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Abstract

PassTransistorLogic hasattractedmore and more in-
terestduring last years,sinceit hasprovedto bean attrac-
tivealternativeto staticCMOSdesignswith respecttoarea,
performanceand powerconsumption.Existingautomatic
PTL synthesistoolsusea directmappingof (decomposed)
BDDs to passtransistors. Thereby, structural propertiesof
BDDsliketheorderingrestrictionandthefactthattheselect
signalsof the multiplexers (correspondingto BDD nodes)
directlydependoninputvariables,areimposedonPTLcir-
cuitsalthoughthey arenotnecessaryfor PTLsynthesis.

General Multiplexer Circuits can be usedinsteadand
shouldprovide a much higher potential for optimization
compared to a pure BDD approach. Nevertheless– to the
bestof our knowledge – an optimizationof general Multi-
plexerCircuits(MCs) for PTLsynthesiswasnot tried sofar
dueto a lack of suitableoptimizationapproaches. In this
paperwepresentsuch an algorithmwhich is basedon effi-
cientBDD optimizationtechniques.Our experimentsprove
that there is indeeda highoptimizationpotentialby theuse
of general MCs – both concerningarea and depthof the
resultingPTLnetworks.

1 Intr oduction

PassTransistorLogic (PTL) hasprovedto beanattrac-
tivealternativeto staticCMOSdesignswith respectto area,
performanceandpowerconsumption[23, 15, 9,12]. In ear-
lier works usingPTL the main disadvantagewas that the
PTL circuitsweredesignedby handandtherewasa lackof
automaticsynthesistools.

Recently, severalapproachesfor anautomaticPTL syn-
thesisflow wereproposed[22, 6, 3, 10, 8, 13]. They are
all basedon a mappingof BDDs [5] (in mostcasesof de-
composedBDDs) to PTL. Theadvantageof this methodis
thatthePTL circuitsoriginatingfrom BDDsaresneak-path-
free [3, 6], i.e. thereis no assignmentto the inputswhich

producesa conductingpathfrom power supplyto ground.
However, BDDs usean orderingrestriction,which is not
necessaryfor PTL synthesis.Moreovereventherestriction
to free BDDs [2] or generalBDDs [1] is not necessary. It
is easyto seethatwe canalsousegeneralMultiplexer Cir-
cuits (MCs)1 asa basisto synthesizePTL circuits without
losingthepropertyof sneak-pathabsence.Of course,there
aremoredegreesof freedomfor MC optimizationcompared
to BDD optimization,sinceBDDs canbeviewedasspecial
casesof MCs. Thus,MCs shouldprovide betterPTL solu-
tionsthanBDDs.

However – to the bestof our knowledge– all existing
automaticPTL synthesisproceduresare basedon BDDs.
Onereasonfor thiscouldbethefact,thatthereareefficient
BDD packages(seee.g.[20]), which provide efficient BDD

optimizationtechniquesby variablereorderinglike sifting
[16], whereaspowerful optimization techniquesfor MCs
have beenmissing. In this paperwe presentsucha pow-
erful optimizationprocedurefor MCs, which makesuseof
theadditionaldegreesof freedomcomparedto BDDs. Our
novel techniqueis ableto improve on both sizeanddepth
of BDD basedcircuits (seeSection5). Althoughthe result
of ouralgorithmareMCs,wecanmakeuseof well matured
andefficient BDD optimizationtechniquesto computethe
MCs.

In Section2 we give a comparisonbetweenBDDs and
MCs. Section3 reviews how BDDs or MCs aremappedto
PassTransistorLogic. In Section4 we presentour algo-
rithm for MC minimization. After giving experimentalre-
sultsfor PTL synthesisusingthisalgorithmin Section5 we
concludethepaperwith Section6.

2 BDDsversusMCs

BDDs provide a canonical representationof Boolean
functions.As definedin [5], they areordered,i.e. on each

1MCsarebasicallythesameasif-then-elseDAGs[11].



pathfrom their root to a terminalnodeeachinput variable
occursonly onceandoneachpaththeinputvariablesoccur
in thesameorder.

