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Abstract

Clock and data recovery circuits are essentialcomponentsin com-
munication systems.They dir ectly influencethe bit-err or-rate per-
formanceof communicationlinks. It is desirableto predict the rate
of occasionaldetectionerrors and the lossof synchronization due
to the non-idealoperation of suchcircuits. In high-speeddata net-
works, the bit-err or-rate specificationon the systemcan be very
stringent, i.e., 10� 14. It is not feasibleto predict such error rates
with straightforward, simulation based,approaches.This work in-
tr oducesa stochasticmodel and an efficient, analysis-based,non-
Monte-Carlo method for performance evaluation of digital data
and clock recovery circuits. The analyzedcircuit is modeledasfi-
nite statemachineswith inputs describedasfunctionson a Mark ov
chain state-space.Systemperformancemeasures,suchas proba-
bility of bit errors and rate of synchronization loss,can be evalu-
ated thr ough the analysisof a larger resulting Mark ov system.A
dedicatedmulti-grid method is usedto solve the very largeassoci-
ated linear systems.The method is illustrated on a real industrial
clock-recovery circuit design.

1 Intr oduction

High-speedcommunicationsystemshave extremely tight bit-
error-rate(BER) specifications.For SONET/SDHapplications
it is not uncommonto have BER requirementsin the orderof
10� 14. Suchspecificationsare practically impossibleto ver-
ify throughstraightforwardsimulationbecauseof theextremely
long sequencethat would needto be simulatedin orderto get
meaningfulerror statistics.In the absenceof an analysistool,
designersrely on theexperienceof previousdesigns,intuition,
andgoodluck. This environmentdiscouragesinnovative solu-
tionsandnon-incrementalapplications.

On the other hand, the designprocessof communication
systemswouldbenefitsignificantlyfrom theexistenceof areli-
abledesignperformanceevaluationcapability. Sucha capabil-
ity wouldpermittheevaluationof anumberof alternativealgo-
rithms, architectures,circuit techniques,andtechnologiesin a
shorttimeandwithout thecommitmentof expensiveresources.

A situationthatillustratestheneedfor a reliableevaluation
capabilityof theBER occurredin thedesignof a SONET-type
applicationat a well-known micro-electronicscompany. The
specificationfor a multiplexer chip requireda BER of 10� 14.
The prototypeimplementation,basedon the modificationof
an existing designdeliveredperformancethat was more than

anorderof magnitudebellow thespecification.Thedesigners
suspectedthat themain causefor the errorsis the interference
noisein the PLL-basedclock recovery circuit, inducedby the
rest of the chip’s circuitry. A numberof circuit, technology,
andpackagingremedieswereproposed,but thedesignerswere
frustratedby their inability to predicttheir effectiveness.

This paperintroducesa methodfor performanceevaluation
of a digital clock-datarecovery circuit design. Clock-datare-
covery(CDR)circuitsimplementthemostcritical functionthat
is performedat the receiver of a synchronousdatacommuni-
cationsystem.Their function is to determinenot only the fre-
quency at which the incomingsignalneedsto besampled,but
alsotheoptimalchoiceof thesamplinginstantwithin eachsym-
bol interval.

Our analysismethodcomputesthe probability of error di-
rectly from thedesigndescription,without relyingonthesimu-
lation of long sequences.The systemunderevaluationis de-
scribedas a finite-statemachine(FSM) with someof its in-
putsbeing random. The randomvariablesdescribeincoming
data,noise,andjitter. Therandominputsaremodeledasfunc-
tionson thestate-spaceof Markov chains.It is shown thatun-
der thesecircumstancestheentiresystemcanbemodeledby a
largerMarkov chain. Thequantitiesof interestfor our system,
suchas the probability of a samplingerror, or the meantime
betweenfailuresdueto samplingerrorsarethusavailablefrom
standardMarkov chainanalysis.Theremainingchallengeis to
performcomputationswith theextremelylargetransitionprob-
ability matricesassociatedwith Markov chainsthat caneasily
reachmillions of statesfor moderatelycomplex systems.In this
work we employ a specializedmulti-grid methodwhich takes
advantageof theunderlyingproblemstructureandis capableof
solvingmillion stateproblemsin lessthananhouronabeefed-
up workstation.

