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Abstract

In today’s deep submicron technology, the coupling ca-
pacitances among individual on-chip RC trees have essen-
tial effect onthesignal delay and crosstalk, and theintercon-
nects should be modeled as coupled RC trees. We provide
simple explicit formulas for the Elmore delay and higher
order voltage moments, and a linear order recursive algo-
rithm for the voltage moment computation for lumped and
distributed coupled RC trees. By using the formulas and
algorithms, the moment matching method can be efficiently
implemented to deal with delay and crosstalk estimation,
model order reduction and optimal design of interconnects.

1 Introduction

The RC treeisatypical model for on-chip interconnects.
The Elmore delay and the moment matching method have
been successfully used for the delay estimation, model order
reduction and interconnect optimization[1]. Thesetaskscan
be very efficiently implemented as there are explicit formu-
lasand alinear order algorithm for the moment computation
of such RC trees[2]. Intoday’sdeep submicron technology,
due to the dense placement of the interconnect wires and
the large aspect ratio of wire height over wire width, the
coupling capacitance between two wires may be even larger
than the ground capacitance of each wire and can never be
neglected. In this case, the interconnects should be mod-
eled by several RC trees with floating capacitors connected
among the tree nodes. We call such kind of interconnect
model coupled RC trees.

It iswell known that the capacitive coupling has signif-
icant effects on the signal delay and crosstalks. Unfortu-
nately, no simple formulasand linear order algorithms have
been published for the computation of the Elmore delay and
higher order voltage moments of such coupled RC trees so
that these effects cannot be as efficiently dealt with asin the
single RC tree case. In the literature, three ways are often

used. Thefirst onerelyson the decoupling technique, which
istypically restricted to some very smple cases[6, 7]. The
second onerelysonthe general methodsfor RC interconnect
networks[8, 9], where the advantage of the tree structureis
not taken so is not efficient enough. Thethird one usesvery
rough model, e.g., using the length of overlap between two
wires as the metric of the crosstalk[10], which is far from
accurate.

In this paper, we provide explicit formulas and a linear
order recursive al gorithm for the computation of the EImore
delay and higher order voltage momentsof coupled RC trees
consisting of lumped and/or distributed elements. They are
based on the moment model of acapacitor, whichisacurrent
source with aknown value. We use the technique of source
splitting to split each floating current sourceinto two ground
sources so that the coupled RC trees are decoupled during
moment computation and the algorithm for asingle RC tree
can be applied. For distributed RC lines, by using the same
model and technique for distributed capacitances, we show
that the moments of voltage and capacitive current along a
line are polynomialsof the coordinate of theline. We derive
recursive formulas for the coefficient of these polynomials
and set up an exact moment model for RC lines. With these
models, we extend the linear moment computation algo-
rithm for asingle RC tree with lumped elementsto coupled
RC trees with both lumped and distributed elements with-
out the need of discretization of the distributed lines. This
algorithmisexact and very efficient. Itisuseful inthe delay
and crosstalk estimation, model order reduction and optimal
design of such type of interconnects.

2 Coupled RC treeswith lumped elements
2.1 Déefinitions

A set of coupled RC trees is an RC network, which
consists of a number of RC trees with floating capacitors
connected among the non-ground nodes of individual trees.
Let fuj. (t) be the node voltage at the j-th node of thei-th tree,



and Vj"(.s) itsLaplacetransform. Let V/(s) = Yo Vst
then Vi is called the k-th order moment of Vj’(s). The