In contrast,MultiplexerCircuits(MCs)aremoregeneral:

Definition 1 A MultiplexerCircuit (MC) M is modeledasa
directedacyclicgraph � V � E � . ThenodesetV is partitioned
into four setsVconst , Vinp, Vinv andVmux:� ThenodesofVconst are constants,haveindegree0 and

are labeledby0 or 1.� Thenodesof Vinp are inputs,haveindegree0 andare
labeledbyBooleanvariables.� Thenodesof Vinv are invertersandhaveindegree1.� Thenodesof Vmux are multiplexers andhaveindegree
3.

Thereis a bijectivemappingIN : � 1 ���	�	����
Vinp 

��� Vinp such
that IN � i � definestheith inputof thefunctiondefinedbythe
MC M. Thereis a mappingOUT : � 1 ���	�	��� m��� V such that
OUT � i � definestheith outputof thefunctiondefinedby the
MC M.

ThusMCs areBooleancircuitsconsistingonly of multi-
plexers,invertersandconstantsandit is straightforwardto
definetheBooleanfunctionrepresentedby anMC.

Sincea BDD nodelabeledby avariablexi canbeviewed
asamultiplexerwith selectinputxi , it isclear, thatBDDscan
beviewedasarestrictedclassof MCs. BecauseBDDscorre-
spondonly to a restrictedclassof MCs, it is alsoclear, that
therearemoredegreesof freedomin MC optimizationcom-
paredto BDD optimization. However the questionarises
how to exploit theseadditionaldegreesof freedom. Our
answerto thisquestioncanbefoundin Section4.

Beforewe dealwith our approachto MC optimization,
wegiveabrief review of PassTransistorLogic (PTL) in the
next section.

3 PassTransistor Logic

PassTransistorLogic hasproved to be an attractive al-
ternativeto staticCMOSdesigns2 with respectto area,per-
formanceandpower consumption[23, 15, 9, 12, 22, 6, 3,
10, 8, 13].

Thebasicunit in PTL is a MOStransistorwhich is used
asa switch. It is very easyto implementa multiplexer asa
wired OR of two MOS transistors(seeFigure1). For this
reasonrecentautomaticPTL synthesistoolsuseBDDs asa
basisfor PTL synthesis.Figure2 shows an exampleof a
BDD mappedto anNMOS PTL implementation.Mapping
BDDs to PTL is easyandhastheadditionaladvantagethat
theresultingcircuitsaresneak-path-free.But notethat the
sameis alsotruefor generalMultiplexerCircuits.

2whicharein factrestrictedcasesof PTL
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Figure 1. Implementation of a multiplexer by
pass transistors
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Figure 2. Mapping of a BDD to an NMOS PTL
implementation

4 Our Algorithm for MC minimization

A mappingto PTL is notonly easyfor BDDs,but alsofor
generalMCs. SinceMCs aremoregeneral,thereis a higher
potentialfor optimizationbothconcerningareaanddepth.

A BDD realizingan n–input Booleanfunction typically
containspathsof BDD nodes/multiplexersof lengthn, such
that the delay of a correspondingPTL implementationis
linearin n. Moreprecisely, a chainof n transistorsin series
evenhasa quadraticdelayin n [21] andbuffershave to be
insertedafteraconstantnumberof levelsto achievea linear
delay. We will show in thefollowing thatapathof lengthn
canbeavoidedby usingMCs.

To presentour algorithmfor MC minimizationwe need
the following definition which characterizesspecialnodes
at thebottomof a BDD:

Definition 2 A BDD nodeis calleda positivevariablenode
iff its low sonis constant0 andits highsonis constant1. It
is calleda negativevariablenodeiff its low sonis constant
1 and its high sonis constant0 and it is called a variable
nodeiff it is a positiveor a negativevariablenode.

A BDD nodeis called a multiplexer node iff both, low
sonand high son,are a constantnodeor a variable node
andat leastoneof thesonsis a variablenode. If bothsons
of a multiplexer nodeare variablenodesit is calleda true
multiplexernode, otherwisea pseudomultiplexernode.

Intuitively, our algorithm now successively removes
multiplexernodesfrom theoriginal BDD therebyreplacing



“partsof the BDD” by “new” variables.The“meaning”of
thenew variablesis computedin aseparateMC. Finally, the
wholeBDD hasbeentransformedinto anMC.

