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Abstract

Recentlya methodolgy for worst-caseanalysisof dis-
crete systemdhas beenproposed[l, 2]. The methodol-
ogy relies on a userprovided abstraction of systemcom-
ponents. In this paperwe proposea procedue to auto-
maticallygeneatesuc abstmactionsfor systentomponents
with Booleantransitionfunctions.We usea binary decision
diagram(BDD) of thetransitionfunctionto geneiatea for-
mulain Preshurger arithmeticrepresentinghe desied ab-
straction. Our experimentdndicatethat the appmoacd can
beappliedto contol-dominatecembeddedystems.

1. Intr oduction

Systemverification is hard becausesystemresponses
needto be checledfor all legal behaiors of the environ-
ment. Typically, thereareinfinitely mary suchbehaiors.
Even when the problem can be reducedto enumerating
finitely mary internalsystenmstatestheir numbeiis usually
prohibitive. Using abstractiongndimplicit stateenumera-
tion cansimplify the problem,but completeverificationis
atbestat (andoftenbeyond)thelimit of existingcomputers.

An alternatveapproachs theworst-cas@nalysiswhere
the systemresponsés analyzednly for the mostdemand-
ing behaiors of the ervironment. In [1, 2], a general
methodologyfor worst-caseanalysisof systemswith dis-
creteobsenable signalswas proposed. The methodology
canbe usedto verify differentpropertiesof systemssuch
aspowerconsumptiontiming performanceqr resourcauiti-
lization. It consistof threemainphases:

1. choosinganabstractepresentatioof signalscalleda
signatue,

2. building abstractiongcalledo-abstiactiong of system
components,

3. analyzingo-abstractiongindinterpretingresults.

The methodologyrequiresthat an ordering be definedin
the domainof signaturessothatit canbe preciselydeter

minedif asignalis “worse”thantheotherone.In addition,
signaturesieedto presere suficientinformationsuchthat
theusageof resourceof interest(e.g.time, power, memory
bandwidth,..) canbeaccuratelyestimated No sucha do-

mainis suitablefor all systemsandall typesof analysisand
only aknowledgeablaisercanchoosethe right one. How-

ever, we have obsenedthata classof domainsseemsiseful
in mary practicalcases.This classconsistsof linear con-
straintson the numberof occurrencesf interestingevents.
Sincewe allow linearconstraintso becombinedo form ar

bitrary formulasin Preshirgerarithmetic,we call this class
Preshurger event-countonstaints, or PECCsfor short.

Using PECCs,it is possibleto define signal setslike:
“ All signalswhich contain betweenthree and five mem-
ory accesses. which can be representedvith formula
3 < Ngecess< 5. Similarly the classof signalssatisfying:
“All signalsin which the systerrstarts,but never returnsto
oneof theinitial states. canberepresentedith y;n = 1,
wheren; is the numberof timesthe systemvisits someini-
tial statei. PECCsarealsousuallysufiicient to expressin-
formation necessaryo answerimportantquestionsabout
the performancef the system(e.g.“How mud processor
time is required to processall the inputs?”, “How many
outputeventswill begeneated?”,...).

Once a signature is chosen, the appropriate c-
abstractionmeedto be constructed. For the analysisto
be “worst-case”,g-abstractionshave to be consenrative,
i.e. they needto predicta systemresponsehatis at least
as “bad” as the real response. For a given signature,
thereexistsawell-definedeast-conservativéor tightes) o-
abstractiorof arny systemcomponentOnemay askif such
atightesto-abstractiortanbegeneratedutomatically The
answeilof thisquestiordepend®nhow systenmcomponents
are specified. If componentare specifiedby an arbitrary
pieceof code,thenthe problemundecidabldit is not hard
to seethatit subsumeshe halting problem). However, we
will show in this paperthat the problemis solvableif the
componentsiregivenasBooleanfunctions,mappinginput
eventsto outputevents.

The main contrikution of this paperis a procedureto
constructthe tightesto-abstractiorof a systemcomponent



with Booleantransitionfunction, assuminghatsignalsets
arerepresentewith PECCs.We alsoshowv thatPECCsare
naturalto definesetsof signaturesin the sensehatfor ary
componentandary given setof input signalswith PECC
definablesignaturesthe setof sighatureof corresponding
outputsignalsis alsoPECCdefinable.