2 Modeling and PerformanceEvaluation

Throughoutthepaper, we will beusingtheCDR circuit [1, 2]
shown in Figure 1 to illustrate the stochasticmodel and the
performanceevaluationtechniques.Theframework we present
hereis by no meansrestrictedto this particularcircuit, andthe
generalmodelwe describecanbeusedfor otherdiscrete-time
mixed-signalprocessingcircuits.

TheCDR circuit in Figure1 consistsof two coupledfeed-
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Figure1: Clockanddatarecoverycircuit

back loops. The first one (upper left) is a traditional “ana-
log” charge-pumpphase-locked loop (PLL) with a crystalref-
erenceanda voltage-controlledoscillator(VCO) thatcangen-
eratemulti-phaseclocks (e.g., a ring-oscillator). The second
loop (lower right) is digital, andhasthe purposeof selecting
“the best”of theclock phasesgeneratedby thefirst loop in or-
derto retime/alignthedata.This phaseselectionis continually
updatedby the loop. The currentlyselectedphaseandthe in-
comingdataare“compared”in thephasedetector(PD) which
producesa digital phaseerrorsignal. Thedigital outputof the
PD is further filtered to producethe actualdigital signal that
controlsthephaseselectionmultiplexer.

For a timing recovery circuit, theBER specificationfor the
retimeddatahasto bemetfor agivendatacharacteristicsin the
presenceof jitter. Moreover the phasedetectorcanproducea
phaseerrorsignalonly whena transitionoccursin thedatasig-
nal. The input datastreamis usuallyspecifiedin termsof the
longestpossiblebit sequencewith notransitionsandamaximal
drift in frequency. Theinputdatajitter is specifiedby eyeopen-
ing, usuallydefinedasuncorrelatedtiming jitter from a bit to
thenext. Sometimescorrelatedor cumulative jitter, i.e., a ran-
domwalk, mayalsobespecified.Therearealsospecifications
on therecoveredclock jitter.

In this paper, we are going to concentrateon the digital
phaseselectionloop. The major jitter sourcein most CDR
applicationsis the incomingdata,but the internally generated
clock jitter dueto device noiseor interferencefrom othercir-
cuitscanalsobecomesignificant.Oncetheinternalclock jitter
hasbeencharacterizedusingtechniquescoveredelsewhere,it
caneasilybecapturedin our modelsandanalysis.

It is virtually impossibleto simulatetheBER for thewhole
clock recovery systemat onceusing detailedtransistor-level
modelsfor thewholecircuit. Thesizeof theproblem(in terms
of the variablesand the numberof differentialequationsthat
describeit) is simply too largeto handle,now or in theforesee-
ablefuture. Moreover, we areconfrontedwith a mixeddigital-
analogcircuit with largetimeconstantfeedbackloops,i.e.,stiff.
The only useof transientsimulationat the circuit level is for

connectivity verification,andsimplefunctionalverificationof
the laid-out circuit. Obviously, sucha verificationis far from
ensuringthatthedesignmeetstheBERspecification.To tackle
thesystemlevel problem,we have to developintelligentmod-
els thatsimplify theproblem,but at thesametime, capturethe
characteristicsof thecircuit thatis essentialfor its operation.

The componentsin the digital phaseselectionloop, such
asthephasedetectorandthedigital filter, arehighly nonlinear
circuits with switching behavior if viewed from a differential
equation(DE) perspective. A DE modelnoiseanalysisbased
on linearization(time-invariantor time-varying)is neitheruse-
ful for, norapplicableto, thisproblem,becausethenoiseor data
jitter is toolargefor thelinearizationto remainvalid. Moreover,
theinternaldevicenoisesources(e.g.,thermalnoise)havelittle
significance.The loop componentsare“almost” ideally func-
tioning digital circuits andhencecanbe modeledasdiscrete-
time digital systems.On the other hand,jitter and the phase
errorbetweentheselectedclock phaseanddataarecontinuous
variables.

