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Abstract

Recently, a methodology for worst-caseanalysisof dis-
crete systemshas beenproposed[1, 2]. The methodol-
ogy relies on a user-provided abstraction of systemcom-
ponents. In this paper we proposea procedure to auto-
maticallygeneratesuchabstractionsfor systemcomponents
with Booleantransitionfunctions.Weusea binarydecision
diagram(BDD) of thetransitionfunctionto generatea for-
mulain Presburger arithmeticrepresentingthedesiredab-
straction. Our experimentsindicatethat theapproach can
beappliedto control-dominatedembeddedsystems.

1. Intr oduction

Systemverification is hard becausesystemresponses
needto be checked for all legal behaviors of the environ-
ment. Typically, thereareinfinitely many suchbehaviors.
Even when the problem can be reducedto enumerating
finitely many internalsystemstates,theirnumberis usually
prohibitive. Usingabstractionsandimplicit stateenumera-
tion cansimplify theproblem,but completeverificationis
atbestat(andoftenbeyond)thelimit of existingcomputers.

An alternativeapproachis theworst-caseanalysis,where
thesystemresponseis analyzedonly for themostdemand-
ing behaviors of the environment. In [1, 2], a general
methodologyfor worst-caseanalysisof systemswith dis-
creteobservablesignalswasproposed.The methodology
canbe usedto verify differentpropertiesof systems,such
aspowerconsumption,timing performance,or resourceuti-
lization. It consistsof threemainphases:

1. choosinganabstractrepresentationof signals,calleda
signature,

2. building abstractions(calledσ-abstractions) of system
components,

3. analyzingσ-abstractionsandinterpretingresults.

The methodologyrequiresthat an orderingbe definedin
thedomainof signatures,so that it canbe preciselydeter-

minedif a signalis “worse”thantheotherone.In addition,
signaturesneedto preservesufficient informationsuchthat
theusageof resourceof interest(e.g.time,power, memory
bandwidth,.. . ) canbeaccuratelyestimated.No sucha do-
mainis suitablefor all systemsandall typesof analysis,and
only a knowledgeableusercanchoosetheright one.How-
ever, wehaveobservedthataclassof domainsseemsuseful
in many practicalcases.This classconsistsof linear con-
straintson thenumberof occurrencesof interestingevents.
Sinceweallow linearconstraintsto becombinedto formar-
bitrary formulasin Presburgerarithmetic,wecall this class
Presburger event-countconstraints, or PECCsfor short.

Using PECCs,it is possibleto definesignal setslike:
“ All signalswhich containbetweenthree and five mem-
ory accesses.” which can be representedwith formula
3
�

naccess
�

5. Similarly the classof signalssatisfying:
“All signalsin which thesystemstarts,but never returnsto
oneof theinitial states.” canberepresentedwith ∑i ni � 1,
whereni is thenumberof timesthesystemvisits someini-
tial statei. PECCsarealsousuallysufficient to expressin-
formation necessaryto answerimportantquestionsabout
theperformanceof thesystem(e.g.“How much processor
time is required to processall the inputs?”, “How many
outputeventswill begenerated?”,. . . ).

Once a signature is chosen, the appropriate σ-
abstractionsneedto be constructed. For the analysisto
be “worst-case”,σ-abstractionshave to be conservative,
i.e. they needto predicta systemresponsethat is at least
as “bad” as the real response. For a given signature,
thereexistsawell-definedleast-conservative(or tightest) σ-
abstractionof any systemcomponent.Onemayaskif such
atightestσ-abstractioncanbegeneratedautomatically. The
answerof thisquestiondependsonhow systemcomponents
arespecified. If componentsarespecifiedby an arbitrary
pieceof code,thentheproblemundecidable(it is not hard
to seethat it subsumesthehaltingproblem).However, we
will show in this paperthat the problemis solvableif the
componentsaregivenasBooleanfunctions,mappinginput
eventsto outputevents.

The main contribution of this paperis a procedureto
constructthetightestσ-abstractionof a systemcomponent
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with Booleantransitionfunction,assumingthatsignalsets
arerepresentedwith PECCs.We alsoshow thatPECCsare
naturalto definesetsof signatures,in thesensethatfor any
componentandany given setof input signalswith PECC
definablesignatures,thesetof signaturesof corresponding
outputsignalsis alsoPECCdefinable.

