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Abstract

We presentmethodsto generatea Binary DecisionDia-
gram (BDD) with minimumexpectedpath length. A BDD
is a genericdata structure which is widelyusedin several
fields. One important application is the representationof
Booleanfunctions. A BDD representationenablesus to
evaluatea Booleanfunction:SimplytraversetheBDD from
theroot nodeto theterminalnodeandretrievethevaluein
theterminalnode. For a BDD with minimumexpectedpath
length will be also minimizedthe evaluation time for the
correspondingBooleanfunction.Threeefficientalgorithms
for constructingBDDswith minimumexpectedpathlength
areproposed.

1. Intr oduction

BinaryDecisionDiagram(BDD) wasintroducedin 1978
[1] asaneffective way to representBooleanfunctionsthat
leadsto efficient manipulation[2] andimplementation[3].
Givena randominput pattern,we cantraversetheBDD to
determinetheoutputing.Therearepreviousworksonmini-
mizingthenumberof nodesin aBDD [4] [5] [6]. However,
thenumberof nodesis notdirectly relatedto theevaluation
time for a Booleanfunction. Rather, theevaluationtime is
directly relatedto thetotal expectedpathlengthof a BDD.

In a logic circuit, the probabilitiesof occuranceof the
input variablesare different. It follows that the evalua-
tion timefor differentinputcombinationsarealsodifferent.
Consequently, a BDD with minimumexpectedpathlength
will alsohave minimumevaluationtime. To obtaina BDD
with minimumexpectedpathlength,weneedto develop(1)
methodsfor computingtheexpectedpathlengthof a BDD
(2) heuristicsfor orderingthe variablesin a BDD to mini-
mizetheexpectedpathlength.

Thispaperis organizedasfollows.BesidesSection1 be-
ing anintroduction,wewill discussbasicconceptof BDDs
in Section2. In Section3, we will proposethreemethods
to computethe expectedpath lengthof an ROBDD. Sec-
tion 4 dealswith heuristicsto determinevariableordering
so that the resultantROBDD will have minimumexpected
pathlength.Finally, experimentresultswill bepresented.

2. Preliminary

2.1. ROBDD

A BDD is a directed,acyclic graphwhich consistsof
nodesandedges. Thereare two typesof nodes,terminal
andnon-terminal.A terminalnodeis a Booleanvalue �����
or ����� , anda non-terminalnodeis an input Booleanvari-
able.Eachnon-terminalnodecontainstwo outgoingedges
pointing to othernodes,which is referredto astheparent-
nodeof thesenodes. For convenience,we distinguishthe
two edgesasthen-edgeandelse-edge. A nodewhichis con-
nectedfrom a then-edgeis the then-child of its parent-node
andfrom anelse-edgetheelse-child.

A ReducedOrderedBDD (ROBDD) [2] is a BDD with
achosenvariableorderingin all pathsfrom therootnodeto
the terminalnodesandpossessesthe following properties:
(1) if both the then-childandelse-childof a non-terminal
nodeareidentical,the non-terminalnodewill be removed
from thepath,and(2) if therearetwo or moreidenticalsub-
trees,only onewill beretainedandall parent-nodeswhich
have the samesubtreewill shareonesubtreeastheir chil-
dren.

Theformularepresentationof anROBDD is “if parent-
node then then-child else else-child”, which is called an
ITE operator(IF-THEN-ELSE).By usingtheITE operator,
Booleanoperationscanbe easilyperformedon ROBDDs.
Figure1 givesanROBDD for thefunction 	�

�����
�����
with theinput variableordering�������
� . Notethatfor
thesamefunction,differentorderingof input variableswill
resultin differentROBDDs.

2.2. ExpectedPath Length of ROBDD

Sincetheevaluationtimeof aROBDD is directlyrelated
to thepathlengthof ROBDD, we want to shortenthepath
lengthswith highprobability, i.e., to minimizetheexpected
pathlengthof theROBDD. It is necessarythatwe beable
to computeaexpectedpathlengthof a givenROBDD.