The simplestmodelthat capturesthe essentialbehavior of
the digital phaseselectionloop in Figure 1 can be expressed
with thefollowing differenceequation

Φ � k � 1��� Φ � k�
	 Gsgn� Φ � k��� nw � k���� nr � k� (1)

whereΦ is thephaseerrorbetweenthe incomingdataandthe
recoveredclock. The phasedetectoris simply modeledas a
memorylessnonlinearfunction which producesthe signumof
its input at the output. nw and nr are randomprocessesthat
modelthejitter of theincomingdata.nw is a zero-meanwhite,
i.e.,uncorrelatedin time,noiseprocessthatis usuallyGaussian.
nw modelsthe eye openingof the dataand its characteristics
can be readily deducedfrom the systemspecifications.nr is
usuallya nonzero meanwhite noiseprocess.From(1) onecan
seethat if nr hasnonzeromeanthanthe phaseerror will have
a deterministicdrift in the absenceof the signumterm which
is responsiblefor phasecorrections.Onecanalsoobserve that
the randompart of nr hasa cumulative effect on the phaseer-
ror: If the signumterm andnw wasnot presentin (1) thanthe
phaseerror would be a randomwalk with drift for a nonzero
meanwhite nr . Almost all jitter specificationson the incom-
ing datacanberepresentedtogetherby nw andnr by assigning
appropriateamplitudedistributions(e.g.,Gaussianwith certain
meanandvariance).For instance,onecaneven“mimic” deter-
ministic sinusoidallyvarying jitter by assigningthe amplitude
distributionof nr appropriately.

The hardwareimplementationof the phasedetectorhasto
operateat thefull dataspeed,henceit needsto beimplemented
by a relatively simplestatemachine.Thesameis true for any
digital filtering thatmightbedoneat theoutputof thephasede-
tector. Let usassumethatS� k� is a vectorrepresentingthestate
of the finite statemachine(FSM) that implementsthe phase
detectorand the filter. We will now rewrite/revise (1) in the
following moregeneralform which will capturea real imple-
mentation

Φ � k � 1��� Φ � k�
	 f � Φ � k��� nw � k��� S� k���� nr � k� (2)

S� k � 1��� g � Φ � k��� nw � k��� S� k�� (3)

Above, the functions f andg specify the phase-detector-filter
FSM:g givesthenext stateof thestatemachinegivenits present



stateand� presentnoisyphaseerrorvalue.Similarly, f produces
a valueindicatingthe phasecorrection.In the implementation
of Figure1, f takesthreepossiblevalues0, G, 	 G indicating
no correction,phasedelay or advancerespectively. G is the
smallestphaseincrementavailablefrom theinternalclock.

ThecombinedvectorX � k����� Φ � k��� S� k�� representsthestate
variablesof the systemdescribedby the nonlineardifference
equationsin (2). Sincetherearenoisesourcesasinputsto the
system,X � k� is bestcharacterizedasa stochasticprocess.We
wouldliketo analyzethisstochasticprocessin orderto evaluate
thevarioussystemperformancemeasures.

Whenthe noisesourcesnw andnr arewhite, i.e., uncorre-
latedin time,X � k� is aMarkov process,thatis, givenits current
state,its future is independentof its past. One way to ana-
lyze the systemin (2) is usingthe machineryof discrete-time
Markov chains,which requiresthatwe discretizethephaseer-
ror andalsothe noisesourcesto obtaina discretestate-space.
Thegranularityof thediscretizationof thephaseerrorandthe
noisesourcesis dictatedby thenumberof clockphasesandthe
magnitudeof thenoisesourcenr . Thediscretizationgrid needs
to befineenoughto accuratelycapturethesmalljumpsin phase
errordueto nr .