Voicemail pager Throughouthis paperwe useasanex-
amplea voice mail pagershavn in Figurel. To facilitate
futurereferencesye briefly explainits behaior. Thepager
receves messagesrom the ervironment. Each messge
consistof up to five frames,andeachframe containsfifty
samples. The CONTROL module storesmessagenter-
nally (in variable frame$ andinitiatesplaying of the most
recentmessagéby generatinghe frameevent) whenthe
userrequiresso (by generatinghe play event). The CON-
TROL modulealsogeneratea frameif someareavailable,
andthe BUFFERmodulemakesa reques. The BUFFER
modulestartsplaying the messagefterit recevesthe ini-
tial framefrom CONTROL. A messagés playedby send-
ing to the spealer one sampleper every tick of the real-
time clock. Whentherearefewer than20 sampledeft to
play, the BUFFERsendsarequesfor the next frameto the
CONTROL.

The restof this paperis organizedasfollows. In Sec-
tion 2 we review the worst-caseanalysisproposedin [1,
2]i, and give brief introductionto BDDs and Preslirger
arithmetic. We proposethe procedurefor automatico-
abstractiorgeneratiorin Section3. In Section4 we shav
how automatico-abstractiorfits into overall timing analy-
sis, usingthe voice mail pagerasan example. We present
someexperimentakesultsin Section5, andgive somefinal
remarksandindicationsof the futurework in Section6.

2. Background

In this sectionwe give relevant definitions,and briefly
review theworst-casanalysiproposedn [1]. In thatwork,
a systermis formally definedto be a setof executions. An
executionis just a function mappingtime pointsin some
interval of realnumberdo somesetof signalvalues

2.1 Signals,transition functions and BDDs

In [1] signalvaluesmaybearbitrary However, we only
considersystemswhich signal valuesare assignmentso
severalBooleanvariablesWe usex, Y, z, ... to denotethose
variables We assumehatvaluel indicatesthe presencef
someevent while valueO indicateits absence.

Formally, asystenis asetof execution but sincethis set
is typically infinite, it mustbeindirectly specified. Thethe-
ory in [1] doesnot dependon ary particularspecification,
but we restrictour attentionto systenspecifiedasfollows:

messge frame

speaker
play CONTROL reques BUFFER
—_— o\
tick

moduleCONTROL { frameType frame§3]; integerlad := 0;
if( presentfnessge)) {
frames= messge;
lag :=3;}
if( (present(play) || presentfeques) && lag > 0) {
emit framg frameglas——1); } }
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moduleBUFFER{ sampleYpesanpleq50]; integerlag := 0;
if( present(frame)) {
sanples:= frame
lag :=50;}
if( presenttick ) && lag > 0)) {
10 emitspealer( sanpleq lag — —]);
11 if(lag = 20)) {
12 emitreques(); } } }
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Figure 1. Voice mail pager structure and be-
havior s of components.

e systemcomponentsare given by Booleantransition
functionswhich determinethe presencer absencef
outputeventsbasedntheinput events,

o thesetof schedulingrulesis givento determinewhen
somecomponenheeddo be evaluated,

¢ whencomponentsre evaluated,they “consume”all
theirinputs.

A usefulway of thinking abouttheserulesis to interpret
input signalvalue 1 asputting a token at the inputsof the
component.Whena componenis executedall tokensare
removed. If betweentwo executionsmorethanonetoken
is put on someinput, all but the last onewill be lost (or
dropped,or overwritten). Whenexecuted the component
canputatokenon someof its outputsby settingits valueto
1. In thatcasewe saythatthe componentmitsthe output.
Thisframeaworkis generabnougho includeseveralspecifi-
cationformalismsproposedor reactve embeddedystems
suchasEsterel[[5] andPOLIS[4].

We make noassumptionabouttheschedulingules,but
we do requirethat the componentransitionfunctionsare
representeavith binary decisiondiagrams(BDDs). This
assumptions not fundamentalbut it simplifiesthe presen-
tationof ourapproach.