moments of currentsare similarly defined.
2.2 TheElmoredelay

2.2.1 Formula

Itiswell known that when a unit impulse voltage is applied
totheroot of thei-thtreeand all other rootsaregrounded, the
negativeof thefirst order moment —V; is called the EImore
delay of node voltage v (t). From thei-v characteristic of
acapacitance C: I(s) = sCV(s), and let I}, and V}, be the
k-th order moment of I(s) and V' (ss), respectively, we have
Iy = 0and I, = CVj_1; i.e, the capacitor behaves as an
open circuit when the 0-th order moment is concerned, and a
current source C'Vy,_1 when the k-th (k > 1) order moment
is concerned. Therefore, when we are concerned about the
Elmore delay of v;'. (t), al the O-th order voltage moments
on the trees are equal to their root voltages. Let N be the
tree node set of thei-th tree, and n’, be the p-th nodein N*;
then, Vi, = 1Vni € N'and V/j = 0Vnl € N h # i.
For the first order moment, each capacitor C' connected to
n;',, either grounded or floating, behaves as a current source
valued C. Let O, bethetotal capacitance connected to the
node n;',,.and I¢, (s) bethe total capacitive current flowing
out of n;, then its first order moment I¢,, ; = C7,. Let
P! be the path from the root of the i-th tree to node n,
P}, = P} P} and R}, thetotal resistance on the path P},,.
Then, the current I¢,, ; flows along path P, and causes a
component —R;,C4., for Vj;. Also, note that V}; = 0.
Therefore, we have

Vjil =" Z Rz'pc%p D)
p
Denote the EImore delay of v} (t) as T, then
Th; = Z R ,Ct, 2
p

It can be seen that the coupling capacitances in the active
tree have the same contributions to the Elmore delay as the
ground capacitances do, and the formulas of the Elmore
delay are the same for both the single tree and coupled RC
trees.

2.2.2 Effect of non-zeroinitial stateson signal delay

It is well known that the signal delay in a net is affected
by the signals at its neighbour[3], especially when the two
nets are supplied by complement digital signals at the same
time, i.e., one net’s source voltage goes up from 0 to 1, and
another one’s from 1 to zero. In the extreme case that the

source voltage of the second net is a step down function,
it is equivalent to the case that the voltage supply for the
second net iszero but itsinitial statesare 1. Now we give a
formula to show the effect of the non-zero initial states on
the Elmore delay of the signal propagation in the first net.
Suppose that the i-th tree is in the zero initial state and
supplied by a unit impulse voltage, and let S¢ be its ca-
pacitively coupled trees with unit valued initial states and
zero valued voltage supplies. Recall that from thei-v char-
acteristic of a capacitor C: { = C%, when »(0) = 1,
I(s) = sCV(s) — Cv(0) = sCV(s) — C, where a cur-
rent source valued C' and in the opposite direction of the
capacitor voltage represents the effect of the initial state.
Let ij be the total coupling capacitance connected among
ni, andthenodesinthetreesin §%,i.e., C%, = 3, (i Cpa,
where C}i2 is the coupling capacitance connected between
nodes n, and nit; then there are total capacitive current
Ci, going aong the path P} from its source to node n,
whose contribution to the zero-th order moment of Vj is
—R},C?,, and the component of the zero-th order moment
of V;, caused by the effect of the nonzero initial states of
the coupled neighbouring treesis

i,init _ i i
Vit == RiCi, A3)
p
and the component of V]’ caused by the sourceis
Vit =1-) Rl Chs+... @)
P

wherethe superscripts"init" and "s' refer to the effect of the
initial states and the source voltage, respectively.

Now suppose that a unit step voltage is applied to the i-th
tree, then by superposition,

i __ 1,8 1,4nit
Vi= Vit vt =

1 i (] % [
= (1= D R}, Chps+..) = D_R,Clh+ .
P p

1 o .
= g(1—52131;1[,(0;,,+Cg,,) +...) (5)
p

Now the negative coefficient of s in the parentheses
>, B, (Chy + Cly) is an "equivalent Elmore delay” of
v%(t). Notethat for each Cp, € C¢,,, itisinthe set of C'ry,
too, and the effect of the coupling capacitanceto the EImore
delay due to the nonzero initial states in the worst case is
equivalent to doubling the capacitance value.
Example 1.

For the coupled trees show in Fig.1, tree 1 is supplied by
V! = landtree2issupplied by V2 = 0. Whentree 2isin



zero initial states, the ElImore delays of vy, v, and v3 are as
follows:

Tp1 = Ri(C1+C7+ Co+ Cs+ C3 + Co)

Tpr = Rl(Cl + 07) + (Rl + Rz)(Cz +Cg+C3+ Cg)
Tps = Ri(C1+ C7) + (R1+ R2)(C>2 + Cs)
+(R1 + Ry + Rg)(Cs + Cg)

Whentheinitia statesof tree2 arel, the"equivalent EImore
delays' (T'},) of v1, vz and v are asfollows:

Thy = Ri(C1 + 2C7 + Co + 2Cs + C3 + 2C)

Th, = Ri(C1+2C7) + (R1+ R2)(C2 + 2Cs + C3 + 2Cs)
T}hs = Ri(C1+ 2C7) + (R1 + Rp)(C2 + 2Cs)
+(R1+ Ry + R3)(C3 + 2Cy)

Compared with thefirst case, it can be seen that the coupling
capacitances C7, Cg and Cy are doubled in the second case.