A Markov chainMC is completelycharacterizedby its tran-
sitionprobabilitymatrix (TPM) P ��� pi j �

pi j ������� X � k � 1��� x j   X � k��� xi ! (4)

wherethe stateset " x1 �$#%#$#�� xL & is the reachablestatespaceof
the MC, which is a subsetof the Cartesianproductof the dis-
cretizedphasevalues" φ1 �$#%#%#�� φM & andthestateset " s1 �$#%#$#�� sN &
of thephasedetector/filterFSM.Theentriesof P arecompletely
specifiedby thedifferenceequationsin (2) andthe probabilis-
tic characterizationof thediscretizednoisesources.P is a very
largebut highly structuredmatrix. Thestructureis inducedby
the phasedetector/filterFSM andthe differenceequations.It
can be constructedusing hierarchicalKronecker algebra-like
techniquesasa compositionof smallercomponentsrepresent-
ing building blocksof the system. This representationmakes
it possibleto manipulateandstoreP evenwhenthe total state
spaceis very large. Figure2 shows a moredetailedcomposi-
tionalmodelof theclockrecoverysystemof Figure1 described
graphicallyin theabove formalism.This representationcanbe
generalizedto networksof FSMswith stochasticinputsto de-
scribevarioushigh-speedcommunicationcircuits.

Now thatwedescribedoursystemin theMC formalism,we
cancomputevariousquantitiesthatcharacterizethestateof the
systemasa stochasticprocess.For theclock recovery system,
whenever the phaseerror plus the datajitter, i.e., Φ � k�'� nw � k�
in (2), becomeslarger/smallerthanhalf a clock cycle, thesys-
tem might potentially producebit errors. It would be highly
desirableto computethe probability of this event happening.
This probabilitycanbedirectly obtainedform thesteady-state
probability distribution of reachablestates,which is the most
basicanalysisfor MCs. This involvescomputingtheeigenvec-
tor correspondingto the eigenvalue1 of the stochasticmatrix
P [3]. Anothermeasureof performancefor CDR circuitsis the
averagetime betweencycle slips. This translatesinto thecom-
putationof meantransitiontimesbetweencertainsetsof MC
states,which is anotherstandardcomputationin MC analysis.
It involvessolvinga linearsystemwith the(modified)TPM.
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Figure2: Modelof clock anddatarecoverycircuit

3 Numerical Methods

The TPM, P, of a MC is commonlycalled a stochasticma-
trix [3]: From its definition, we immediatelydeducethat it
hasnon-negativeentries(they areall probabilities),andits row
sumsareequalto 1 (a row expressesall the possibilitiesin a
givenstate),i.e.,

P � 1 � 1 �$(%($(
� 1� T ��� 1 � 1 �$(%($(
� 1� T
It follows that P hasξ �)� 1 � 1 �$(%($(
� 1� T as a right-eigenvector
correspondingto theeigenvalue1. Let usdenotethestationary
stateprobabilitieswith η * i + �����,� z� n��� σi  astheentriesof the
1 - L row vectorη ��� η * i + � . η satisfies[3]

η � ηP (5)

Being a probability distribution, the vectorη hasnonnegative
entriesandthe sumof its entriesis equalto 1, andit is a left-
eigenvectorof P correspondingto the sameeigenvalue1. The
computationof η is the mostbasicanalysisfor MCs. The in-
formationin η alreadymakesit possibleto computesomeper-
formancemeasuresfor themodeledsystemasdiscussedin Sec-
tion 2. Moreover, computationof η is theprerequisitefor com-
putingotherperformancequantitiessuchastheautocorrelation
of a functiondefinedon thestatesof the MC. Hence,we con-
centrateonmethodsfor computingη, whichcanbeposedeither
asaneigenvalueproblemthrough(5), or asthesolutionof the
following homogeneouslinearsystem

� PT 	 I  ηT � 0 (6)

with thenormalization

η ξ � 1 (7)

A varietyof standarditerative techniquescanbe usedto solve
theseproblems.Thesetechniques,however, do not exploit the
propertiesof MCs.