A BDD [6] is adatastructurethatrepresents Boolean
function. A function f : {0,1}" — {0,1} is represented
with a directedagyclic graphwith nodesetV andedgeset
E CV xV. ThenodesetV hastwo distinguishedermi-
nal nodesD and1 which canhave no out-goingedges.All



other nodesmust have exactly two out-goingedges,one
positivelabeledwith 1, and one negative labeledwith O.
All nodesin V — {0,1} musthave at leastone predeces-
sor, exceptfor the uniqueroot node. The labeling function
AV —{0,1} — {xq,...,X} labelseachnodewith some
input variable. A total ordermustbe definedon the setof
input variables{xy, . ..,X}, and A mustlevelize the BDD
with respecto thatorder, i.e. for each(i, j) € E suchthat
j # 0,1it mustbethatA(i) preceded(j).

BDDs are evaluatedby traversinga pathfrom the root
nodeto oneof the terminalnodes. At nodei the value of
A(i) is checled. If it is 1, the positive out-goingedgeof i
is followedto reachthe next node.Otherwise the negative
edgeis followed.

EventhoughBDDsrepresenbnly single-outpuBoolean
functiondirectly, somemulti-outputfunction f : {0,1}" —
{0,1}™ canbe representeavith the single-outputfunction
ct : {0,1}™™— {0, 1} definedby:

ci(ai---an,by1---by) =1iff f(ag---an) = (by---bm) .
1)
It follows thatwhile evaluatinga multi-outputfunction, if
the currentnodeis labeledwith an output variable, one
mustchoosethe uniqueout-goingedge(andthusalsoout-
putvalue)thatleadsto theterminalnodel.

Consider for example,the CONTROL modulein Fig-
urel. ItstransitionfunctioncanberepresentedsaBoolean
functionwith 7 inputsinputsand5 outputs. Inputsms pl
andrq, indicatethe presencef messge, play andreques
events.A tokenontheinputlO (11,12,13) indicateshatthe
currentvalueof variablelag is 0 (1,2,3respectiely). Out-
put fr indicatedthe emissionof the frameevent. Puttinga
tokenon outputnO (n1,n2,n3) indicatesthatthe new value
of lag is 0 (1,2,3respectiely).

The BDD representinghe transitionfunction of CON-
TROL is showvn in Figure2. For readability terminalnode
0 andall incidentedgesarenot shovn. All the nodeswith
the samelabel are placedon the samehorizontallevel as
thelabelitself. For example thepath2 -+ 4 — 7 — 11—
15— 16— 20— 21— 24— 27 — 1indicateghatif play
is presentmessge is not, andthe valueof lag is 2, then
frameis emitted,andlag is setto 1.

2.2 Signatures,o-abstractionsand PECCs

A signatue is an abstractrepresentatiomf executions
(or their sgments). Formally, a signatureo is a mapping
fromthesetof executiondo somesetof signatuevalues A
signaturemustsatisfy somemild technicalconditions,and
apartialorder< needgo bedefinedonthe setof signature
values.While resultsin [1] applyto ary signaturesatisfying
theseconstraintsye consideronly PECCs PECCsaresub-
setsof the event-counspace For the systemwhosesignal
valuesare assignmentso Booleanvariablesx,y,z,..., the

Figure 2. BDD for the transition function of
CONTROL.

event-countspaceis the setof assignment$o integer vari-
ablesx”,y* 7*,.... We assumehat for a given execution,
the value x* correspondso the numberof occurrence®f
theeventx in thatexecution.

The signaturemaps ary executionto a point in the
event-countspace. However, sincemary executionscan
be mappedto a single point, it is quite possiblethat in-
put signalswith the samesignatureproduceoutputswith
different signatures. For this reasonwe needto be able
to defineandmanipulatesetsof pointsin the event-count
space. We useformulasof the Preshurger arithmetic[8]
to definesuchsets. Formulasof Preshirger arithmeticin-
cludelinearequalitiesandinequalities(with integer coefi-
cients)over somesetof non-n@ative integer variables,as
well astheir combinationsusing standardBooleanopera-
tors Vv, A,— and existential quantification. With eachfor-
mula we canassociate setof integer vectorswhich rep-
resentall satisfyingassignmento free variablesin the for-
mula. Setsrepresentetly Preshirgerformulacanbeeffec-
tively representednanipulatecandcomparedor inclusion
and equialence. The bestknown boundfor theseopera-
tionsis triply exponential but therearealgorithmsthatare
muchmoreefficientfor mary practicalcaseg9].

