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Abstract simulated in terms of signal speed as well as signal in-

tegrity due to crosstalk between interconnects, distortions
This paper introduces a new transmission line modelidge to impedance mismatching, and electromagnetic scat-
approach that employs an efficient numerical approxintaring and dispersions causing signal attenuations. Hence,
tion technique called the Differential Quadrature Methqatecise modeling of interconnects is an important field of
(DQM). The transmission line has been discretized argsearch in VLSI design automation.

the approximation framework is constructed by using the 5 iniarconnections usually have large size, heavy den-
Sth order differential quadrature method, consequentlygn, 4 high order of RLCG circuit elements, reduced
improved discrete equivalent-circuit model is developgQye; yoqels are needed for efficient circuit simulation.

in the paper. The DQM-based modeling requires far feWRéymptotic Waveform Evaluation (AWE) and its exten-

intervening grid pom@s for bg|ld|ng an aCC“.fate discre ons are the most well-known methods for the approx-
model of the transmission line than numerical metho

like ED . It introd far | ables th ation of general linear networks [1, 2]. The Krylov
ke requires. Itintro uces rariess state varia est bspace technigues have been afterwards developed ad-
FD-based models; therefore, it has higher efficiency. T

. . . L Fessing the issue of passivity giving rise to efficient pas-
D.QM _techmque can be mt_e_grated In a circuit smulatggve reduced order algorithms [3]. More recently, the con-
since it preserves the passivity. gruence transformations have been applied to reduced-
order modeling [4]. An extended technique based on
. Arnoldi’s method with congruence transformations is pre-
1 Introduction sented in the literature [5], in which the PRIMA algorithm

was demonstrated as an effective approach for developing
In the past decades, the integrated circuits and systgiassive reduced-order models.
have become both larger in silicon area and faster in oper- ) )
ation. With VLSI feature sizes continuously shrinking to Although the algont_hms of _model re_ductlons are well
the ultimate nanometric dimensions, extremely large chféveloped . afe_be'”g contlnuousl_y improved, they can
integrated circuits, fabricated in the forms of muIti-chiBnly hande the finite order systems in the forms of state

modules (MCMs) and system-on-chips (SOCs), now Coﬂqua}tions. Tre}nsmission !ines, however, are governed by
tain more longer interconnects (measured in terms of sﬂf—nl.mea_r partial differential equaﬂons,lvyhl.ch are actu-
nal wavelengths) running all over chips in the form of pafl—Iy infinite order SVSt_e”?S- Therefqre, itis m_ewtable to
allel busses. Signals carrying digital data at several G r_esent_ the _trgnsmlssmn _Imes with approximate mpd-
speed have time of flight through long interconnects cofi> involving finite state yanables_ [6]. In order_ 0 effi-
parable to the rise and fall times of the signals. TherefoFé‘?ntly perform the .redu.ctlon algorlthms onthe fmlte sys-
in modern high-speed integrated systems like MCMs a " the traqsmssmn line .model|rl19 need; to qulve as
SOCs, the metal interconnects should be treated as | ggx,state variables as possmle,_w_hlle keeping requwed_ ac-
transmission lines with distributed RLCG parameters. gpiracy. Most ef_for_t to (_jevglop finite order_model_s of d_|s—
is imperative now to account for such transmission line éﬂbuted transmission line is focused on direct discretiza-

fects in circuit simulation so that chips can be accuratéwn .approaches,.whlt_:h gen_erally selgct grid points along
the lines. As partial differential equations have been long

*This work was partially supported by ONR grant under the Dua@pprOXim.ately _SOIYed by finite Qiﬁgren_ce (FD) methods
Use Program. [7], the discretization of transmission lines is far from a




novel topic. Despite its simplicity, it has, however, thsuper efficiency of DQM, DQM-based discrete modeling
disadvantage that the number of grid points, dependinggines high approximation accuracy by using moderately
the minimum wavelength, is generally 12 or more. Conskew grid points, which improves the computational effi-
guently, such an approach results in very large numbergi@incy. The generated discrete models are theoretically
lumped elements for accurate modeling and thus sharphpved to be passive, and have the linear form, which is
increase the number of state variables of the whole circaibmpatible to the reduced order algorithm for linear cir-
A compact difference method is employed in the literatucaiit reduction. However, this presentation focuses on the
[8], which has fourth order accuracy. In this discretizddQM-based discrete modeling, and will not cover the is-
tion approach, the number of unknowns per wavelengthe of model order-reduction techniques.