Voicemail pager Throughoutthispaperweuseasanex-
amplea voice mail pagershown in Figure1. To facilitate
futurereferences,webriefly explainits behavior. Thepager
receives messagesfrom the environment. Eachmessage
consistsof up to five frames,andeachframecontainsfifty
samples. The CONTROL modulestoresmessagesinter-
nally (in variable f rames) andinitiatesplayingof themost
recentmessage(by generatingthe f rameevent) whenthe
userrequiresso(by generatingthe play event). TheCON-
TROL modulealsogeneratesa f rameif someareavailable,
andthe BUFFERmodulemakesa request. TheBUFFER
modulestartsplaying themessageafter it receivesthe ini-
tial f ramefrom CONTROL. A messageis playedby send-
ing to the speaker one sampleper every tick of the real-
time clock. Whentherearefewer than20 samplesleft to
play, theBUFFERsendsa request for thenext frameto the
CONTROL.

The restof this paperis organizedas follows. In Sec-
tion 2 we review the worst-caseanalysisproposedin [1,
2]i, and give brief introduction to BDDs and Presburger
arithmetic. We proposethe procedurefor automaticσ-
abstractiongenerationin Section3. In Section4 we show
how automaticσ-abstractionfits into overall timing analy-
sis,usingthevoicemail pagerasanexample. We present
someexperimentalresultsin Section5, andgivesomefinal
remarksandindicationsof thefuturework in Section6.

2. Background

In this sectionwe give relevant definitions,andbriefly
review theworst-caseanalysisproposedin [1]. In thatwork,
a systemis formally definedto be a setof executions.An
executionis just a function mappingtime points in some
interval of realnumbersto somesetof signalvalues.

2.1. Signals,transition functions and BDDs

In [1] signalvaluesmaybearbitrary. However, we only
considersystemswhich signal valuesare assignmentsto
severalBooleanvariables.We usex� y� z� � � � to denotethose
variables.We assumethatvalue1 indicatesthepresenceof
someevent, while value0 indicateits absence.

Formally, asystemis asetof execution,but sincethisset
is typically infinite, it mustbeindirectlyspecified.Thethe-
ory in [1] doesnot dependon any particularspecification,
but werestrictourattentionto systemspecifiedasfollows:

message

play

tick

CONTROL

f rame

request BUFFER
speaker

moduleCONTROL � frameType f rames[3]; integer last := 0;
1 if( present(message )) �
2 f rames:= message;
3 last := 3; �
4 if( (present(play ) � � present(request ) && last � 0 ) �
5 emit f rame( f rames[ last �	� ] ); �
�

moduleBUFFER � sampleTypesamples[50]; integer last := 0;
6 if( present(f rame)) �
7 samples:= f rame;
8 last := 50; �
9 if( present(tick ) && last � 0)) �
10 emitspeaker( samples[ last �	� ] );
11 if( last = 20)) �
12 emit request(); ���
�

Figure 1. Voice mail pager structure and be-
havior s of components.

� systemcomponentsare given by Booleantransition
functionswhich determinethepresenceor absenceof
outputeventsbasedon theinputevents,� thesetof schedulingrules is givento determinewhen
somecomponentneedsto beevaluated,� when componentsare evaluated,they “consume”all
their inputs.

A useful way of thinking abouttheserules is to interpret
input signalvalue1 asputting a token at the inputsof the
component.Whena componentis executedall tokensare
removed. If betweentwo executionsmorethanonetoken
is put on someinput, all but the last one will be lost (or
dropped,or over-written). Whenexecuted,thecomponent
canputa tokenonsomeof its outputsby settingits valueto
1. In thatcasewe saythatthecomponentemitstheoutput.
Thisframework is generalenoughto includeseveralspecifi-
cationformalismsproposedfor reactiveembeddedsystems
suchasEsterel[5] andPOLIS[4].

We makenoassumptionsabouttheschedulingrules,but
we do requirethat the componenttransitionfunctionsare
representedwith binary decisiondiagrams(BDDs). This
assumptionis not fundamental,but it simplifiesthepresen-
tationof ourapproach.

A BDD [6] is a datastructurethatrepresentsa Boolean
function. A function f : 
 0� 1� n �� 
 0� 1� is represented
with a directedacyclic graphwith nodesetV andedgeset
E � V � V. The nodesetV hastwo distinguishedtermi-
nal nodes0 and1 which canhave no out-goingedges.All
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other nodesmust have exactly two out-goingedges,one
positive labeledwith 1, and one negative labeledwith 0.
All nodesin V ��� 0� 1� must have at leastone predeces-
sor, exceptfor theuniqueroot node.The labelingfunction
λ : V ��� 0� 1������ x1 � � � � � xn � labelseachnodewith some
input variable. A total ordermustbedefinedon thesetof
input variables� x1 � � � � � xn � , andλ must levelize the BDD
with respectto that order, i.e. for each � i � j ��� E suchthat
j  ! 0� 1 it mustbethatλ � i � precedesλ � j � .