Our algorithm starts with a BDD for a single-output
Booleanfunction. (Note that it can easily be extended
to multi-rootedBDDs andBDDs with complementededges
[4].) The algorithm usesa mapping mc map between� x1 ���	�	��� xn � andtheinputnodesof theMC, i.e.,mc map � xi �
gives the MC input nodelabeledby xi . In the courseof
thealgorithmmc map is extendedto newly introducedvari-
ablesx, heremc map � x� givesthesignalline in theMC cor-
respondingto x.

Thealgorithmnow proceedsasfollows (for illustration
seealsoFigure3):

Input: BDD B representingfunction f : � 0 � 1 � n ��� 0 � 1 �
with inputvariablesx1 �	���	�	� xn.

Output: MC for f .

1. (a) Computeall multiplexernodesof BDD B.

(b) If thereis a true multiplexer node,choosevmux

as the true multiplexer nodewith most incom-
ing edges3. If thereareonly pseudomultiplexer
nodes,choosevmux as the pseudomultiplexer
nodewith mostincomingedges.

(c) Build theBDD BDDc for anew intermediatevari-
ablec.

(d) Replacevmux andthecorrespondingsub-BDD in
B by BDDc.

(e) A new multiplexer is introduced in the MC.
If vmux is labeledby variable x, the select in-
put of the multiplexer is connectedto MC node
mc map � x� . If the low son of vmux is constant
0 (1), the0-data-inputof themultiplexer is con-
nectedto constant0 (1) nodeof the MC. If the
low sonis thepositivevariabley, the0-data-input
of the multiplexer is connectedto mc map � y�
and if the low son is the negative variable y,
the 0-data-inputof the multiplexer is connected
to a new inverter, which itself is connectedto
mc map � y� . The 1-data-inputis assignedin the
sameway.

2. OptimizetheresultingBDD B by variablereordering.

3. Repeatsteps1 and2 until theBDD consistsonly of one
variablenode.

Note that reorderingcancausea changeof thevariable
label of the next multiplexer nodeto be replaced.(Exper-
imentsusingour algorithmfor MC optimizationshow that
thishappensindeed.)

3Theintuition behindthis selectionis that this multiplexer nodeis the
“most important”for thecomputationof theBDD in somesense.

In eachstepof thealgorithmtheinitial Booleanfunction
f is representedby two parts: a BDD part anda MC part.
Of course,we may interpretthe BDD partasan MC. If we
connecttheselect-inputsof themultiplexersfor BDD nodes
labeledby variablex to mc map � x� , thenwe obtainan MC

for f .
The MC sizeachieved so far canbe determinedby the

sizeof thealreadyconstructedMC partandthesizeof the
remainingBDD. Optimizingthesizeof theremainingBDD

correspondsto optimizingthispreliminarysize.
But we can also optimize the depthof the currentMC

circuit: Eachvariableof the BDD correspondsto a primary
input variableor a multiplexer of the alreadyconstructed
MC. This meansthata circuit depthinformationcanbeas-
signedto eachBDD variable. If we interpretthe BDD part
asan MC again,we cancomputethe currentdepthof the
circuit. Changingthe variableorderof the BDD doesalso
changethedepthof thecircuit.

To optimizesizeanddepthof the resultingMC (step2.
of thealgorithm)weusea variantof sifting [16], whichwe
call delaysifting. (Ordinary)sifting is basedon finding the
locallyoptimalpositionof avariableassumingthatall other
variablesremainfixed.To determinetheoptimalpositionof
avariablein thevariableorderit is siftedto all possiblepo-
sitionsandthen,theposition,wheretheresultingBDD size
is minimized,is selected.Thecostfunctionduringsifting is
only thesizeof theresultingBDD. To take accountof our
two optimizationgoals(areaanddepth)wechangethecost
functionof sifting: We usesomecombinationof BDD size
anddepthof theoverallcircuit.