To begin with, we definethe expectedlengthof the � th
pathin ROBDD as �����! "� , where�#� is theprobabilityof the� th pathand  $� is thepathlengthof the � th path. Thetotal
ExpectedPathLength(EPL) of a ROBDD rootedat node%
is definedas &('*),+.-0/2143
56.798�' 6;: ) 6

(1)



1

F

A

B

C

0

Figure1. An ROBDD example.

where < is thenumberof pathsof theROBDD. Following
this formula,to calculatetheexpectedpathlengthwill need
directly enumerateall paths. This approachis impractical
becausethe numberof pathsmay grows exponentially. In
thefollowing section,we will proposethreeefficient meth-
ods to calculateexpectedlength: bottom-upmethod,top-
down method,andmiddle-waymethod.

3. ThreeMethods for Computing EPL

Since it is impractical to enumerateall paths in a
ROBDD. We presentthreeefficientmethodsin this section
for computingthe EPL of a ROBDD. They arebottom-up
method,top-down method,andmiddle-way method. The
firstandsecondmethodsneedto beexecutedonly onceover
all nodes.After initializing, the third methodwill be acti-
vatedto improvetheperformaceof our algorithm.

3.1. Bottom-up Method

Bottom-upmethodis formulatedby which theexpected
pathlengthcanbecalculatedfrom terminalnodesupto root
node. Sinceat eachnon-terminalnode,the expectedpath
lengthsof its two child-nodesare alreadycomputed,we
cancomputethe expectedpath lengthof the non-terminal
nodebasedontheexpectedpathlengthsfor its child-nodes.
Beforewe proceedto develop the formula, we definethe
following notationsas:

[ = &"'*),+?>@/ ] theexpectedpathlengthof all pathsfrom A to
terminalnodes

[ = 'CB6 ] theprobabilityof the � th pathfrom node A to a ter-
minal node

[ = )DB6 ] thepathlengthof the � th pathfrom node A to a ter-
minal node

Now, let A bea non-terminalnodewith its then-child A;E
andelse-childA�F asshown in Figure2. Theexpectedpath
lengthsof all pathsfrom terminalnodesupto A�E and AGF can
supposedlybecomputedas

= &('*),+?> 8 /D1 3 5*HJI6.798 = ' B I6 : = ) B I6 (2)

= &('*),+?>LK0/D1M3 5*HON6.798 = ' B N6 : = ) B N6 (3)
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Figure 2. Bottom-upmethodfor calculatingthe ex-
pectedpathlength.

where<QP I and <4P N arethetotalnumberof pathsfrom ter-
minal nodesup to nodeA E and A F , respectively.

Let the probability from node A to A E be R9P . Then,the
probabilityfrom nodeA to AGF will be �TSQR P . Theexpected
pathlengthfrom terminalnodesup to nodesA is computed
as

= &('*)U+.>�/V1 3 5 H I6W7X8ZY B : = ' B I6 : + = ) B I6\[^] / [
3 5*HON6W7X8 + ],_`Y B / : = ' B N6 : + = ) B I6a[Q] /

1 Y B : +b3 5 H I6.798 = ' B I6 : = ) B I6\[ 3 5 H I6.798 = ' B I6 / [+ ],_`Y B / : + 3 5 H N6.798 = ' B N6 : = ) B N6 [ 3 5 H N6.798 = ' B N6 /
(4)

Note that the total path probability from a non-terminal
nodeto terminalnodesis � . Thatis,3 5*HJI6.798 = ' B I6 1 3 5CHcN6W798 = ' B N6 1 ]

(5)

From the identity of equations(2) (3) (5), we can reduce
equation(4) to

= &('*)U+.>�/V1 Y B : + = &('*)U+.> 8 / [^] / [+ ],_`Y B / : + = &"'*),+?>LK0/ [d] /1 Y B : = &('*),+?> 8 / [+ ],_`Y B / : = &('*)U+.> K / [^] (6)

From equation(6), we follow that the expectedpath
lengthof a non-terminalnodeat A canbecomputedby fol-
lowing steps:

step1 multiply theprobability of the then-childby theex-
pectedpathlengthof thethen-childwhichis computed
in thepreviousstageandis readilyused.

step2 multiply the probability of the else-childby the ex-
pectedpathlengthof theelse-childwhich is computed
in thepreviousstageandis readilyused.

step3 sumresultsof step1,step2,andconstant1
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With boundaryconditionthatboththepathlengthof ter-
minal nodes� and � are0, we canrecursively calculatethe
expectedlength of the root of an ROBDD by bottom-up
method.