We require that only variablesfrom the event-count
spacanayappeafreein theformula. ThereforegachPres-
burger formula definesa set of pointsin the event-count
space(pointsthat satisfy the formula). We arenow ready
to preciselydefinePECCs: they are subsetf the event-



countspacealefinableby formulasof Preshirgerarithmetic.
However, we will make nodistinctionbetweera PECCand
aformulathatdefinest.

Thetheoryin [1] requiresthat a partial order < be de-
finedonthesetof signaturevalues.We usesetinclusionfor
thesepurposej.e. giventwo PECCsX andY we saythat
X <Y if X CY. Equivalently, we couldsaythatX <Y if Y
impliesX.

For example, if it is known that betweenary two
messge eventsat least200time units mustelapsethenall
the signalsof length T mustsatisfy200(mg’ — 1) < T. If
aparticularsignalis of length1000andonly two messages
appeain it, its signaturend’ = 2 is “better” than200(m¢g’ —
1) < 1000andwewrite [mg’ = 2] < [200(m¢’ —1) < 1000 .

While signalsare representedvith signaturessystem
componentsare representedvith c-abstiactions A o-
abstractionis valid if it satisfiessomeminor requirements
detailedin [1, 2], andonemajorone: it mustbe a conser
vative predictorof systembehaior. More preciselyafunc-
tion F is avalid o-abstractiorof acomponent if for every
inputexecutiontraces:

o(f(s)) < F(o(s)) - (@)

Equivalently, we may saythatF mustbe anabstactinter-
pretation[7] of f.

For example,sinceevery messge in Figure 1 contains
3 framesthe numberof frameeventsemittedby the CON-
TROL moduleis at mostthreetimeslargerthanthenumber
of receved messagesTherefore,a valid o-abstractiorof
CONTROL couldmapPECCm¢ = 2into fr” < 6. Simi-
larly, sinceaframeis emittedonly if responséo play or re-
questevents,mappingpl” + rg* = 1into fr¥ < 1is avalid
abstractionWe will shown thatsuchabstractionganbe au-
tomaticallygeneratedrom the BDD of thetransitionfunc-
tion. The key intermediatestepin the generatiorprocess
is findinginput-outputconstraint$mposedoy thetransition
function. In the caseof CONTROL they are fr# < 3mg’
andfr# < pl# + rg” (for the samereasonstatedabove).

Themethodologyfor worstcaseanalysigproposedn [1,
2] requiresthe userto provide a c-abstractioncandidate
which is then verified by formal or informal means. In
this paper we will shav thatif the setof signaturevalues
is that the set of PECCs,thenit is possibleto automati-
cally constructo-abstraction®f systemscomponentsvith
Booleantransitionfunction. Using this result,the method-
ology from [1] canbe improved, by makingit moreauto-
maticandlessdependenontheuser

3. Automatic abstraction

Givena BDD-representetransitionfunction f with in-
putsx,...,X, andoutputsys,...,ym we wantto find s o-
abstractiorfunction F which mapsPECCsover variables

x,..., x4 to PECCsvervariablesy, ..., y# suchthat(2) is
satisfied.We do soin two steps:first we definePECCTF
(representingransitionfunction) over variablesx’i*7 s
andy#,...,y#, andthenwe defineF suchthat for every
PECCX overx, ..., %

FX) &3¢ .. % XATF . 3)
For example theTF for CONTROL wouldideallybe fr# <
3mg A fr¥ < pl# +rg. (Definition (3) is easily extended
to the casewhere X dependn someadditionalvariables
X4, 1,- -+, X4 m Which do not correspondo inputsof f. In
that casethe appearancef X in the right-handside of (3)
needsto bereplacedwith (3x;,..., X X).)

To defineTF weintroducea pairV', p' of auxiliaryinte-
gervariabledor eachnodei of BDD (V, E) representinghe
transitionfunction f. Intuitively, V' representshe number
of timesnodei is visited while processingsomeinput sig-
nal. Thevariablep' representthenumberof times\(i) is 1
wheni is visited. In otherwords, p' representshe number
of timesthe positive out-goingedgeof i is traversed.