For eachpositionof thevariablewe determinethenew
sizesizenew of the resultingBDD andthenew depthof the
overall circuit depthnew. Thenwe choosethe positionfor
thevariablewheretheexpression

α � sizenew

sizeold � � 1 � α ��� depthnew

depthold (1)

is minimized. (sizeold anddepthold, respectively, meanthe
BDD sizeanddepthof theoverallcircuit beforemoving the
variable,α is a numberbetween0 and1 to influencethe
tradeoff betweenBDD sizesanddepth.)

If the alreadyconstructedpart of the MC circuit gives
depthinformationdx for variablex at level i, we saythatx
providesdepthcontribution dx � i. The depthof the over-
all circuit is estimatedby themaximumdepthcontribution
over all levels i. This givesus only an approximationof
thetotal depth,but theapproachhastheadvantagethatthe
depthestimationcanadjustedlocallyduringlevelexchange,
suchthatasymptoticcomplexity of delaysifting remainsthe
sameasfor originalsifting.

Figure4 givesan interestingexamplefor our algorithm
to optimize MCs. We considerthe exor function with 8
inputs. Note that for this examplein eachstepof the al-
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Figure 3. Illustration of step 1) of the algorithm: x j is a primary input variable, ci and ck intermediate
variables for multiplexers introduced in previous steps of the algorithm. The multiplexer node labeled
by ck is replaced by a the BDD BDDc for a new variable c and a new multiplexer is introduced in the MC

which computes the assignment of c. After reordering in step 2) the next selected multiplexer node
is not necessarily labeled by ck.

gorithm the function representedby the remainingBDD is
totally symmetric,suchthatchangingthepositionof avari-
abledoesnot changethe BDD size, i.e. in formula 1 only
the secondpart concerningdepthplaysany role. Starting
from a BDD with lineardepthouralgorithmconstructsstep
by stepa MC for thesamefunction. TheresultingMC has
logarithmicdepth.Theimprovementon thedepthis dueto
thefactthatintermediatevariablesareusedasselectinputs
of multiplexersin ourapproach.

5 Experimental Results

In this sectionwe presentour resultsfor PTL synthe-
sisusingthe MC optimizationalgorithmof Section4. For
ourexperimentswe usetheimplementationof [6] which is
integratedin thesisenvironment[18]. Buchetal. [6] trans-
form a Booleancircuit into a so-called“decomposedBDD”
to preventa sizeexplosionof a monolithic BDD approach.
BDDs are constructedstarting from the inputs. When a
certainsizeor depthlimit of the resultingBDD would be
reached,anintermediatevariableor cutpoint is introduced.
Theresultis a setof clustersof thecircuit, which arerep-
resentedby BDDs dependingon primary input variablesor
intermediatecut point variables.After that in [6] the BDDs
for theseclustersaremappedto PTL. A “PTL cell” is com-
putedfor eachcluster. To copewith thequadraticdelayof
transistorsin seriesbuffers are insertedfor the outputsof
thePTL cells.

In this paperwe replacethe BDD basedPTL mapping
of [6] by an MC basedmappingasdescribedin Section4.
(Of courseour MC optimizationapproachcanalsobeused
asa post-processingstepof otherBDD basedPTL synthe-

sis tools like [10, 8] to optimizethe PTL cells originating
from BDD representations.)In the following we will call
our synthesistool, which usesan MC basedPTL mapping,
“mc map”.

Sincethe clustersproducedby [6] are very small (the
depthof theBDDs is not largerthan3) andwemadetheex-
periencethattheoptimizationpotentialof theMC approach
canbe increasedusinglarger clusters,we alsopresentre-
sults for a secondversionof our MC basedPTL mapping
tool, which first enlargestheclustersto someextent to in-
creasetheoptimizationpotential.In thisversionweremove
cut point variablesby compositionas long as the overall
BDD sizewill not increasein thiswayandaslongasamax-
imum BDD sizefor a clusteris notexceeded(in ourexperi-
mentswe usea limit of 100). In thefollowing we will call
thissecondversionof ourPTL synthesistool “mc map � ”.