3.2. Top-down Method

Reversely, top-down methodis usedto calculatetheex-
pectedpathlengthfrom root nodedown to terminalnodes.
Sinceat eachnon-terminalnode,theexpectedpathlengths
of its parentnodesarealreadycomputed,we cancompute
theexpectedpathlengthof annon-terminalnodebasedon
the expectedpath lengthsfor its parentnodes. Beforewe
proceedto developtheformula,wedefinethefollowing no-
tationsas:

[ e &"'*),+?fO/ ] theexpectedpathlengthof all pathsfrom root
to non-terminalnode g

[ e '*hi ] theprobabilityof the j th pathfrom root to node g
[ k�e ' h ] the sumof probabilitiesof all pathsfrom root to

node g
[ e ) hi ] thepathlengthof the j th pathfrom root to node g

Obviously, from theabove definitions,equations(7) (8)
hold. That is, the summationof probabilitiesof all paths
from root to anode g0l is

k�e ' hnm 1 3 5Co mi 7X8 e ' h mi (7)

where <Qp m is the total numberof pathsfrom root to nodeg0l . Moreover, theexpectedpathlengthfrom root to a nodeg0l is e &"'*),+?fOq@/D1 3 5*o mi 798 e ' h mi : e ) h mi (8)

Now, let g beanon-terminalnodewith its r parent-nodes
labeledgLE to g�s andtheprobabilitiesfrom parentnodesgLE
to g�s to node g be R p I to R p!t , respectively, asshown in Fig-
ure 3. We are to computethe expectedpath lengthof all
pathsfrom root to node g .

First, the summationof probabilitiesof all pathsfrom
rootnodeto node g iskue ' h 1Q3wv6W7X8 Y hnx : kue ' hnx (9)

wherer is thenumberof parent-nodesof node g . Now, the
expectedpathlengthfrom root to node g is

e &('*)U+.fO/y1 3 v6.798;3 5 o xi 798GY hzx : e ' h xi : + e ) h xi [d] /1 3�v6.798;3 5 o xi 798 + Y hzx : e ' hzxi : e ) hzxi [�Y hzx : e ' hzxi /
(10)

By equations(7) (8) and(9), equation(10) canbereduced
to e &('*)U+.fO/y1 3
v6.798{+ Y hzx : e &('*),+?f 6 / [�Y hzx : kue ' hnx /1 3 v6.798 Y h x : e &"'*),+?f 6 / [ kue ' h (11)

From equation(11), we follow that the expectedpath
lengthof a non-terminalnodeat g canbecomputedby fol-
lowing steps:

step1 for all parent nodes, multiply the probability of
parent-nodeto thenode g by theexpectedpathlength
from root to theparentnodewhich is computedin the
previousstageandis readilyused.
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Figure 3. Top-down methodfor calculatingthe ex-
pectedpathlength.

step2 sumprobabilitiesof all pathsfrom root to node g by
equation(9), wherethesumof probabilitiesof all path
from root to a parent-nodeis alreadycomputedand
readilyused.

step3 sumresultsof step1andstep2

Basedon the assumptionsthat the path length of root is� andthe probabilitiesfrom all pathsto root is 1, we can
calculatethe expectedlength of the terminal nodesof an
ROBDD by top down method. Finally, the expectedpath
lengthof the whole ROBDD is the summationof the ex-
pectedpathlengthsof thetwo terminalnodes.

3.3. Middle-way Method

The third methodis usedto computethe expectedpath
length of an ROBDD assumingthat the expectedpath
lengths of all non-terminal nodes at level |wS}� have
beencomputedby top-down methodandtheexpectedpath
lengthsof all non-terminalnodesat level | havebeencom-
putedby bottom-upmethod.Let � bethecut betweenlev-
els |^S
� and | andthereare ~ edgescrossing� thatcon-
nectthenodesat levels |^S
� and | asshown in Figure4.
To computetheexpectedpathlengthof thewholeROBDD,
we have to considerall pathsconnectedby ~ edges.First,
we considerhow to computetheexpectedpathlengthcon-
nectedby a single crossingedge � . In this case,edge �
connectsthe top end-nodeg l andthe bottomend-nodeA l
asshown in Figure4. Supposethat theprobabilityof edge� be R l andthereare r pathsfrom rootnodeto nodeg l , and< pathsfrom terminalsnodesto Aul asshown in Figure4.
Then, the expectedpath length of all paths, ������ Z�!�;� ,
which passthroughedge� is� &('*)U+.��/y1 3 56W7X8 3 vi 7X8 Y q : = ' B m6 : e ' h mi :

+ = ) B m6 [ e ) hnmi [Q] /
1 Y q : +b3
56.798 3 vi 798 = ' B m6 : e ' hnmi : = ) B m6 [

3w56W7X8u3 vi 7X8 = ' B m6 : e ' h!mi : e ) hnmi [
3w56W7X8u3 vi 7X8 = ' B m6 : e ' h!mi /
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Figure4. Middle-way methodfor calculatingtheex-
pectedpathlength.

