
the expectedpath lengthsfor its parentnodes. Beforewe
proceedo developtheformula,we definethefollowing no-
tationsas:

[TEPL(b) ] the expectedpathlengthof all pathsfrom root
to non-terminahodeb

[T P?] the probability of the jth pathfrom rootto nodeb

[sTP?] the sumof probabilitiesof all pathsfrom root to
nodeb

[TL%] the pathlengthof the jth pathfrom rootto nodeb

Obviously, from the above definitions,equationg7) (8)
hold. Thatis, the summationof probabilitiesof all paths
from rootto anodeb, is

STPY% = 3" TP @)
wherem, is the total numberof pathsfrom root to node
br. Moreover, the expectedpathlengthfrom rootto anode
br is

TEPL(by) = Y jk TP - TL* ®)

Now, letb beanon-terminahodewith itsn parent-nodes
labeledd; to b,, andthe probabilitiesfrom parentnodesb,
to b, to nodeb bep,, to p,, , respectiely, asshown in Fig-
ure 3. We areto computethe expectedpath length of all
pathsfrom rootto nodeb.

First, the summationof probabilitiesof all pathsfrom
rootnodeto nodeb is

STPY =" py, - STPb )

wheren is the numberof parent-nodesf nodeb. Now, the
expectedpathlengthfrom root to nodeb is

TEPL(b) Sy i pe, - TP - (TLY +1)

S Yot (e - TP - TLY 4y, - TP}

(10)
By equationg7) (8) and(9), equation(10) canbereduced
to

TEPL(b) S (- TEPL(b;) + py, - STP)

> iy py; - TEPL(b;) + STP® (12)

From equation(11), we follow that the expectedpath
lengthof a non-terminaihodeat b canbe computedby fol-
lowing steps:

stepl for all parentnodes, multiply the probability of
parent-nodeo the nodeb by the expectedpathlength
from root to the parentnodewhich is computedn the
previousstageandis readilyused.

root

Figure 3. Top-davn methodfor calculatingthe ex-
pectedpathlength.

step2 sumprobabilitiesof all pathsfrom rootto nodeb by
equation(9), wherethe sumof probabilitiesof all path
from root to a parent-nodes alreadycomputedand
readilyused.

step3 sumresultsof steplandstep2

Basedon the assumptionghat the path length of root is
0 andthe probabilitiesfrom all pathsto rootis 1, we can
calculatethe expectedlength of the terminal nodesof an
ROBDD by top down method. Finally, the expectedpath
length of the whole ROBDD is the summationof the ex-
pectedpathlengthsof thetwo terminalnodes.

3.3 Middle-way Method

The third methodis usedto computethe expectedpath
length of an ROBDD assumingthat the expected path
lengths of all non-terminalnodesat level h — 1 have
beencomputedby top-dovn methodandthe expectedpath
lengthsof all non-terminahodesat level h have beencom-
putedby bottom-upmethod.Let C' bethe cut betweeriev-
elsh — 1 andh andtherearel edgescrossingC' thatcon-
nectthe nodesatlevelsh — 1 andh asshowvn in Figure4.
To computetheexpectedpathlengthof thewhole ROBDD,
we have to considerall pathsconnectedy | edges.First,
we considerthow to computethe expectedpathlengthcon-
nectedby a single crossingedgek. In this case,edgek
connectghe top end-nodeb;, andthe bottomend-nodeny,
asshown in Figure4. Supposéhatthe probability of edge
k bepy, andtherearen pathsfrom rootnodeto nodeb;,, and
m pathsfrom terminalsnodesto a;, asshowvn in Figure4.
Then, the expectedpath length of all paths, M EPL(k),
which passhroughedgek is

m n ag by,

Ei:1 Zj:l Py BP;® -TF;® -

(BL{* + TL* 4 1)

=m0, >0, BPM™ -TP* - BL{* +
m n ag by by,

Doy 2oy BRI TP TLM +

Y Y, BRM -TP)