BDDs areevaluatedby traversinga pathfrom the root
nodeto oneof the terminalnodes.At nodei the valueof
λ � i � is checked. If it is 1, the positive out-goingedgeof i
is followedto reachthenext node.Otherwise,thenegative
edgeis followed.

EventhoughBDDsrepresentonlysingle-outputBoolean
functiondirectly, somemulti-outputfunction f : � 0� 1� n ��� 0� 1� m canbe representedwith thesingle-outputfunction
cf : � 0� 1� n" m ��#� 0� 1� definedby:

cf � a1 $ $ $ an � b1 $ $ $ bm� ! 1 iff f � a1 $ $ $ an � ! � b1 $ $ $ bm�%�
(1)

It follows that while evaluatinga multi-outputfunction, if
the current node is labeledwith an output variable, one
mustchoosetheuniqueout-goingedge(andthusalsoout-
putvalue)thatleadsto theterminalnode1.

Consider, for example,the CONTROL modulein Fig-
ure1. Its transitionfunctioncanberepresentedasaBoolean
functionwith 7 inputsinputsand5 outputs. Inputsms, pl
andrq, indicatethepresenceof message, play andrequest
events.A tokenon theinput l0 (l1� l2� l3) indicatesthatthe
currentvalueof variablelast is 0 (1,2,3respectively). Out-
put f r indicatedtheemissionof the f rameevent.Puttinga
tokenon outputn0 (n1� n2� n3) indicatesthatthenew value
of last is 0 (1,2,3respectively).

The BDD representingthe transitionfunction of CON-
TROL is shown in Figure2. For readability, terminalnode
0 andall incidentedgesarenot shown. All thenodeswith
the samelabel areplacedon the samehorizontallevel as
thelabel itself. For example,thepath2 � 4 � 7 � 11 �
15 � 16 � 20 � 21 � 24 � 27 � 1 indicatesthatif play
is present,message is not, andthe valueof last is 2, then
f rameis emitted,andlast is setto 1.

2.2. Signatures,σ-abstractionsand PECCs

A signature is an abstractrepresentationof executions
(or their segments).Formally, a signatureσ is a mapping
fromthesetof executionstosomesetof signaturevalues. A
signaturemustsatisfysomemild technicalconditions,and
a partialorder & needsto bedefinedon thesetof signature
values.While resultsin [1] applyto any signaturesatisfying
theseconstraints,weconsideronly PECCs.PECCsaresub-
setsof theevent-countspace. For thesystemwhosesignal
valuesareassignmentsto Booleanvariablesx� y� z� � � � , the
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Figure 2. BDD for the transition function of
CONTROL.

event-countspaceis thesetof assignmentsto integervari-
ablesx# � y# � z# � � � � . We assumethat for a given execution,
the valuex# correspondsto the numberof occurrencesof
theeventx in thatexecution.

The signaturemaps any execution to a point in the
event-countspace. However, sincemany executionscan
be mappedto a single point, it is quite possiblethat in-
put signalswith the samesignatureproduceoutputswith
different signatures. For this reasonwe needto be able
to defineandmanipulatessetsof pointsin theevent-count
space. We useformulasof the Presburger arithmetic [8]
to definesuchsets. Formulasof Presburgerarithmeticin-
cludelinearequalitiesandinequalities(with integercoeffi-
cients)over somesetof non-negative integer variables,as
well as their combinationsusingstandardBooleanopera-
tors '�� (
� ) andexistentialquantification. With eachfor-
mula we canassociatea setof integer vectorswhich rep-
resentall satisfyingassignmentto freevariablesin thefor-
mula.Setsrepresentedby Presburgerformulacanbeeffec-
tively represented,manipulatedandcomparedfor inclusion
andequivalence. The bestknown boundfor theseopera-
tions is triply exponential,but therearealgorithmsthatare
muchmoreefficient for many practicalcases[9].

We require that only variablesfrom the event-count
spacemayappearfreein theformula.Therefore,eachPres-
burger formula definesa set of points in the event-count
space(pointsthat satisfy the formula). We arenow ready
to preciselydefinePECCs: they aresubsetsof the event-
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countspacedefinableby formulasof Presburgerarithmetic.
However, wewill makenodistinctionbetweenaPECCand
a formulathatdefinesit.