1 Y q : +b3
vi 798 e ' h mi : 3 56W7X8 = ' B m6 : = ) B m6 [
3 56W7X8 = ' B m6 : 3 vi 7X8 e ' h mi : e ) h mi [
3 56W726 = ' B m6 : 3 vi 7X8 e ' h!mi / (12)

By equations(2)(5)(8)(9),equation(12)canbereducedto� &('*)U+.��/y1 Y q : + kue ' h m : = &"'*),+?> q / [e &('*)U+.fOq@/ [ k�e ' hnm / (13)

From equation(13), we follow that the expectedpath
lengthof all pathspassingthroughedge� connectingnodeg0l and A�l canbecomputedby following steps:

step1 sumthe expectedpathlengthfrom root of all paths
to node g l , theexpectedpathlengthof all pathsfrom
node A l to terminalsandtwice of thetotal pathprob-
ability to node g l . All of themarealreadycomputed
andarereadilyused.

step2 multiply the result of step1and the probability of
edge�

Finally, thetotal expectedlengthof thewholeROBDD is

���� �
 3��l0� E ������ `�n�;�
4. Algorithms for Finding Low CostROBDD

Our algorithmbeginswith an initial ordering.Then,an
iterative loop is enteredto modify the initial ordering. In
eachiteration, a new ordering is determinedand the old
ROBDD is restructuredbasedonthenew variableordering.
Next, thecostfor thenew ROBDD is computed.The loop
continuestill the stoppingcriterion is met. The procedure
is shown in Figure5. Thedetaileddescriptionis explained
asfollows.

In step1, an initial orderingneedsto be determinedto
constructan initial ROBDD. It canbe determinedby con-
structinga minimumsizeROBDD. In this case,algorithms

Algorithm find-least-cost( � )
Input : � 1 Booleanfunction;
Output : return �O���c� and �b���X�O� -�- �{� Y �J�u���?�G�#�#�"=(�T� ;
Begin

(1) find aninitial variableorderingfor ROBDD of � ;
(2) build aninitial ROBDD;
(3) computethecostof theROBDD;
(4) while ( notstop) do
(5) find new variableordering;
(6) restructuretheROBDD accordingto thenew variableordering;
(7) computethecostof thenew ROBDD;
(8) updatethecostfunction;
(9) checkif thestoppingcriterionis set;

endwhile
(10) return �O���O� and �b���9�O� -{- ��� Y ���G�0�.�G�#���(=(�T� ;

End

Figure5. Thefind-least-costalgorithm

proposedin [5] [6] canbe used. Step3 is to computethe
costof the initial ROBDD. For the computationof the ex-
pectedpathlengthof theROBDD,bottom-upandtop-down
methodsproposedin Section3 areusedandall computed
data for eachnode is storedat the node. Step5 finds a
new input ordering.Window permutationalgorithm[5] [6]
which finds a local minimum in a window of size � and
sifting algorithm[4] which looksfor a suitablepositionfor
eachvariablein eachiterationcanbe used. With the new
input variableordering,step6 restructurestheold ROBDD
to a new ROBDD. Transpositionoperator[7] is usedwhich
restructuresan ROBDD by severalsimpleROBDD opera-
tions.For example,if theorderof � � and ��� areswappedin
anew ordering,thefollowing formulacanbeused.��� xz� �@  
w¡�¢`�£�b� �D¤ �;��¥ � ¥ ��� xb¦¨§� xª© �@  ¦«§�@  �
Notethatswappingis not limited to adjacentvariables.