The PECCTF is aconjunctionof mary constraintghat
canbeclassifiedaseitherfanin,fanout,input,outputor con-
sisteng constraint.Thefanoutconstaint FO; is definedfor
eachnodei € V — {0,1}. It simply statesthatthe positive
edgeof i cannotbevisitedmoretimesthani itself:

FO Ep<v. (4)
Similarly, thefaninconstaint F1; stateghatanodecanonly
be visited after visiting someof its in-comingedges.For-
mally, for everynodei € V — {0, 1} thatis nottheroot:
FIy £'vi = &) - )
(j,))€E

whereedge expressiore; j is definedby:

def [ p!
&G = { vi— pl

It is nothardto seethate; ;) representthenumberof times
edge(j,i) is visited,beit positive or negative. For example,
the fanin constraintfor node27 in Figure2 is v’ = v?2 —
p22 4 p?4.

It is corvenientto assumehat a fanin constraintis de-
fined for the root nodeaswell. Sucha constraintrepre-
senta limit on the numberof timesthe transitionfunction
f is evaluatedfor a giveninput signal. This canoften be
deducedrom the schedulingrules. For example,it might
be that f is not evaluatedunlessthere are somenew in-
put eventspresent.If thatif the casethanthe CONTROL
modulecannotexecutemoretimesthanthetotal numberof
its input events,i.e. the numberof messge, play, andre-
guesteventscombined. Therefore the fanin constraintfor

if (j,i) islabeledwith 1, (6)
if (j,i) is labeledwith O.



the root nodein Figure2 would be: v2 < mg’ + pl* + rq.
Evenif nothingis known aboutthe schedulingfo simplify
our notation,we still assumehata (trivial) faninconstraint
is definedfor therootnode.

The input constraintl Oy is definedfor eachinput vari-
ablex of f. To understandt, obserethatthe positive edge
of nodei is visited only if thevariableA(i) is 1. Also note
thatsomevariablex cannotbe 1 morethanx” times. There-
fore:

def

10, € p<x. 7

i:A(i)=x
For example,ps + ps < rg” in Figure2.

Inequality(7) cannotbestrengtherno anequalityfor two
reasonsFirst,theremaybe pathsin the BDD which do not
visit ary nodelabeledx, andsecondwve may not generally
assumehatthe BDD is evaluatedevery time thereis anew
eventon x. Dependingon the schedulingpolicy, it maybe
thatsomex eventsarelost, i.e. it maybethatx occursmore
thanoncebetweertwo BDD evaluations.

Outputconstraint@resimilarbut tighter, becaus@anout-
putx canbecomel only if the positive edgeof someBDD
nodelabeledx is visited. (Thisis trueif transitionfunction
is indeeda function,i.e. if it hasnot “don’t-care” outputs.
Our approacicanalsobe extendedto handle“don’t-care”
outputs but for clarity of presentationywe omit theseexten-
sionsin this paper) Formally, for every outputvariablex,
we definethe outputconstaint | O asfollows:

0, Ex= 5 p. (8)
i:A(i)=x

For example,fr# = p8+ p®+ p'%+ pttin Figure2. A care-
ful reademight protestthe termsp® and p'° becausehey
correspondo input-outputpairsthatare not in the transi-
tion function. Indeed,they areforcedto O by consisteng
constraints.

Accordingto (1) every valid traversalof a BDD repre-
sentinga multi-outputfunction mustfinish at the terminal
nodel. Thereforewe definethefollowing consistencgon-
straint for eachedge(i,0) € E:

& &io0 =0 . )

Ci
For example, V6 — pf =8 —p® = p? = pl®=... =0in
Figure?2.

Finally, we form TF by combiningall constraintsde-
finedby (4)—(9),andeliminatingall the auxiliary variables,
ie.

TF €3V, gl pl,... : A(FLAFODAAIOA A G,
~—— .
{ij=v—{o1} X (b0)eE
(10)
wherei is someBDD nodeotherthanO or 1, andx is some
inputor outputvariableof f.

Theao-abstractior definedby (3) isintendedo approx-
imatethetrue transitionsignatue F T definedby:

FT(X) = {o(f(s) : o(9 € X} ,

whereX is somesubsebf theinputeventcountspacepos-
sibly aPECC.It is not hardto seethatconserativenesse-
quiremen{?2) is satisfiedf F T (X) < F(X) for everyPECC.
We will shav thatanevenstrongerrelationholds,undera
mild assumptioron the schedulingpolicy. Theassumption
we needis that given n assignmentso input variablesof
a componentjt is possibleto find an input signal s such
thatwhile processing thecomponents executedexactly n
times,andtheinputvaluesfor thei’ th executionareexactly
thoseof thei’th assignmentfFor mostschedulingules,this
can be accomplishby timing the assignment$ar enough
from each.Sinceour framawork is not appropriateor rea-
soningaboutthe schedulingrules, we will just saythata
schedulingpolicy with this propertyis well-behavedand
stateit explicitly asanassumption.