required for highly accurate modeling is smaller and its

dependence on the electrical length of the line is weake

The drawback of low order finite methods can be ré— ApprOX|mat|0n framework

moved by using the high order finite methods or psege following approximation framework is based on the

dospectral methods [9]. The mathematical fundamen : .
of finite difference schemes is the Taylor series expansion'. erential Quadrature Method (DQM), which is a math-

The scheme of low order finite method is determined gyatical interpolation technique proposed originally by

. . . ellman in 1972 with a view to solving differential
low order Taylor series, while the scheme of high ord%r uations numerically [11]. We employ the differential
finite method is determined by high order Taylor serie&d y ) ploy

The advantage of high order schemes is wofold: thalP St IR B e AP e e
allow one either to increase accuracy while keeping t 9

number of mesh points fixed or to reduce the computa-_ u(z, 5) = {V(x’_s)’l(x’s)} along the transmission
tional cost by decreasing the grid dimension while prérJe as shown below.
serving accuracy. In general, the high order schemes have 9 N
a high order truncation error. Thus, to achieve required —u(z;,s) = Zaijuj(s), (1)
accuracy, the mesh size used by the high order schemes Oz j=1
can be much less than that used by low order schemes.
As a result, the high order schemes can obtain accutdfterez € [0,1], 0 = o1 < 2y < ... < a2y = 1,
numerical solutions using very few mesh points. Cheb§?d%j = 1,2,...,N. Eqn.1 is called theVth order
shev polynomial representation, a kind of pseudospecfifferential quadrature approximation.
methods, has been used to model transmission lines antN€ key procedure to this technique is to accurately
has shown high efficiency [10]. However, it cannot gugfétermine the DQ coefficients; by using the minimal
antee passivity. va_lue qf the order) of DQM, sinceN, the number of

In this paper, the Differential Quadrature Methogr'd points where the values of the function are sampled,

(DQM) is employed for passive modeling of transmiiigﬁlgﬁqghfeeﬁ'&edngy ?rjeth[()a le\/(la tr_}%‘lsgf:)i;mfhgftggrr?nﬁuhaé
sion lines. A numerical technique similar to the spec- i trqd ﬁb%w N .r nd ' moutati nclim
tral method, DQM was originally developed by math applies a tradeott between accuracy and computatio €
y selecting an appropriate test function to yield the val-

maticians to approximately solve nonlinear partial differ= - )
ential equations (PDE) [11]. The idea of the differentideS ©f DQ coefficients. Bellman applied the concept of

quadrature method is to quickly compute the derivati eighting Residual Method and showed that the follow-

of a function at any grid point within its bounded dotN'9d POWET SErIes works as a good test function:

main by estimating a weighted linear sum of values of the
functionat a small set of points belonging to the domain.

This paper applies the differential quadrature methodiKiorder to determine the DQ coefficients in Eqn.1 [11].
the following steps. At first, the fifth order DQM is in-y substituting each item in the function setinto Eqn. 1, a
vestigated and the specific approximation frames are dgt of equations having Vandermonde matrix is obtained,
rived for the modeling of transmission lines. Then the dignd the coefficients,; can be calculated by solving the

crete modeling are derived by using the DQM-based agyyations. The DQ coefficients are given by the following
proximation frames, and the equivalent circuit models aggsed-form formulas:

obtained to represent transmission lines. Like FD-based

models, the DQM-based discrete models can be incor- 1 Hk;éj(l“j - )
. . Q5 = )

porated into popular all-purpose simulators. Due to the (i — 25) [1ppi(zi — 28)

g(x) :{l,x,xQ,...,xN_l}. 2




a; = Z 1 i #j (3) After normalizing the section AB by unity in length, the
‘T — T DQM approximation for the transmission line problem is
represented by

Such an approach is called the polynomial-based dif-_ |

ferential quadrature (PDQ) method. The above proces$ “1 i 012 13 414 (15 1
shows that the PDQ method is closely related to the col-{ “2 @21 @22 G23 424 (25 U2
location or pseudo-spectral method [12]. Us | = | @s1 sz a3z A34 s us