The theoryin [1] requiresthat a partial order * be de-
finedonthesetof signaturevalues.Weusesetinclusionfor
thesepurpose,i.e. given two PECCsX andY we saythat
X * Y if X + Y. Equivalently, wecouldsaythatX * Y if Y
impliesX.

For example, if it is known that betweenany two
message eventsat least200timeunitsmustelapse,thenall
the signalsof lengthT mustsatisfy200, ms# - 1.�* T. If
a particularsignalis of length1000andonly two messages
appearin it, its signaturems# / 2 is “better” than200, ms# -
1.0* 1000andwewrite 1ms# / 223*41 200, ms# - 1.0* 10002 .

While signalsare representedwith signatures,system
componentsare representedwith σ-abstractions. A σ-
abstractionis valid if it satisfiessomeminor requirements
detailedin [1, 2], andonemajorone: it mustbea conser-
vativepredictorof systembehavior. Moreprecisely, a func-
tion F is avalid σ-abstractionof acomponentf if for every
inputexecutiontraces:

σ , f , s. .5* F , σ , s. .%6 (2)

Equivalently, we maysaythatF mustbeanabstract inter-
pretation[7] of f .

For example,sinceevery message in Figure1 contains
3 frames, thenumberof frameeventsemittedby theCON-
TROL moduleis atmostthreetimeslargerthanthenumber
of received messages.Therefore,a valid σ-abstractionof
CONTROL couldmapPECCms# / 2 into f r# * 6. Simi-
larly, sincea frameis emittedonly if responseto playor re-
questevents,mappingpl# 7 rq# / 1 into f r# * 1 is a valid
abstraction.We will show thatsuchabstractionscanbeau-
tomaticallygeneratedfrom theBDD of thetransitionfunc-
tion. The key intermediatestepin the generationprocess
is findinginput-outputconstraintsimposedby thetransition
function. In the caseof CONTROL they are f r# * 3ms#

and f r# * pl# 7 rq# (for thesamereasonsstatedabove).
Themethodologyfor worstcaseanalysisproposedin [1,

2] requiresthe user to provide a σ-abstractioncandidate
which is then verified by formal or informal means. In
this paper, we will show that if the setof signaturevalues
is that the set of PECCs,then it is possibleto automati-
cally constructσ-abstractionsof systemscomponentswith
Booleantransitionfunction. Using this result,themethod-
ology from [1] canbe improved,by makingit moreauto-
maticandlessdependenton theuser.

3. Automatic abstraction

Givena BDD-representedtransitionfunction f with in-
putsx1 8 6 6 6 8 xn andoutputsy1 8 6 6 6 8 ym we want to find s σ-
abstractionfunction F which mapsPECCsover variables

x#
1 8 6 6 6 8 x#

n to PECCsovervariablesy#
1 8 6 6 6 8 y#

m suchthat(2) is
satisfied.We do so in two steps:first we definePECCTF
(representingtransitionfunction) over variablesx#

1 8 6 6 6 8 x#
n

and y#
1 8 6 6 6 8 y#

m, and then we defineF suchthat for every
PECCX overx#

1 8 6 6 6 8 x#
n:

F , X . def/�9 x#
1 8 6 6 6 8 x#

n : X : TF 6 (3)

Forexample,theTF for CONTROL wouldideallybe f r# *
3ms# : f r# * pl# 7 rq#. (Definition (3) is easilyextended
to the casewhereX dependson someadditionalvariables
x#

n; 1 8 6 6 6 8 x#
n; m which do not correspondto inputsof f . In

thatcasethe appearanceof X in the right-handsideof (3)
needsto bereplacedwith , 9 x#

n; 1 8 6 6 6 8 x#
n; m : X . .)

To defineTF weintroducea pairvi , pi of auxiliary inte-
gervariablesfor eachnodei of BDD , V8 E . representingthe
transitionfunction f . Intuitively, vi representsthe number
of timesnodei is visitedwhile processingsomeinput sig-
nal. Thevariablepi representsthenumberof timesλ , i . is 1
wheni is visited. In otherwords,pi representsthenumber
of timesthepositiveout-goingedgeof i is traversed.