Theorem1 For anywell-behaveddedulingpolicy:
F(X)=FT(X)
for everyPECCoverxs, ..., x..

Proof. (sketch) To shav FT(X) < F(X) consider
an arbitrary signal s with signature(i’f,...,)?ﬁ) € X, and
let V' and p' be the actual number of times node i
and the positive edge of i are visited while processing
s. Also let (V%,...,V) be the signatureof f(s). Ar-
gue that assigningx},..., X%, Vi,...,yiv,p,v,p... to
X, KB YRV, P,V Pl must satisfy (4)—(9),
and hencealsothe right handside of (3). It follows that
o(f(s)) € F(X).

To shav F(X) < FT(X), let (y%,...,y%) be someele-
mentof F(X), andlet (X},...,X%) € X andV',p, v, pJ, ... be
suchthat assigningxs, ..., X4, Vi,...,ymV,p,V,p,... to
Xy XYY VL PV, L, satisfieg(4)—(9). Also,
let r denotethe root BDD node. Constructv’ differentas-
signmentgo X, . .., X, suchthat:

1. foreachk=1,...,n: xcis1lin exactlyiﬁ assignments,

2. for each €V: theevaluationof exactlyv; assignments
visits nodei, andthe evaluationof exactly p; assign-
mentsvisits the positive edgeof i,

3. for eachk = 1,...,m: to reachterminalnodel and
avoid node0, the positive edgesof somenodelabeled
with yx mustbe visitedin exactly;?{f assignment§i.e.
yk is emittedy} times).

Argue by induction on BDD levels that sucha construc-
tion is possible:shav thatvalid assignmentsanbe made



to somevariablex assumingvalid assignmentsxiststo all
variablesprecedingx. Finally, sincethe scheduleiis as-
sumedo bewell-behaed,it is possibleto find input signal
ssuchthatthesignatureof sis (X%,...,X%) andthesignature
of f(9) is (V,...,¥%). Thus,(V%,...,yi) € FT(X). m]

ThepartF T (X) < F(X) shavsthatconstraintg{3)—(10)
indeeddefinea valid g-abstractiorthat canbe usedin the
worst-cas@nalysis.Notethatto provethis directionwe did
not needthe assumptiorthatthe schedulingpolicy is well-
behaed.

ThepartF(X) < FT(X) shovsthat(3)—-(10)definesthe
bestpossibleg-abstraction. It also shaws that restricting
oursehesto PECCdefinablesubsetof eventcountspaces
causexo additionalloss of information, becausehe true
transitionsignatureof a PECCdefinablesetis alsoPECC
definable.

4. Timing analysisof the voicemail pager

Theautomaticabstractiordescribedn the previoussec-
tion is only onestepof theworstcasemethodologyIn this
sectionwe usethe voice mail pagerto shav how this step
fits in the overalltiming analysisflow.

The first stepof the timing analysisis to generateo-
abstraction®f all systemcomponentsincludingthe ervi-
ronment. For the CONTROL and BUFFER modulethat
meansapplying the automaticabstractiorprocedurefrom
Section3. However, in caseof CONTROL, evaluating(10)
would notgive thedesiredresultfr¥ < 3mg A fr# < pl# +
rq”. Thatis becausghe BDD in Figure2 doesnot reflect
the factthat10---13,n0---n3 all representhe samestate
variables.The completeexplanationof how finite-statema-
chinesarehandledn this frameawork arebeyondthe scope
of this paperandcomebefoundin [3]. Still, for the com-
pletenessf theexamplewe statethatdesiredresultscanbe
obtainedy first conjoiningTF with 0% < n0* + 1A n1# <
11% An2# < 127 An3# < 13% andthenexistentially quantify-
ing 10%...13% n0*. .. n3%.