Another way to determine the DQ coefficients is to | “4 @41 G2 Q43 G4e O45 U4
employ harmonic (triangular) functions, called the har- L %5 as1 Gs2 ds3 G54 G55 us

monic differential quadrature (HDQ) method. A¥ith (7)

order Fourier expansion is a linear combination infén By using Theorem 1 and after tedious mathematical

dimensional linear subspace which is spanned by the @?Z'Eg%t.'r?n’ tgl’taaDSsM;)t;acsercrjeirtfr?j%(;?'?)tl?g(;r;rgsw?rsz
lowing orthogonal base, ining voltages (or cu ) distribu g

transmission lines can be derived and is given by:
N -1 N-1

g(z) ={1,...,sin 7T, CoS nz},  (4) ug — u2 = auy + cus + aus, (8)
whereN is the number of grid points that is normally al){vhere
odd number. The explicit formulas for estimating the val- | _ @31
ues of DQ coefficients in this case are given by [13]: 11032 + 32051 — A12031 — 431052
. ¢ = a1 + as1 ©)
/2 Hk;ﬁj sin((z; — )7 /2) 12a31 + A31052 — A11G32 — A32051
a5 = ) . )
sin((zi — 2;)7/2) [Ty sin((zi — 2x)7/2) At the end points, the above approximation formulas
a; = ~— Zaik i#j (5) EQqn.8 cannot be used. In this case, let the left-end ap-
i proximation frames have the following form:
All the DQM coefficients in Eqn.3 (or Egn.5) form an up —ui = biuy + aug
N x N matrix, called the DQM operator. For the transmis- uz —u; = boub + au) (10)
sion line problem, the DQM operator reveals the property ) ) )
of inverse symmetry as stated in Theorem 1. We use the test functions in Eqns.2 and 4 to determine

the coefficients fob; andb,, corresponding to PDQ and

Theorem 1: If the grid points are equally spaced, thehlDQ, respectively. Let Eqns.10 be exact to as many func-
the DQM operator is inverse symmetric with respe&ns in Eqns.2 or 4 as possible. Specificly, in this case,

to the central point of the matrix, i.e. enforce Eqns.10 being exact when the first two test func-
tions in Eqns.2 or 4 are taken. Then the coefficients can
Qij = —Q(N—i)(N—j) (6) be determined as:
by = L by = 1 (11)
Eqn.6 can be proven by using either Eqn.3 or Eqn.5. LI 2=

For simplicity and without any loss of generality, a Sinfor PDQ, and
gle transmission line is modeled by DQM at first. Let AB '

be a section of the single transmission line. If it is uni- V2 V2
formly segmented into 4 subsections, then 5 grid points b = or by =a+ T (12)
are obtained as shown by Fig.1.
for HDQ.
Ui U2z Us U4 Us S|m|IarIy, the right-end approximation formulas can be
obtained as:
L L i L L > X Uy —Ug = au'3+b1u'5
A B us —uz = aub+ boul (13)
Figure 1: Approximation framework. Egns.8, 10, and 13 constitute the complete approxima-

tion framework.



3 Discrete Modeling Defining the current controlled voltage sources (CCVS)

by
Assume that a single transmission line stretches from 0 to .
d along thez axis, whered is the length of the line. Let Vi = aZiadia+cZidi +aZipilin
the distributed per-unit-length (PUL) parameters of the i=2,...,N
line be denoted by, L, GG, C representing resistance, in- VE = bZiI +aZsls

ductance, conductance and capacitance, respectively. The

1
Telegrapher’s equations can be written as: Vi = aZnIN +biZnalnn (19)

d and the voltage controlled current sources (VCCS) by
V() = —(sL+R)(zs) I! = aYi\Viy +cYiVi +aYiy Vigy
d ) = J—
—I(z,5) = —(sC+QG)V(z,s). (14) i=2,...,N -1
o I = b +aYsls
If the transmission line is uniformly segmented ity I = aYn_1Vn_i + b YnVy (20)

sections, then the discrete circuit HA¥ + 1 nodes. At he DOM-based di t del b h ticall
each node, the Telegrapher’s equation is discretized ast e DQM- ased discrete model can be schematically rep-
resented by Fig.2.

i
In+1

l1 Vi 2 V2 li Vi In Wn
I = YV i=1,...,2N +1, (15) + <> <G> G > +
In order to apply the above DQM approximation frame% 0 o $ <> Viea
work to the nodal voltages and nodal currents, the length -

of transmission line should be normalized to match with
the condition of Eqgn. 7. Specifically, the length of each Figure 2: DQM-based discrete model.
small section is normalized to be 1/4 unit so that 5 con-
secutive grid points constitute one unit length over which

the 5th order DQM can be performed. Therefore, it givesF19- 2 Shows that DQM-based modeling has explicit
the following discretized equations: physical meaning. The DQM-based discrete model con-

sists of a chain of current controlled voltage sources

4d (CCVS) and voltage controlled current sources (VCCS),
Zi = ﬁ(R +sL) compared to the FD-based discrete model consisting of a
4d ) cascade of RLC elements.
v, = ﬁ(G +50) i=1,...,2N +1,(16) Itis well known in classical circuit theory that intercon-