2.3 Higher order moments

Consider the k-th order voltage moments with & > 1.
As mentioned in Sec.2.2, each ground capacitance Cf
connected to node n; is equivalent to a current source

Ve 1 and eaph coupling capacitance Cjij; connected
between nodes ;i and n’ is equivalent to a current source

Chia(Viti_1 = Vj2y1) with direction from node n}. to
node nz Using the source splitting technique in circuit
theory, this floating current source can be split into two

ground sources, with one from node nj.ll to ground valued

I = Cﬁ;ﬁ(‘/}iﬁk_l - Vj";,k_l), and the other from noden;g

toground valued —I, = C]’:i;'g(i/}";,k_l - Vjill,k—l)' asshown
in Fig.2. It is obvious that the two sources contribute to
the k-th order voltage moments in the i1-th and i,-th tree
respectively in the way similar to that the ground sources
Civi,_ and C2V2, _, do. Thesplitting of the floating
current source into two ground sources is equivalent to de-
coupling the coupled RC trees during moment computation,
and for each decoupled RC tree, the moment formulas and
moment computation algorithm for a single RC tree can be
applied. Based on this reasoning, we have the formulas for
themomentsof aset of coupledtreesasfollows, where CC;;
isthe set of coupling capacitances connected to node n;',:

o=y, 1<i<m (6)

Vie=2_-R

z ciiecc;

Ciil Vil )7

pp1’ p1,k—1 k>1

=Y By(ChVika— D]
: ciecc;
(7)
Inthelast expression of the above equation, thefirst termin
the summation —R},;C%., Vi ., isthesameasinthesingle
RC tree case, and, in addition, each coupling capacitancehas
a contribution R}, Cy V.1 .4 to the moment Vi, which
is particular for the coupled RC trees.

Example 2.
For the coupled RC trees shown in Fig.1, for £ > 1, we
have

Vir = —Ra[(C14+C7)Vip—1—C7Var—1+(Co+Ce) Vo k-1

—CgVsp—1+ (C3+ Co) V3 —1 — CoV 1]

Vo, = —R1[(C1+ C7)Vig—1 — C7Var_1] — (R1 + R2)
[(Co4+C8)Va 1—1—CsVs j—1+(C3+Co) V3 x—1— Co Vs k1]
Var = —Ra[(C1+ C7)Vi -1 — C7Va 1]
—(R1+ R2)[(C2+ Cg)Va p—1 — C8Vi 1]
—(R1+ Ro+ R3)[(C3 + Co) V3 -1 — CoVs —1]

3 Coupled RC treeswith distributed lines

3.1 Moment model of distributed RC lines

An RC line located in Tree ¢ and connected between
nodes nj and its father node n’ ;) is denoted by Line;.
For simplicity, we consider two coupled lines Lz’nej.l1 and
Linej.i, and theresult is easily extended to multiple coupled
lines. Assuming that thelength of thetwo linesisnormalized
tol,and 2 = 0 and z = 1 correspond to the near and far
end of each line. For Linej, let C} and R; be its total
ground capacitance and resistance, respectively, V]."k(z) the
k-th order voltage moment at coordinate z, I, ;. (2)dz the
total k-th order moment of capacitive current at coordinate z
with an infinitesimal interval dz, I’ (0) and I}, (1) thek-th
order current entering and leaving the line. Let ' bethe
total coupling capacitance between Line?: and Line’?.

We first show by induction that V', (2) and I, j,.(z) are
polynomials of z, and give recursive formulas to compute
the coefficients of the polynomials.

Starting from order 0, it isknownthatIg,jO(z) = Owhich
is denoted by o o, = 0. Similarly, Vj,(2) = Vj5(0) = V
isaconstant, and is denoted by 3; .