MEPL(k) =



Figure4. Middle-way methodfor calculatingthe ex-
pectedpathlength.

b
= pr- (o TP 300 BRI - BLY +
m ap | n by . by
Yo BPM .Y TP -TL +

i=1 % j=1
Y BP - TP (12)
By equationg2)(5)(8)(9),equation(12) canbereducedo
MEPL(k) = pg-(STP" .BEPL(az)+

TEPL(by) + STP) (13)

From equation(13), we follow that the expectedpath
lengthof all pathspassinghroughedgek connectinghode
by anday canbecomputedoy following steps:

stepl sumthe expectedpathlengthfrom root of all paths
to nodeby, the expectedpathlengthof all pathsfrom
nodeay, to terminalsandtwice of thetotal path prob-
ability to nodeb;. All of themarealreadycomputed
andarereadilyused.

step2 multiply the result of stepland the probability of
edgek

Finally, thetotal expectedengthof thewhole ROBDD is
EPL=Y_, MEPL(K)

4. Algorithms for Finding Low CostROBDD

Our algorithmbeginswith aninitial ordering. Then,an
iterative loop is enteredto modify the initial ordering. In
eachiteration, a new orderingis determinedand the old
ROBDD is restructuredasedn the new variableordering.
Next, the costfor thenev ROBDD is computed.Theloop
continuedtill the stoppingcriterionis met. The procedure
is shavn in Figure5. The detaileddescriptionis explained
asfollows.

In stepl, aninitial orderingneedsto be determinedo
constructaninitial ROBDD. It canbe determinecby con-
structinga minimumsizeROBDD. In this case algorithms

Algorithm find-least-cogff)
Input: f = Booleanfunction;
Output: returncost andthe corresponding ROBDD;
Begin
2) find aninitial variableorderingfor ROBDD of f;
2) build aninitial ROBDD;
3) computethe costof the ROBDD;
4) while ( notstop) do

(5) find new variableordering;
(6) restructurehe ROBDD accordingto the new variableordering;
(@) computethe costof thenev ROBDD;
(8) updatethe costfunction;
9) checkif the stoppingcriterionis set;
endwhile

(10) return cost andthe corresponding ROBDD;

End

Figure5. Thefind-least-costalgorithm

proposedn [5] [6] canbe used. Step3 is to computethe
costof theinitial ROBDD. For the computationof the ex-
pectedbathlengthof theROBDD, bottom-upandtop-down
methodsproposedn Section3 are usedandall computed
datafor eachnodeis storedat the node. Step5 finds a
new inputordering.Window permutatioralgorithm[5] [6]
which finds a local minimum in a window of size k and
sifting algorithm[4] which looksfor a suitablepositionfor
eachvariablein eachiterationcanbe used. With the new
inputvariableordering,step6 restructureshe old ROBDD
to anew ROBDD. Transpositioroperator[7] is usedwhich
restructurean ROBDD by several simple ROBDD opera-
tions. For example,if theorderof z; andz; areswappedn
anew ordering,thefollowing formulacanbeused.

fz,-<—>zj = ITE(x; ®5Uj;fa fl‘i(—fi,m]‘(—(t_j)

Notethatswappingis notlimited to adjacenwariables.

In step?, the costfor thenew ROBDD is computed For
the expectedlengthof the new ROBDD, similar to step6,
it needsot becomputedrom scratch.Insteadwe will use
the information for the old ROBDD to calculatethe new
expectedlength of ROBDD. Supposehat we have a new
orderingthatvariablesatlevelsi andj (i < j) areswapped
asshowvnin Figure6. Sincethepartof ROBDD abovelevel
1 andthepartof ROBDD below level 5 will notbechanged
asseenin Figure6, we do not have to recompute¢hem.We
only needto computethe new expectedpathlengthfor the
nodesn themiddle. Ontheoneside,thebottom-upmethod
calculategheexpectedpathlengthfrom nodesatlevel j +1
up. Onthe otherside, the top-dovn methodcalculateghe
expectedpathlengthfrom nodesatlevel i — 1 down. When
variableson the two sidesmeetin the middle, the middle-
way methodcanbe used.By usingmiddle-way method,it
preventsmuchmoreredundantalculationghantop-dovn
andbottom-upmethods.