Applying thesimilar procedurdo BUFFERgivesusthe
TF:

snt < tk? Asnf < 50fr¥ Arg < fr¥ A30(rqf — 1) <tk |

wheresnt andtk” arethenumberof occurrencesf sanple
andtick events. This relationcanbe justified by observing
in Figurel thatatmostonesanpleis emittedpereachtick,
andat most50 sanple eventsareemittedpereachframe
Furthermore reques are emittedonly after frameis re-
ceived,andbetweerthe frameandrequesevents(andthus
alsobetweertwo requesevents)atleast30tick eventsmust
occut while lag is beingdecrementeétom 50to 20.

The o-abstractiorof the ervironmentusually hasto be
manual because completeandprecisespecificatiorof le-
gal behaviors of the ervironmentvery rarely existsin some

machine-readablorm. For external eventsof the voice-
mail pagerstheonly constrainis aminimumtime between
two occurrencesThesetimesare125,625,and5000time
unitsfor tick, messgeandplay eventsrespectiely. There-
fore,aninput signalof lengthT mustsatisfythe following:

125(tk*—1) < TA625md —1) < TA5000pl*-1) < T .

We usethis expressionasa TF for the ervironment,and
treatT asaninput, andtk?, mg’ and pl# asoutputs.To be
ableto do this, we needto addtime asan extra dimension
in theeventcountspace.

The secondstep of timing analysisis to generatethe
work-load function W. Intuitively, givena PECCX, the
valueof W(X) mustprovide anupperboundontheproces-
sortime neededo processsignalwith signaturein X. To
generatesuchfunctionwe needto know executiontimesof
all the basicblocks. Ideally, thesetimes shouldbe exact,
but a conserative estimatecanalsobeused.This informa-
tion canbegatheredn variousways,includingprototyping,
benchmarking static analysisand simulation (e.g. [10]).
Gatheringthis informationis an active researcharea,be-
yondthescopeof this paper For simplicity, we assumehat
the executiontime of eachexecutabldine in Figurel is 10
time units. Also, we assumehatmodulesareexecuteconly
if therearesomenew eventspresentttheirinputs. Then,a
work-loadfunctionW(X) for the pagemightbe:

Ipl, rgf, md, fr¥ ik : AT : X)A (T <
20(pl* + rg* + mg) + 20m¢ + 10fr* +
20(fr¥ 4+ tk*) + 20fr* + 20snf + 10rg¥) . (11)

Thesecondinein (11)correspond& the CONTROL mod-
ule, while thethird line correspondso the BUFFERmod-
ule. Theterm20mg' in (11) is dueto lines2 and3 in Fig-
ure 1, which will be executedonly if a new messge is re-
ceived. Similarly, the numberof executionsof line 5 is the
samahenumberof generated rameevents(henceheterm
10fr#), andsoon.

Finally, we needto find a PECCX satisfyingthe fix-
pointequation:

X = FcontroL (X) A Feurrer(X) FenvironmentA W(X) .

SuchanX canbefoundby simpleiteration,startingwith the
initial solutionpl* =rg* =m¢' = fr¥ =tk* =snf =T =0.
ProjectingsuchanX ontoT givesaboundonthemaximum
busyperiod, i.e.thelongestinterval of timetheprocessois
continuouslybusy. For the voice mail pager it takes six
iterationsto find a fix-point:

(pl*,m&,rg” < 1) A (tK?, fr¥ s <2)AT < 230.

This fix-point indicatesthat the maximumbusy periodis
230,andthatin thatperiodtick, frameandsanple events
canoccur at mosttwice, play, mesage and reques can
occurat mostonce.



name | in/out | nodes| time || name | infout | nodes| time
spe 3/2 10 | 0.2s || gen 2/1 5| 0.2s
acq 2/2 8 | 0.2s|| odo 3/2 9| 0.2s
pwme | 12/2 19 | 0.2s || pwmi 2/2 8 | 0.2s
pwmr 1/1 4 | 0.2s|| staf 2/2 8 | 0.2s
fcl 5/2 16 | 0.2s || lac 5/2 17 | 0.2s
lad 4/2 12 | 0.2s || Isdp 5/2 17 | 0.2s
Isk 4/2 12 | 0.2s || laf 4/2 12 | 0.2s
saa 5/1 8 | 0.2s || vafl 4/2 12 | 0.2s
arb 5/1 8 | 0.2s|| vafm 4/2 12 | 0.2s
fil 4/2 12 | 0.2s|| vac 5/3 24 | 0.3s
Isdo 6/3 24 | 0.3s|| vad 10/4 59 | 8.1s
trs 9/3 46 | >1h
Table 1. Experimental results