We tried two differentoptimizationstrategies:optimiza-
tion only for area(weightα [ 1 � 0, seeSection4) andopti-
mizationfor a combinationof areaanddepthwith α [ 0 � 2.
Ourdepthminimizationmakesuseof depthinformationas-
signedto the alreadyconstructedMC part asdescribedin
Section4. As alreadyproposedin [6], we can addition-
ally usealsodepthinformationsfor the inputsof theclus-
ter, which is presentlyoptimized,sincethe clusterswhich
computetheseinputsignalsareoptimizedbefore.

Westartwith Table1 whichshowstheresultsof mc map
and mc map� using areaoptimization (α [ 1 � 0) for IS-
CAS89 benchmarksand comparethem to the initial so-
lution of the tool from [6]. Columns2–4 show the re-
sultsof the tool from [6], columns5–8 the resultsof our
tool mc map with areaminimization and columns9–12
the resultsof mc map� with areaoptimization. Columns
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Figure 4. Computation of an MC for exor � x1 �	�	����� x8 � . Here we use BDDs with complement edges. The
numbers beside the BDD nodes represent the depth information which is assigned to the nodes and
which is used by delay sifting.

“mux/inv” give the numbersof multiplexersand inverters
of theresult,columns“area” give theactive transistorarea
for arealizationusingonlyNMOStransistors(thesizeof an
NMOS transistoris assumedto be1 � 5λ ` 1λ) andcolumns
“md” give themaximumnumberof multiplexerson a path
from primary inputsto primary outputs. Both [6] andour
tool usebuffer insertionto force the maximumnumberof
transistorsin seriesto be 3. The experimentswere per-
formedon a SPARC Ultra 4 andwe useLong's BDD pack-
age[14] for ourimplementation.Columns“time” giveCPU
timesin secondsto transformtheBDDs into MCs.

The experimentsprove that thereis indeeda high opti-
mization potentialof MC minimizationcomparedto BDD

minimization:
Our areaminimization is able to achieve considerable

improvementson the multiplexer/invertercountsand thus
alsoon thetransistorareain comparisonto [6]. In all cases
themultiplexercountsareimproved(upto21.7%for C7552
andmc map andup to 39.3%for C7552andmc map� ).
On theaveragethemultiplexer andinvertercountsareim-
proved by 12.1%and16.1%respectively by mc map and
by 28.4%and32.2%respectively by mc map� . The tran-
sistorareais improvedby 14.5%by mc map andby 30.8%

by mc map� . Interestinglyalreadytheareaoptimizationis
ableto improvethedepthsof thePTL circuitsin 8 outof 11
casesfor mc map andin 9 out of 11 casesfor mc map � .
Theoveralldepthimprovementfor mc map is 3.2%andfor
mc map� theoverall improvementis 12.9%.

The resultsfor our combinedareaanddepthminimiza-
tion can be found in Table 2, which hasthe samestruc-
tureasTable1. As expected,thecombinedareaanddelay
optimizationneedsslightly moreareathanour resultsfor
pureareaminimization,but is still betterthantheresultsof
[6]. (It remainsanaverageareaimprovementof 16.2%for
mc map and21.6%for mc map � .) Theexperimentsshow
thatwecanreallyexploit anarea/depthtradeoff by ourpa-
rameterfor delaysifting. In all casesthedepthresultsof [6]
are improved (up to 31.3%for C880andmc map andup
to 40.6%for C880andmc map � ) while maintainingbetter
arearesults.Ontheaveragethedepthresultsof theareaop-
timizationarefurtherimprovedby 22.4%for mc map (24.0
% for mc map � ), suchthatcomparedto [6] mc map could
improve thedepthby 24.9%andmc map� could improve
depthby 33.8%.

As alreadymentioned,aninspectionof theresultingMC

circuitsof our optimizationalgorithmshows, that they are



Berkeley mc map (area) mc mapa (area)
circuit mux/inv area md mux/inv area md time mux/inv area md time