5. Experimental Results

Our experimentis performedon a SUN-UltraEnterprise
150. Softwareplatformis basedonthe ROBDD packagen
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Figure 6. Computationfor partslying betweenthe
two swappedvariables.

SIS[8]. LGSynth93enchmarlsuiteis usedin our experi-
ment.

Experimentis conductedto find a minimum expected
pathlengthROBDD. First, the sifting algorithm[4] is used
to find aminimum-sizedROBDD which canbe usedasour
initial ROBDD. Thereasorfor this initial orderingheuris-
tic is thatasmallsizeROBDD mayleadto asmallexpected
lengthROBDD. In subsequensteps,window permutation
is usedto generatea new input orderingandthe expected
pathlengthfor the new ROBDD is computed.Finally, the
probabilitiesof input variablesaresetto beequal.

Table 1 shaows the results. Column min_node gives
the resultsof ROBDD with initial orderingwhoseobjec-
tive is to find an ROBDD with minimum size. Column
min_exp_path givesthe resultsof ROBDD with expected
pathlengthasobjectve. Columnspath andsize give the
expectedpathlengthandsizeof ROBDDs, respectiely. In
columnratio, we computethe ratio of the resultsof mini-
mumnodesgo theresultsof minimumexpectedpathlength.

It is clearfrom Table 1 thatin mostcasesthe expected
pathlengthcanbe reducedat the costof smallincreaseof
thenumberof nodesexceptcordic andf51m In somecases
(conl,vg2,cmi150a.etc), we found thatboth the sizeand
the expectedpath length of ROBDD arereduced. On the
averagethe expectedpathlengthis reducedoy 25% while
thethenumberof nodess increasedy 10%.

6. Conclusions

In this work, we presenimethodgo generatea ROBDD
with minimizedexpectedpathlength. With smallerEPL of
a ROBDD, the evaluationtime of a Booleanfunction will
be reduced. Threemethodsare proposedto calculatethe
expectedpathlengthof a ROBDD efficiently. The experi-
mentalresultsindicatethat the expectedpathlength of an
ROBDD canbe reducedat the costof a small increaseof
OBDD size.

Table 1. Resultsof expectedpathlengthwith equal
input probability

circuit min_node min_exp_path ratio (%)
path | size || path | size [| path | size
5xpl 37.22| 82 3131 91 61.94 | 110.98
alu4 62.84| 736 || 47.54| 899 || 75.65| 122.15
b12 29.52| 77 22.22| 81 75.28 | 105.19
conl 6.44 17 6.06 16 94.17| 94.12
cordic || 17.08| 98 11.82 | 259 || 69.19 | 264.29
ex1010 || 82.07 | 1478 | 80.46 | 1544 || 98.03 | 104.47
inc 31.80| 104 || 27.61| 104 | 86.83| 100.00
sao2 21.93| 107 || 10.71| 128 || 48.85| 119.63
vg2 46.46 | 237 || 30.37| 230 || 65.36| 97.05
misex1 23.59| 64 22.16| 68 93.91| 106.25
cml50a|| 6.25 | 39 3.50 33 56.00 | 84.62
cmilb5la || 9.00 34 6.50 36 72.22| 105.88
cml62a| 19.19| 57 11.70| 59 60.99 | 103.51
cml63a|| 18.09 | 46 11.70 | 42 64.68 | 91.30
cm85a || 15.97 | 41 8.28 47 51.86 | 114.63
mux 3.73 38 3.50 33 93.72| 86.84
z4ml 17.88| 35 17.13| 32 95.80| 91.43
f51m 28.92| 60 2745| 76 94.92 | 126.67
pcle 35.51| 101 || 22.50| 89 63.36| 88.12
traffic 20.88 | 41 14.63| 38 70.06 | 92.68
Average 74.64 | 110.49
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