A family of iterative techniques,specificto MC problems,
areaggregation/disaggregation-typemethods[4]. Thesetech-
niquesarisefrom andarerelatedto the lumpabilityanddecom-
posabilityconceptsin MCs. Herewe discussonly lumpability.



Assume. thatwe aregivenanN-stateMC. We partitiontheseN
statesinto n disjointsetswith n / N, andform anew stochastic
processby definingnew statescorrespondingto then sets.The
valueof the new stochasticprocessat time k is the new state
thatcorrespondsto thesetthatcontainsthestateof theoriginal
chainat time k. This procedurecouldbeusedto reducea MC
with a very large numberof statesto a processwith a smaller
numberof states,calledthe lumpedprocess.It is oftenthecase
thatweareonly interestedin thesecoarserstates.For example,
in themodelof theclock recovery circuit, we areinterestedin
the phaseerror which is only a componentof the statevector.
Therearemultiple stateswhich correspondto the samephase
errorvalue.With theaboveprocedure,we candefinea process
which is exactly equalto the phaseerror. However, the cru-
cial questionis, whetherthe newly definedprocessis Markov
for any initial probabilitydistribution for thestatesof theorig-
inal MC. If so, we cantreat the new processwith MC meth-
odsandhencereducethe sizeof the problem. Unfortunately,
the answerto this questionin mostcasesis no, otherwisethe
modelwe originally developedwasredundantandcould have
beensimplified. If we loosenthe condition for the newly de-
finedprocessto beMarkov from anyto someinitial probability
distribution, and if suchan initial distribution exists, the MC
is calledweaklylumpable. In this case,thecomputationof the
TPM for thereducedMC requiresboththeTPM of theoriginal
MC andtheinitial probabilitydistribution [3]. This is basically
thestartingpoint for aggregation-disaggregation techniquesfor
MCs thatareusedto acceleratetheconvergenceof basicitera-
tive methodssuchasJacobiandGauss-Seidelandpossiblythe
Krylov subspacemethods.For instance,let Jacobibe the iter-
ative method. After performinga numberof stepsof Jacobi,
thecurrentiteratefor thestationaryvectorandtheTPM for the
MC is usedto computea reducedstationaryvectoranda re-
ducedTPM for the weakly lumpedchain. Then, the reduced
iteratevector is usedas the initial guessto solve the weakly
lumpedchainexactly. Next, the solutionof the lumpedprob-
lem togetherwith the initial guessis usedto producea cor-
rection to the finer level iterate. Thesestepsare repeatedtill
convergence[4]. This techniquewasgeneralizedto morethan
two lumpinglevelsby HortonandLeutenegger[5]. Themulti-
level methodutilizesasetof recursively lumpedversionsof the
original MC to achieve acceleratedconvergence.It canbe in-
terpretedasanalgebraicmulti-grid method.

The multi-level algorithmcanachieve muchbetterperfor-
manceif the specialstructurein the MC or the underlying
modelcomposedof finite-statemachinesisexploitedto develop
acoarseningor lumpingstrategy. For themodelof theclockre-
covery circuit in Figure2, we employeda coarseningstrategy
which lumps the two statescorrespondingto consecutive dis-
cretizedphaseerror values. In this way, the lumpedproblems
resembletheoriginal problembut with coarserphaseerrordis-
cretization. However, the coarsenedproblemsdo not capture
all the behavior of the original model. For instance,for some
of theproblems,thephaseerrorgrid is too coarsefor theeffect
of thesmallnoisenr in (2) to berepresentedaccurately. Never-
theless,thecoarseproblemsretainenoughcharacteristicsof the
fine problemso asto help acceleratethe convergence. In our
currentimplementation,the lumping andexpandingstepsare
interleavedwith simpleGauss-Jacobiiterationsandthe coars-

Figure3: Nonzeropatternfor thetransitionprobabilitymatrix

estproblemis solvedexactlywith adirectmethod.For now, we
useexplicit sparsestoragefor boththefineandthecoarseprob-
lems,which allows solvingmodelsof practicalclock recovery
circuits with 0 106 states.For solving morecomplex models,
we arelooking into usinghierarchicalgeneralizedKronecker-
algebra[6, 7] and/orprobabilitydecisiondiagram/tree/graph[8]
representations.Figure3showsthenonzeropatternfor thetran-
sition probability matrix of the clock recovery circuit model,
whereonecanobservethecompositionalstructureof theprob-
lem.