ThePECCTF is a conjunctionof many constraintsthat
canbeclassifiedaseitherfanin,fanout,input,outputorcon-
sistency constraint.Thefanoutconstraint FOi is definedfor
eachnodei < V -%= 08 1> . It simply statesthat thepositive
edgeof i cannotbevisitedmoretimesthani itself:

FOi
def/ pi * vi 6 (4)

Similarly, thefaninconstraintFIi statesthatanodecanonly
be visitedafter visiting someof its in-comingedges.For-
mally, for everynodei < V -%= 08 1> thatis not theroot:

FIi
def/ vi / ∑?

j @ i A B E ε ? j @ i A 8 (5)

whereedgeexpressionε ? j @ i A is definedby:

ε ? j @ i A def/DC p j if , j 8 i . is labeledwith 1,
v j - p j if , j 8 i . is labeledwith 0.

(6)

It is nothardto seethatε ? j @ i A representsthenumberof times
edge, j 8 i . is visited,beit positiveor negative.For example,
the faninconstraintfor node27 in Figure2 is v27 / v22 -
p22 7 p24.

It is convenientto assumethat a fanin constraintis de-
fined for the root nodeas well. Sucha constraintrepre-
senta limit on the numberof timesthe transitionfunction
f is evaluatedfor a given input signal. This canoften be
deducedfrom the schedulingrules. For example,it might
be that f is not evaluatedunlessthereare somenew in-
put eventspresent.If that if thecase,thantheCONTROL
modulecannotexecutemoretimesthanthetotalnumberof
its input events,i.e. the numberof message, play, and re-
questeventscombined.Therefore,the faninconstraintfor
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the root nodein Figure2 would be: v2 E ms# F pl# F rq#.
Evenif nothingis known aboutthescheduling,to simplify
ournotation,westill assumethata (trivial) faninconstraint
is definedfor therootnode.

The input constraintIOx is definedfor eachinput vari-
ablex of f . To understandit, observethatthepositiveedge
of nodei is visitedonly if thevariableλ G i H is 1. Also note
thatsomevariablex cannotbe1 morethanx# times.There-
fore:

IOx
defI ∑

i:λ J i K L x

pi E x# M (7)

For example,p5
F p6

E rq# in Figure2.
Inequality(7) cannotbestrengthento anequalityfor two

reasons.First, theremaybepathsin theBDD whichdonot
visit any nodelabeledx, andsecondwe maynot generally
assumethattheBDD is evaluatedevery time thereis a new
eventon x. Dependingon theschedulingpolicy, it maybe
thatsomex eventsarelost, i.e. it maybethatx occursmore
thanoncebetweentwo BDD evaluations.

Outputconstraintsaresimilarbut tighter, becauseanout-
put x canbecome1 only if thepositive edgeof someBDD
nodelabeledx is visited. (This is trueif transitionfunction
is indeeda function, i.e. if it hasnot “don’t-care”outputs.
Our approachcanalsobe extendedto handle“don’t-care”
outputs,but for clarity of presentation,weomit theseexten-
sionsin this paper.) Formally, for every outputvariablex,
wedefinetheoutputconstraint IOx asfollows:

IOx
defI

x# I ∑
i:λ J i K L x

pi M (8)

For example,f r# I p8 F p9 F p10 F p11 in Figure2. A care-
ful readermight protestthe termsp9 andp10 becausethey
correspondto input-outputpairs that arenot in the transi-
tion function. Indeed,they areforcedto 0 by consistency
constraints.

Accordingto (1) every valid traversalof a BDD repre-
sentinga multi-outputfunctionmustfinish at the terminal
node1. Therefore,wedefinethefollowingconsistencycon-
straint for eachedgeG i N 0H
O E:

Ci
defI ε J i P 0K I 0 M (9)

For example,v6 Q p6 I v8 Q p8 I p9 I p10 ISR R RTI 0 in
Figure2.

Finally, we form TF by combiningall constraintsde-
finedby (4)–(9),andeliminatingall theauxiliaryvariables,
i.e.:

TF
defIVU

vi N pi N v j N p j N M M MW X Y Z[
i P j \ \ \ ] L V ^ [ 0 P 1] : _

i

G FIi ` FOi H ` _
x

IOx ` _J i P 0K a ECi N
(10)

wherei is someBDD nodeotherthan0 or 1, andx is some
inputor outputvariableof f .

Theσ-abstractionF definedby (3) is intendedtoapprox-
imatethetrue transitionsignatureF b definedby:

F b G X H I#c σ G f G sH H : σ G sH
O X deN
whereX is somesubsetof theinputeventcountspace,pos-
sibly a PECC.It is not hardto seethatconservativenessre-
quirement(2) is satisfiedif F b
G X H E F G X H for everyPECC.
We will show thatanevenstrongerrelationholds,undera
mild assumptionon theschedulingpolicy. Theassumption
we needis that given n assignmentsto input variablesof
a component,it is possibleto find an input signals such
thatwhile processings thecomponentis executedexactlyn
times,andtheinputvaluesfor thei’ th executionareexactly
thoseof thei’ th assignment.For mostschedulingrules,this
can be accomplishby timing the assignmentsfar enough
from each.Sinceour framework is not appropriatefor rea-
soningaboutthe schedulingrules,we will just say that a
schedulingpolicy with this property is well-behavedand
stateit explicitly asanassumption.