C17 7/12 75 4 7/7 52.5 4 0.34 6/6 45 3 0.21
C432 207/250 1746 47 204/236 1674.0 48 27.22 196/229 1618.5 51 15.96
C499 414/413 3100.5 26 332/357 2602.5 21 49.65 302/273 2134.5 23 26.52
C880 354/401 2866.5 32 335/320 2445.0 31 54.77 313/309 2329.5 29 31.46
C1355 510/465 3622.5 34 484/462 3531.0 29 74.15 326/305 2350.5 28 28.94
C1908 416/430 3183 39 354/366 2709.0 33 53.69 307/321 2365.5 29 28.46
C2670 768/917 6430.5 28 678/687 5125.5 26 106.98 512/493 3754.5 41 44.99
C3540 1112/1173 8614.5 52 1025/1025 7687.5 47 160.75 950/913 6958.5 42 95.88
C5315 1912/2162 15465 47 1673/1569 12079.5 40 282.79 1185/1099 8500.5 34 113.79
C6288 2698/2764 20532 159 2551/2946 20910.0 181 365.67 2208/2402 17433.0 133 182.28
C7552 2706/2776 20610 38 2120/1897 14896.5 30 284.72 1642/1622 12225.0 28 151.36

∑ 11104/11763 86245.5 506 9763/9872 73713.0 490 7947/7972 59715.0 441

Table 1. Comparison for PTL synthesis (area optimization, α [ 1 � 0).

Berkeley mc map (depth) mc mapa (depth)
circuit mux/inv area md mux/inv area md time mux/inv area md time

C17 7/12 75 4 7/7 52.5 3 0.25 6/6 45.0 3 0.21
C432 207/250 1746 47 209/226 1644.0 34 10.59 226/228 1704.0 31 10.80
C499 414/413 3100.5 26 278/291 2143.5 18 15.98 373/372 2793.0 20 22.65
C880 354/401 2866.5 32 332/353 2584.5 22 16.72 332/334 2499.0 19 17.04
C1355 510/465 3622.5 34 358/396 2856.0 25 23.00 405/332 2709.0 24 26.49
C1908 416/430 3183 39 355/391 2824.5 29 17.22 363/362 2718.0 25 19.09
C2670 768/917 6430.5 28 608/635 4681.5 20 34.54 542/530 4011.0 18 34.96
C3540 1112/1173 8614.5 52 1026/1004 7596.0 37 51.87 1067/1040 7881.0 32 59.51
C5315 1912/2162 15465 47 1496/1613 11746.5 33 93.48 1206/1215 9085.5 30 79.47
C6288 2698/2764 20532 159 2729/3006 21714.0 131 136.75 2641/2798 20514.0 107 133.30
C7552 2706/2776 20610 38 1822/1999 14461.5 28 117.69 1745/1865 13627.5 26 99.89
∑ 11104/11763 86245.5 506 9220/9921 72304.5 380 8906/9082 67587.0 335

Table 2. Comparison for PTL synthesis (depth optimization, α [ 0 � 2).

substantiallydifferentfrom BDD realizations,sincewe get
rid bothof theorderingrestrictionandtherestrictionto MCs
with only inputvariablesasselectorinputsof themultiplex-
ers.Thus,we really obtaineda generalMC structureby us-
ing algorithmsworkingon the(restricted)BDD structures.

6 Conclusionsand Future Work

In thispaperwepresentedfor thefirst timeanautomatic
PTL synthesisapproachwhich is basedon generalMulti-
plexerCircuitsratherthanonBDDs. Ourexperimentsshow,
that we areable to exploit the additionaldegreesof free-
dombothfor areaanddelayoptimization.Thesedegreesof
freedomarisefrom removing restrictionsof BDDs, which
areimportantfor verificationapplications,but not for PTL
synthesis.

We put our experimentson top of theresultsof [6], but
it is obvious,thatour MC optimizationapproachcanalsobe
usedasapost-processingstepof otherBDD basedPTL syn-
thesistoolslike[10, 8] to optimizethePTLcellsoriginating
from BDD representations.

As a futurework we planto incorporatedon't carecon-
ditionsinto our approach.Don't carescanbeusedto mini-

mizetheBDD partduringthe MC computationusingmeth-
odsfrom[7, 19, 17]. Therearetwo typesof don't careinfor-
mationsduringMC computationfor a clusterof thecircuit:
satisfiabilityandobservability don't careswhich originate
from theenvironmentof theclusteranddon't careswhich
originatefromtheMC partof theclusterthatis alreadycom-
puted.
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