For the k — th order moment with k& > O, for Line}, we
have

;J]{C;JVI;L,kfl-‘r Z C;)’gl(‘/;,kfl_vgf,kfl)} IZC’Jk(Z) = C‘;V’l’k_l(z) + C;:;Il (V;’k_l(z) — Vji,:k_l(z))

J

(8)



wherewheni = i; and j = j1,i' = i,and j' = j,, andvice
versa, and

() = VA0 — Bi(Ty(we + | ol (2)de

1
+z/ Iajk(w)daz) 9)

It can be seen from the formulas that when Vj"k(z) is a
polynomial of z of order m, Ié‘,j,k+l(z) isapolynomial of z
of the same order, and V/ , ; (#) isof order m + 2. It can be
derivedthatm = 2(k—1). LetI§ ;,(2) = Y2V ad

n 7,kn

and Vj, (2) = Z?’;o H ¢ n2’. From Eq(8), we have

zj

7

& 1 = Cif3; (k—1)n +C (ﬂ;,(kfl)n B (k—1)n) (10)

and from Eq(9), we have we have

ﬂ;,ko = ka(o) (12)
2(k— ol
Bi g1 = —Ri( Z 2 @
and
g _ B 0<n<2k-2 (13
IR T (4 ) (n+2) T

Eqs(10)-(13) form a set of recursive formulas to compute
the parameters o’s and 3’s. When the k-th order 'sa’s are
known,

I;k(o) = I}k(l) + J;k (14
where
‘ 1 2(k—1) o
T = [ T = I

isthetotal k-th order capacitive current moment contributed
by Lme and

— RiT, (1) - Eiy (16)

Vir = Vi) x ¥

where

2k i

aj,kn
7;) n+2 (17)

is the total k-th order moment of the voltage drop on the
line contributed by itsk-th order capacitive current moment.
From the above two equations, the moment model of an RC
line can be presented by Fig.3.

1
]ij :/0 zIé’,jk(z)dz =

3.2 Equation of voltage moments

The voltage moment V]Zk is contributed by both lumped
and distributed elements. The component corresponding to
the contribution of lumped elementsisgivenby Eq(7). From
Fig.3, it can be seen that the current source J7,, is connected
to node ng( » SO that the contribution of the current source

Jpi 1S =R, i Jp @nd for each Linej, on the path Py,
thevoltagesourceEz contributes an amount of —E?, . We
introduce a function line(i,p) such that line(i,p) = 1iff
the branch connected between n?, and n}(p) isaling and
line(i,p) = 0, otherwise. We defineafunction path(i, j,p)
such that path(i, j,p) = 1if P, € P}; and path(i, j, p) =
0, otherwise. Then, we have the formula for the voltage
moments with order £ > 1 as follows, where C;;O is the

lumped ground capacitance connected to n;',.

Jk _Z{ RPJ[

cyLecc;

4 Algorithm for moment computation

From the principlesdescribed in the previous sections, we
provide an efficient recursive algorithm for the computation
of momentsin coupled RC trees. The computation is done
from order 0 up to some specified maximum order K with
theuseof KCL and KVL of themoment model of thecircuit.
With order k, the computation is carried out by computing
current moments from the leaves of each tree upstream to
its root, then computing the voltage moments from the root
of each tree downstream to its leaves. The algorithm is
described as follows.

Moment_Computation( MAXORDER)
{Zero_Order_Moment();
for(k =1,k < MAXORDER;k + +)
{if(RC lines exist) af(k);
for each tree T do
{Current(i, Root(i), k);
Voltage(i, Root(i),,k); } }
}
Zero_Order_Moment()
{for each tree T'* with source voltage V! do
for each noden’, in T do
30 - VZ

}

apf(k) ,

{for each Line; do
Computeﬂ;.’(k_l)n, n=0,...
for each Line}; do

Vor—1t Z C;gl(vzk 1—‘/211,1;—1)]



{Comptec, ;.,,n =0,...,2(k — 1);
}

Compute J3;, and E,; }
Current(tree i,node j,order k)
{current=0;

if(n’ # Root(i))
{ current = C}O * ‘/;-fk_l;

for each coupling capacitance C}* € CCi do

curent+ = C;;ll * (Vj’;k,l - lelk,l) }
for each n; of the son node of n do

current+ = Current(i, jj, k);