Theorem1 For anywell-behavedschedulingpolicy:

F G X H I F b G X H
for everyPECCoverx#

1 N M M M N x#
n.

Proof. (sketch) To show F b
G X H E F G X H consider
an arbitrary signal s with signature G x̄#

1 N M M M N x̄#
n HfO X, and

let v̄i and p̄i be the actual number of times node i
and the positive edge of i are visited while processing
s. Also let G ȳ#

1 N M M M N ȳ#
m H be the signatureof f G sH . Ar-

gue that assigningx̄#
1 N M M M N x̄#

n, ȳ#
1 N M M M N ȳ#

m,v̄i N p̄i N v̄j N p̄j M M M to
x#

1 N M M M N x#
n,y#

1 N M M M N y#
m,vi N pi N N v j N p j N M M M must satisfy (4)–(9),

andhencealso the right handside of (3). It follows that
σ G f G sH H
O F G X H .

To show F G X H E F b
G X H , let G ȳ#
1 N M M M N ȳ#

m H be someele-
mentof F G X H , andlet G x̄#

1 N M M M N x̄#
n H3O X andv̄i N p̄i N v̄j N p̄j N M M M be

suchthat assigningx̄#
1 N M M M N x̄#

n, ȳ#
1 N M M M N ȳ#

m,v̄i N p̄i N v̄j N p̄j N M M M to
x#

1 N M M M N x#
n,y#

1 N M M M N y#
m, vi N pi N v j N p j N M M M satisfies(4)–(9). Also,

let r denotetheroot BDD node. Constructv̄r differentas-
signmentsto x1 N M M M N xn suchthat:

1. for eachk
I

1N M M M N n: xk is 1 in exactlyx̄#
k assignments,

2. for eachi O V: theevaluationof exactlyv̄i assignments
visits nodei, andthe evaluationof exactly p̄i assign-
mentsvisits thepositiveedgeof i,

3. for eachk
I

1N M M M N m: to reachterminal node1 and
avoid node0, thepositive edgesof somenodelabeled
with yk mustbevisitedin exactly ȳ#

k assignments(i.e.
yk is emittedȳ#

k times).

Argue by induction on BDD levels that sucha construc-
tion is possible:show that valid assignmentscanbe made
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to somevariablex assumingvalid assignmentsexiststo all
variablesprecedingx. Finally, sincethe scheduleris as-
sumedto bewell-behaved,it is possibleto find inputsignal
ssuchthatthesignatureof s is g x̄#

1 h i i i h x̄#
n j andthesignature

of f g sj is g ȳ#
1 h i i i h ȳ#

m j . Thus, g ȳ#
1 h i i i h ȳ#

m j
k Fl
g X j . m
ThepartF l g X j
n F g X j shows thatconstraints(3)–(10)

indeeddefinea valid σ-abstractionthat canbe usedin the
worst-caseanalysis.Notethatto provethisdirectionwedid
not needtheassumptionthattheschedulingpolicy is well-
behaved.

ThepartF g X jon F l g X j shows that(3)–(10)definesthe
bestpossibleσ-abstraction. It also shows that restricting
ourselvesto PECCdefinablesubsetsof eventcountspaces
causesno additionallossof information,becausethe true
transitionsignatureof a PECCdefinableset is alsoPECC
definable.

4. Timing analysisof the voicemail pager

Theautomaticabstractiondescribedin theprevioussec-
tion is only onestepof theworstcasemethodology. In this
sectionwe usethevoicemail pagerto show how this step
fits in theoverall timing analysisflow.

The first stepof the timing analysisis to generateσ-
abstractionsof all systemcomponents,including the envi-
ronment. For the CONTROL and BUFFER modulethat
meansapplyingthe automaticabstractionprocedurefrom
Section3. However, in caseof CONTROL, evaluating(10)
wouldnotgive thedesiredresult f r# n 3ms# p f r# n pl# q
rq#. That is becausethe BDD in Figure2 doesnot reflect
the fact that l0 r r r l3h n0 r r r n3 all representthe samestate
variables.Thecompleteexplanationof how finite-statema-
chinesarehandledin this framework arebeyondthescope
of this paper, andcomebefoundin [3]. Still, for thecom-
pletenessof theexamplewestatethatdesiredresultscanbe
obtainedby first conjoiningTF with l0# n n0# q 1 p n1# n
l1# p n2# n l2# p n3# n l3# andthenexistentiallyquantify-
ing l0# r r r l3# h n0# r r r n3#.