In step7, thecostfor thenew ROBDD is computed.For
the expectedlengthof the new ROBDD, similar to step6,
it needsnot becomputedfrom scratch.Instead,wewill use
the information for the old ROBDD to calculatethe new
expectedlengthof ROBDD. Supposethat we have a new
orderingthatvariablesat levels � andj¬�b�$�­ju� areswapped
asshown in Figure6. Sincethepartof ROBDD abovelevel� andthepartof ROBDD below level j will notbechanged
asseenin Figure6, we do not haveto recomputethem.We
only needto computethenew expectedpathlengthfor the
nodesin themiddle.Ontheoneside,thebottom-upmethod
calculatestheexpectedpathlengthfrom nodesat level j��4�
up. On the otherside,the top-down methodcalculatesthe
expectedpathlengthfrom nodesat level �®S¯� down. When
variableson the two sidesmeetin the middle, the middle-
way methodcanbeused.By usingmiddle-way method,it
preventsmuchmoreredundantcalculationsthantop-down
andbottom-upmethods.

5. Experimental Results

Our experimentis performedonaSUN-UltraEnterprise
150.Softwareplatformis basedon theROBDD packagein
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Figure 6. Computationfor parts lying betweenthe
two swappedvariables.

SIS[8]. LGSynth93benchmarksuiteis usedin our experi-
ment.

Experimentis conductedto find a minimum expected
pathlengthROBDD. First, thesifting algorithm[4] is used
to find aminimum-sizedROBDD whichcanbeusedasour
initial ROBDD. Thereasonfor this initial orderingheuris-
tic is thatasmallsizeROBDD mayleadto asmallexpected
lengthROBDD. In subsequentsteps,window permutation
is usedto generatea new input orderingandthe expected
pathlengthfor the new ROBDD is computed.Finally, the
probabilitiesof input variablesaresetto beequal.

Table 1 shows the results. Column <^�ªr r,°�±�² gives
the resultsof ROBDD with initial orderingwhoseobjec-
tive is to find an ROBDD with minimum size. Column<^�ªr ²���R R®AG³c| givesthe resultsof ROBDD with expected
pathlengthasobjective. ColumnsRDAG³c| and ´@�ªµG² give the
expectedpathlengthandsizeof ROBDDs,respectively. In
columnratio, we computethe ratio of the resultsof mini-
mumnodesto theresultsof minimumexpectedpathlength.

It is clearfrom Table1 that in mostcases,the expected
pathlengthcanbereducedat the costof small increaseof
thenumberof nodesexceptcordic andf51m. In somecases
(con1,vg2,cm150a,etc.), we found thatboth thesizeand
the expectedpath lengthof ROBDD arereduced.On the
average,theexpectedpathlengthis reducedby 25%while
thethenumberof nodesis increasedby 10%.

6. Conclusions

In this work, we presentmethodsto generatea ROBDD
with minimizedexpectedpathlength.With smallerEPL of
a ROBDD, the evaluationtime of a Booleanfunction will
be reduced. Threemethodsareproposedto calculatethe
expectedpathlengthof a ROBDD efficiently. Theexperi-
mentalresultsindicatethat the expectedpathlengthof an
ROBDD canbe reducedat the costof a small increaseof
OBDD size.

Table 1. Resultsof expectedpath length with equal
input probability

circuit min node min exp path ratio (%)
path size path size path size

5xp1 37.22 82 31.31 91 61.94 110.98
alu4 62.84 736 47.54 899 75.65 122.15
b12 29.52 77 22.22 81 75.28 105.19
con1 6.44 17 6.06 16 94.17 94.12
cordic 17.08 98 11.82 259 69.19 264.29
ex1010 82.07 1478 80.46 1544 98.03 104.47

inc 31.80 104 27.61 104 86.83 100.00
sao2 21.93 107 10.71 128 48.85 119.63
vg2 46.46 237 30.37 230 65.36 97.05

misex1 23.59 64 22.16 68 93.91 106.25
cm150a 6.25 39 3.50 33 56.00 84.62
cm151a 9.00 34 6.50 36 72.22 105.88
cm162a 19.19 57 11.70 59 60.99 103.51
cm163a 18.09 46 11.70 42 64.68 91.30
cm85a 15.97 41 8.28 47 51.86 114.63
mux 3.73 38 3.50 33 93.72 86.84
z4ml 17.88 35 17.13 32 95.80 91.43
f51m 28.92 60 27.45 76 94.92 126.67
pcle 35.51 101 22.50 89 63.36 88.12

traffic 20.88 41 14.63 38 70.06 92.68
Average 74.64 110.49
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