5. Experimental results

We have implementedhe proposedapproachn a com-
binationof POLIS embeddeaystemervironment[4] and
Omaea calculatorfor manipulatingformulasof Preslirger
arithmetic[9]. POLIS is capableof capturingembedded
systemdesignspptimizingthem,andgeneratinghardware
or softwareimplementationshut for our purposest is im-
portantthat it builds a transitionfunction BDD for each
systemcomponent. We have extendedPOLIS to traverse
theseBDDs and createinput Omega files containingfor-
mulas(10). Thetime necessaryo createthe formulaswas
always negligible comparedo time to readthe designin
andcreatethe BDDs. Omeggareadsn theformulaandsim-
plifiesit. Themainsimplificationis eliminationof auxiliary
variables.Theresultis typically asimpleconjunctionof in-
equalitiesoverinput andoutputvariables.

We hada total of 46 systemscomponentsvailable for
our experiments.A half of themresultedin a formulathat
wastoo big to handleby Omega’s internaldatastructures.
The resultsfor the other half are summarizedn Table 1.
For mostof theexampleghetotal runtime is dominatedoy
the constanboverheadimes. Evenfor the largestexample
theruntimeis quitereasonableOnly oneof the examples
(trs) could not finish in the allotedtime of onehour This
shouldbe expectedasthe algorithmis very complecin the
worst case. Modestrun times for mostexampleslead us
to believe thatthe Omegaalgorithmis capableof handling
mary of thelargerformulasaswell. However, Omegawas
originally developedfor a differentapplicationwherefor-
mulasarerelatively morecomplex thanoursbut have fewer
variablesandtheinternaldatastructureweresizedaccord-
ingly.

Evenif aformulais too comple for the Omega algo-
rithm, several optionsarestill available. Firstis decompo-
sition. It maybepossibleto breaka largeformulainto sev-
eralpiecesachof whichis smallerandhasfewervariables.

Thekey in this processs to groupconstraintslependingn
the samevariables,allowing for early quantification. The
otherapproachto complex formulasis approximation. In
particular if Preslirgerformulasareinterpretedover pos-
itive realsratherthenpositive integers,thenoperationson
formulassuchas existential quantificationbecomesmuch
simpler However, thereis arisk thatthe g-abstractiorcom-
putedusingrealsmay not be astight asthe one computed
with integers. Sincethe primary focusof this paperis the
correctness&nd not efficiengy of automatico-abstraction,
weleave decompositiomndapproximatiorfor futurework.

6. Conclusions

We have proposed procedurdo automaticallygenerate
abstractionsequiredfor worst-cas@nalysisof discretesys-
tems[1, 2]. Ourapproachequireshatsystemcomponents
berepresentewith a BDD, whichis thenusedto generate
aformulain Preslirgerarithmeticrepresentinghe desired
abstraction.

We believe, that the approachcan be immediatelyap-
pliedto asignificantclassof systemsbut alsothattheappli-
cationareacanbewiden by wealeningsomeassumptions
and improving the efficiengy. Probablythe most serious
restrictionof our approachis BDD representatiomf sys-
temcomponentsBDDs (andBooleanfunctionsin general)
have shavn to be very well suitedfor control-dominated
systemsbut they tendto grow unacceptabljargeif usedto
represensystermwith evenamodestimountof datamanip-
ulation. Therefore several systemspecificatiorformalisms
have emegedwheredataandcontrolpartsof thesystemare
keptseparatelyand BDDs are usedfor control partsonly.
Our approachkshouldbe extendedto suchspecificatiorfor-
malisms.

Finally, the succes®f our approachultimately depends
andthe ability to manipulateefficiently formulasof Pres-
burgerarithmetic.In generathosemanipulationsarecom-
plex, but we usea very smallsubsebf the Preshirgerarith-
metic: conjunction existentialquantificatiorandequalities
andinequalitiesvith smallvariablecoeficients(-1, 0, or 1).
It is notknown whethertherearemoreefficientalgorithms
for this subsetatleastin averagejf notin theworstcase.
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