I}, (1) = current;
if(line(i,j) == 1)
current+ = JJ’fk;
return(current); }
Voltage(tree i,node j,node F(j),order k)
{if(n} == Root(i))
Vik =0
else . o

Vi = Vigye = B * Ti(1):

if(line(i,j) == 1) Vj— = E4; }

for eachn® . of the son node of n do

Voltage(i, jj, j, k); }

When applying the algorithm to lumped RC trees, for each
order, each grounded capacitor isvisited once and each float-
ing capacitor visisted twicein thecall of function Current,
and each floating nodeis visited oncein the call of function
Voltage. Therefore, the computation cost is proportional
to the total number of capacitors times the maximum or-
der of interest. In practical cases, the number of capacitors
connected to each node is limited by a constant, and the
computation complexity of the algorithm can be expressed
as O(nK), where n is the number of the nodesin the net-
work, and K isthe maximum order required. Thisisalinear
order algorithm and is very efficient.

When applying thealgorithm to distributed RC trees, sup-
posethat thereisan RC line connected between each floating
node and its father node, then the computation complexity is
O(nK?), asthe number of o’s and 3’s grows linearly with
the order. However, if discrete model is used to represent
each RC lineasused in RICE [11], if for each linethere are
m sections in the model, then the computation cost will be
O(mnK). It has been shown [2] that in order to get exact
moment matching by anonuniformdiscretemodel, m > K,
and it is often seen in the literature, e.g. in [12], that alarge
number of uniform RC sections are used to model alineand
the number of sections is proportional to the length of the
line, but in our algorithm the computation cost is indepen-
dent of the line length. Therefore, this algorithm runs both
more accurately and much faster than the using of discrete
model for RC lines.

error 1 2 Al | S2P | NEW

max (%) 259 | 184 (o0) | 67.2 | 653 | 251

average(%) | 17.5 | 8.93 (o) | 124 | 17.7 | 5.63
largeitems | 29 0(5) 9 17 2

Table 1. Test data for coupled RC lines

error 1 2 Al | S2P | NEW

max (%) 66.4 | 41.7 (c0) | 93.2 | 154.3 | 39.9

average(%) | 235 | 6.57(c0) | 150 | 37.3 | 7.41
largeitems | 45 2(10) 14 56 4

Table 2. Test data for coupled RC trees

5 Examples

Based on the efficient algorithm for moment computa-
tion, we developed a new crosstalk model for coupled RC
trees. The model is based on the moment matching model
with dight modifications so that the model is more accurate
and always stable. Because of the limitation of the paper,
there is no space for its detailed description, which can be
found in [5]. We have tested 140 examples, and the results
are summerized in Table 1 and 2 for coupled RC lines and
trees, respectively. In the first line of each table, "1", and
"2" refer to the one pole and two pole model generated by
Padé approximation with moment matching up to the order
of 2and 3. "Al" refers to the model by [13], which is an
approximated second order Padé model. "S2P" refersto
the model of [12], and "N EW" refers to our new model.
Theitem "large items’ refersto the number of tests that the
absolute error exceeding 20%. It can be seen that our new
model works better than the models marked "1", "A1" and
"S2P". Compared with the model marked "2" (the 3rd order
Padé model), notethat there are 5 casesin the RC line tests
and 8 cases in the RC tree tests that the 2-pole model is
unstable, the datalisted outside the parentheses only refer to
the stable tests and those inside the parentheses refer to al
the tests. It can be seen that the new model performs better
than existing models thus far.

6 Conclusions

We have provided smple explicit formulas for Elmore
delay and higher order voltage moments and a linear order
recursivealgorithm for the moment computation for coupled
RC trees with lumped and/or distributed elements. Asthere
is no discretization for distributed EC lines, it is exact and
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Figure 1. Coupled RC Trees
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Figure 2. Moment Model of Floating Capacitor

very efficient. With the explicit formulas, the formulas for
the sensitivity of momentsw.r.t. the circuit parameters can
be easily derived, which will be very useful when intercon-
nect design and optimization is concerned. These formulas
and algorithms provide an efficient way to deal with the de-
lay and crosstalk estimation and model order reduction, and
will be beneficial for the interconnect design, optimization
and simulation. These formulas and agorithms can also
be easily extended to RLC trees with both capacitive and
inductive coupling.
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