) nections of individually stable systems may not necessar-
Applying Eqgns. 8, 10 and 13 to the nodal voltages afg constitute a collectively stable system. However, in-
nodal currents, we obtain the DQM-based discrete mq@rconnections of passive circuit elements guarantee pas-

eling framework: sivity and stability of the overall system. When multiport
models are connected together, the resulting overall cir-

Vi=Vi = aZialia+cZili+aZipalip cuit can guarantee to be stable only if each of the multiport
i=2,...,N models is passive [5]. In this view, it is extremely impor-
Liin— L = aYi 1 Vioi +cYiVi+ aYi1 Vi tant to investigate the passivity of the discrete model that
i=2,...,N—-1 (17) results from the discretization of Telegrapher’s equations.
In order to do this, the following definitions and results
for center grid points, and due to [14] are used.
Vi—=Vo = bWZili +aZsl, Lemma 1. Necessary and sufficient conditions fpr a
transfer functionn x n matrix Y (s) to be passive
V41 = VN = aZNIN +bi1ZN+1In (i.e.,Y(s) is positive-real) are given by:
L—-5L = bYiVi+alals (1) each element oY (s) is analytic in®(s) > 0,
Inyt —In = aYn_1Vn_1 +0YNVN  (18) (Z)Y(S*) =Y" (S) and
(3) (Y*)T(s) + Y (s) is non-negative definite for all
for boundary points. R(s) > 0.



Lemma 2: An n-port network is passive if and only if itsline, which can be represented as
admittance matriXY (s) is positive-real.

T
0O ... 01 ... 0 Vy
Lemma3: If A(s) is positive-real, thenA=!(s) is b; = [ 0 0 ] [ 0 ] =BV?®

.- e K 0 -1 Vs
positive-real, if it exists. N+1 22)
Lemma 4: If A(s) is positive-real andB is real, then  Noting that the original port variables avg, 11, Vi 11
BT A(s)B is positive-real. and—Ix1, the admittance matrix is obtained as:

With two independent voltage excitations at the twcg, s) =BT P, P;3 n Q 0 - B
ends, the state equation of the discrete model shown |n( - -P¥ P, 0 Q
Fig. 2 can be formulated by using the modified nodal anal-

ysis (MNA):
Theorem 2: The matrixY (s) in Eqn. 23 is positive-real.
P, P; n Q 0 \ 2. b
-P] Py 1o Q I | "  Proof Using Lemmas 1-4, the matri% (s) being
(21) positive-real ascribes to that the following matrix is
where positive-real:
blyvi CLY;' T
Y oY, aY W:[E ;;3%3{%1 (32}. (24)
P, +sQ; = . .
aY; ¢Y; aY; Referring back to Lemma 1, the first two conditions are
aY; bY; automatically satisfied for matriw. In proving that ma-
- trix W satisfies condition (3), noting that matricPs,
b2Z; aZ; P>, Q; andQ; are all symmetric, it follows:
aZi CZZ' aZi
P:+oQ: = S W+(W*)T:2{P1 0 }+2§R(s){Q1 0 ]
(],Zi CZi CLZZ' 0 P2 0 Q2
aZ; b2Z; . _ )
- Since matrice®, P», Q; andQ- are all non-negative,
-1 W + (W*)T'is therefore non-negative. Thus, the matrix
P, — -1 1 Y (s) being positive-real, the DQM-based modeling for
U single transmission line preserves passivity.
-1 1 The discrete model of multi-conductor transmission
B lines (MTL) can be straightforwardly obtained by extend-
and where ing the above formalization of the single transmission line
V =WV, ... Vy]' € RY is the vector of nodal (STL) and also the passivity of the MTL can be guaran-
voltages; teed.
I=[ I, ... In+1]T € RN*!is the vector of branch
currents;
and the matriceP:, P», P3, Q; andQ, are derived from 4  Numerical results
Eqn.21:

P, € RV*N andP, ¢ RW+*(N+1) gre symmetric Similar to FD-based discrete modeling, DQM-based mod-
and nonnegative definite, having units of conductance aglohg leads to filter-like multiport devices. These kind of
resistance, respectively; models have the approximate transfer functions which ex-

Q; € RVN*N andQ, € RIN+HX(N+1) gre symmetric actly match in the low frequency band, and match poorly
and nonnegative definite, having units of capacitance aatdhigher frequencies with errors increasing as the fre-

inductance, respectively; guency increases.
P; ¢ RV*(N+1) connecting matrix, is comprised of 1 A heuristic rule for the resolution of the 5th order DQ
or 0. methods is shown to segment the transmission line into 8