Applying thesimilarprocedureto BUFFERgivesusthe
TF :

sm# n tk# p sm# n 50f r# p rq# n f r# p 30g rq# s 1j # n tk# h
wheresm# andtk# arethenumberof occurrencesof sample
andtick events.This relationcanbejustifiedby observing
in Figure1 thatatmostonesample is emittedpereachtick,
andat most50 sample eventsareemittedpereach f rame.
Furthermore,request are emittedonly after f rame is re-
ceived,andbetweenthe f rameandrequest events(andthus
alsobetweentwo request events)at least30tick eventsmust
occur, while last is beingdecrementedfrom 50 to 20.

The σ-abstractionof the environmentusuallyhasto be
manual,becausea completeandprecisespecificationof le-
galbehaviorsof theenvironmentvery rarelyexistsin some

machine-readableform. For externaleventsof the voice-
mail pagers,theonly constraintis aminimumtimebetween
two occurrences.Thesetimesare125,625,and5000time
unitsfor tick, messageandplayevents,respectively. There-
fore,aninputsignalof lengthT mustsatisfythefollowing:

125g tk# s 1j0n T p 625g ms# s 1j0n T p 5000g pl# s 1j0n T i
We usethis expressionasa TF for the environment,and
treatT asan input, andtk#, ms# andpl# asoutputs.To be
ableto do this, we needto addtime asanextra dimension
in theeventcountspace.

The secondstepof timing analysisis to generatethe
work-load function W. Intuitively, given a PECCX, the
valueof W g X j mustprovideanupperboundontheproces-
sor time neededto processsignalwith signaturein X. To
generatesuchfunctionweneedto know executiontimesof
all the basicblocks. Ideally, thesetimesshouldbe exact,
but a conservativeestimatecanalsobeused.This informa-
tion canbegatheredin variousways,includingprototyping,
benchmarking,static analysisand simulation (e.g. [10]).
Gatheringthis information is an active researcharea,be-
yondthescopeof thispaper. For simplicity, weassumethat
theexecutiontime of eachexecutableline in Figure1 is 10
timeunits.Also, weassumethatmodulesareexecutedonly
if therearesomenew eventspresentat their inputs.Then,a
work-loadfunctionW g X j for thepagermightbe:t

pl# h rq# h ms# h f r# h tk# : g t T : X j p g T n
20g pl# q rq# q ms# j q 20ms# q 10f r# q
20g f r# q tk# j q 20f r# q 20sm# q 10rq#j i (11)

Thesecondline in (11)correspondsto theCONTROL mod-
ule, while the third line correspondsto theBUFFERmod-
ule. Theterm20ms# in (11) is dueto lines2 and3 in Fig-
ure1, which will beexecutedonly if a new message is re-
ceived. Similarly, thenumberof executionsof line 5 is the
samethenumberof generatedf rameevents(hencetheterm
10f r#), andsoon.

Finally, we needto find a PECCX satisfyingthe fix-
pointequation:

X u FCONTROL g X j p FBUFFERg X j Fenvironment
p W g X j i

SuchanX canbefoundbysimpleiteration,startingwith the
initial solutionpl# u rq# u ms# u f r# u tk# u sm# u T u 0.
ProjectingsuchanX ontoT givesaboundonthemaximum
busyperiod, i.e. thelongestinterval of timetheprocessoris
continuouslybusy. For the voice mail pager, it takes six
iterationsto find a fix-point:g pl# h ms# h rq# n 1j p g tk# h f r# h sm# n 2j p T n 230 i
This fix-point indicatesthat the maximumbusy period is
230,andthat in thatperiodtick, f rameandsample events
can occur at most twice, play, mesaage and request can
occuratmostonce.
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name in/out nodes time name in/out nodes time
spe 3/2 10 0.2s gen 2/1 5 0.2s
acq 2/2 8 0.2s odo 3/2 9 0.2s
pwme 12/2 19 0.2s pwmi 2/2 8 0.2s
pwmr 1/1 4 0.2s staf 2/2 8 0.2s
fcl 5/2 16 0.2s lac 5/2 17 0.2s
lad 4/2 12 0.2s lsdp 5/2 17 0.2s
lsk 4/2 12 0.2s laf 4/2 12 0.2s
saa 5/1 8 0.2s vafl 4/2 12 0.2s
arb 5/1 8 0.2s vafm 4/2 12 0.2s
fil 4/2 12 0.2s vac 5/3 24 0.3s
lsdo 6/3 24 0.3s vad 10/4 59 8.1s
trs 9/3 46 v 1h