4 Examples

We built a compositionalmodel of the clock recovery circuit
in Figure1. It consistsof four interactingFSMswith stochas-
tic inputs. Thefirst FSM modelsthedatastatisticstaken from
SONETsystemspecifications.Thesecondoneis themodelof
the phasedetectorandhaspresentdata,previousdataandthe
noisesourcenw (model of the eye opening)as its inputs. It
producesa three-valuedoutput: LAG, LEAD andNULL. Its
outputis theinput to anup-down counterFSM thatmodelsthe
loop filter. ThecounterproducesanUP-DOWN signalwhenit
overflows, which is oneof the two inputsto the FSM that has
the phaseerror asits state. The otherinput to the phaseerror
FSM is thenoisesourcenr .

All figuresshow thestationaryprobabilitydensityfunctions
of the phaseerror Φ and the input to the phasedetector, i.e,
Φ � nw. The line above the densityplots shows the counter
length,thestandarddeviationof thestationaryzero-meanwhite
Gaussiannoisenw, themaximumvalueof thestationarywhite
noisenr (with anon-zeromean,non-Gaussiandistributionwith
probability densityfunction chosento reflect SONET system
specifications),andthe BER computedby integratingthe tails
of the distribution computedusingMC analysis.The line be-
low the densityplots shows the sizeof the statespacefor the
MC generatedfrom the model, the numberof multi-grid cy-
clesrequiredfor convergence,theCPUtime for generatingthe
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Figure4: Phaseerrorprobabilitydensity, andBER

TPM for the MC and the CPU time spentfor the stationary
distribution computation.In Figure4, in thetop plot, thenoise
levels are so small that the CDR systemhasnegligible BER.
Whenthestandarddeviationof thenoisesourcenw thatmodels
theeyedataopeningis increased5 times,theBER increasesto
1 ( 23 - 10� 11, asseenin thebottomplot in Figure4.

In Figure 5, we study the effect of the counteroverflow
lengthontheBERperformance,all noiselevelsbeingheldcon-
stant. We setit to 4, 8 and16. We observe that the bestBER
performanceis obtainedwhencounterlengthis setto 8, BER
performanceis 1.5 times worsewith counterlength 4, and 5
timesworsewith counterlength16.

Whenthelengthis setto4 theloophashighbandwidth.The
systemtendsto follow thedominantnoisesource,nw andasa
consequencedetectionerrorsoccur. Whenthe lengthis setto
16, theeffect of thenoisesourcenr becomespredominant:the
loopresponsebecomestooslow to follow thedrift causedby nr
and,again,bit errorsoccur. Thelength8 is agoodcompromise,
wherebothnoisesourcescontributeto theBER.Hence,thereis
anoptimalcounterlengthfor givenlevelsof noise,thecompu-
tationof which is enabledby theaccurateandefficientanalysis
methoddescribedin thepaper.

5 Conclusions

This paper introduced a new, non-Monte-Carlo analysis
method,for the stochasticanalysisof data-clockrecovery cir-
cuitsessentialcomponentsof synchronousdatacommunication
systems. The analysisis basedon the modeling of the un-
derlying systemasa combinationof finite statemachinesand
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Markov chains.Therelevantsystemperformancemeasuresare
derivedfrom computationsthat involve thetransitionprobabil-
ity matrix of a large resultingMarkov chain. Throughthe use
of a specializedmulti-grid method,very large systemscanbe
solvedin reasonabletime on a powerful workstation.Theuse-
fulnessof the analysiswasillustratedthrougha real industrial
design.
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