The matrixb; € R2>N*! contains two independentequal sections, where the sizes of the segment depend on
voltage sources connected to the two ends of transmisdio® minimum wavelength in the spectrum. Therefore, for



a transmission line with lengtt, the number of sample 14

T T
— — Input

points for the 5th order DQ approximation is Ll T e fexact) |
d 1
Np=8-—+1, (26)

where \,,.;, is the minimum wavelength. Accordingly, o8

the number of state variables of discrete modeling of ¢
line with lengthd is IV, + 3 for DQ modeling.

Referring to a formula adopted by HSPICE [15], the °*
maximum frequency of interest can be evaluated by

0.6

Voltage(V)

0.2

0.35
fmaw = ; (27) °
tr
-0.2 : . . L : . : : :
wheret, is the rise time of the input waveform. The max-  °  *° * % qoy © 2 0 %00
imum frequency determines the minimum wavelength
within the spectral range of interest. Figure 3: Transient responses of single transmission line.

The first example is a single transmission line hav-
ing the following PUL parametersl = 360 nH/m,
¢ = 100 pF/m, r = 36 Q/m, andg = 0.01 S/m.
Assuming that the digital signal has rise tirb@ps, the

v, = 1/Vlc = 5/3 x 10% m/s, the minimum wavelength
is approximately2.4 em. The applied input is a step volt-
age whose rise time 50 ps. By Eqn. 26, the number of
sections using the 5th order DQ methods is approximately  Figure 4: Circuit of coupled transmission line.
calculated as 8. The analysis shows that the frequency re-
sponse of this modeling gives accurate results within the
band from0 to as high a8GHz. The transient results are
shown in Fig.3, compared to the results of the Method ¥&riables, while the 8 sections of DQ modelings lead to
Characteristics (MMC). Noting that the transmission lin@ly 11 x 3 = 33 state variables. The whole circuit has
in this example is an undistorted line, the transient sim@9 nodes by using the DQM modeling, in contrast to 89
lation response calculated by MMC is the exact valuefpdes using HSPICE. Cast in MNA matrices, the state
the round errors are ignored [16]. equation of DQ modelings has the size38fx 33, while
The secondexample consists of three coupled tran#hat of FD method has the size t#6 x 126. As the run
mission lines as shown in Fig. 4. The length of thémne of solvingn x n linear equations is generally propor-

transmission line is 4 cm, and its RLCG parameters dienal ton?, the 5th order DQ methods have much higher
represented in the followingRy; = R, = Rs3 = €fficiency thanthe FD method. Taking the same time step,

3.448 Q/cm, Liy = Loy = L3z = 4.976 nH/cm, Lis = the run time on an Ultra-1 SUN workstation by the DQM
Lys = 0.765 nH/em, Cyy = Cs3 = 1.082 pF/em, Modelingis 0.108 s, while that of HSPICE is 0.7 s.

022 = 1.124 pF/cm, 012 = 023 = —0.197 pF/cm,

Gi1 = G2 = G33 = 1 mS/em, G12 = Ga3 = .

—0.01 mS/em. The input excitation is a trapezoidal puls®d Conclusions

with 100 ps rise/fall time whose magnitude is 1 V. The

transient waveforms are shown in Figs. 5 and 6, whidthe passive discrete interconnect modeling is performed

demonstrates that the results of both PDQ and HDQ malshemploying a numerical technique called the differen-

well with the result of HSPICE. tial quadrature method (DQM). The resulting equivalent
In this example, HSPICE uses the FD method and segrcuit based on the DQM modeling is derived by using

ments the transmission line into 20 sections, while tliee 5th order DQM, and can be theoretically shown to

DQ methods need only 8 sections. Furthermore, the @@serve the passivity. The DQM discretizes the transmis-

sections of the FD method lead 4@ x 3 = 126 state sion line into few grid points across the entire length of the
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Figure 5: Transient responses at A.

0.015 T T T T T

0.011

0.005

Voltage(V)
o

-0.005

-0.011

-0.015
0

Time(ns)

Figure 6: Transient responses at B.

has been shown to produce highly accurate delay models,
and can handle both single and multi-conductor transmis-
sion lines. For the minimum wavelength, the DQM-based
modeling generates as 9 internal voltage nodes, and 11
state variables as opposed to 21 nodes and 42 states gen-
erated by HSPICE. The DQM-based modeling preserves
the passivity and generates fast solutions.
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