Table 1. Experimental results

5. Experimental results

We have implementedtheproposedapproachin a com-
binationof POLIS embeddedsystemenvironment[4] and
Omegacalculatorfor manipulatingformulasof Presburger
arithmetic[9]. POLIS is capableof capturingembedded
systemdesigns,optimizingthem,andgeneratinghardware
or softwareimplementations,but for our purposesit is im-
portant that it builds a transition function BDD for each
systemcomponent.We have extendedPOLIS to traverse
theseBDDs and createinput Omega files containingfor-
mulas(10). Thetime necessaryto createtheformulaswas
always negligible comparedto time to readthe designin
andcreatetheBDDs. Omegareadsin theformulaandsim-
plifiesit. Themainsimplificationis eliminationof auxiliary
variables.Theresultis typically asimpleconjunctionof in-
equalitiesover inputandoutputvariables.

We hada total of 46 systemscomponentsavailablefor
our experiments.A half of themresultedin a formulathat
wastoo big to handleby Omega’s internaldatastructures.
The resultsfor the other half aresummarizedin Table1.
For mostof theexamplesthetotal runtime is dominatedby
theconstantoverheadtimes. Even for the largestexample
therun time is quitereasonable.Only oneof theexamples
(trs) could not finish in the allotedtime of onehour. This
shouldbeexpectedasthealgorithmis very complex in the
worst case. Modestrun times for mostexamplesleadus
to believe that theOmegaalgorithmis capableof handling
many of thelargerformulasaswell. However, Omegawas
originally developedfor a differentapplicationwherefor-
mulasarerelatively morecomplex thanoursbut havefewer
variables,andtheinternaldatastructureweresizedaccord-
ingly.

Even if a formula is too complex for the Omega algo-
rithm, severaloptionsarestill available. First is decompo-
sition. It maybepossibleto breaka largeformulainto sev-
eralpieceseachof whichis smallerandhasfewervariables.

Thekey in thisprocessis to groupconstraintsdependingon
the samevariables,allowing for early quantification. The
otherapproachto complex formulasis approximation.In
particular, if Presburger formulasareinterpretedover pos-
itive realsratherthenpositive integers,thenoperationson
formulassuchas existentialquantificationbecomesmuch
simpler. However, thereis arisk thattheσ-abstractioncom-
putedusingrealsmaynot beastight astheonecomputed
with integers. Sincetheprimary focusof this paperis the
correctnessand not efficiency of automaticσ-abstraction,
weleavedecompositionandapproximationfor futurework.

6. Conclusions

Wehaveproposedaprocedureto automaticallygenerate
abstractionsrequiredfor worst-caseanalysisof discretesys-
tems[1, 2]. Ourapproachrequiresthatsystemcomponents
berepresentedwith a BDD, which is thenusedto generate
a formulain Presburgerarithmeticrepresentingthedesired
abstraction.

We believe, that the approachcan be immediatelyap-
pliedto asignificantclassof systems,butalsothattheappli-
cationareacanbewidenby weakeningsomeassumptions
and improving the efficiency. Probablythe most serious
restrictionof our approachis BDD representationof sys-
temcomponents.BDDs(andBooleanfunctionsin general)
have shown to be very well suitedfor control-dominated
systems,but they tendto grow unacceptablylargeif usedto
representsystemwith evenamodestamountof datamanip-
ulation.Therefore,severalsystemspecificationformalisms
haveemergedwheredataandcontrolpartsof thesystemare
keptseparately, andBDDs areusedfor controlpartsonly.
Our approachshouldbeextendedto suchspecificationfor-
malisms.

Finally, thesuccessof our approachultimatelydepends
andthe ability to manipulateefficiently formulasof Pres-
burgerarithmetic.In generalthosemanipulationsarecom-
plex, but weuseaverysmallsubsetof thePresburgerarith-
metic: conjunction,existentialquantificationandequalities
andinequalitieswith smallvariablecoefficients(-1,0,or 1).
It is not known whethertherearemoreefficientalgorithms
for thissubset,at leastin average,if not in theworstcase.
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