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Abstract

Clock and data recovery circuits are essentialcomponentsin com-
munication systems.They dir ectly influencethe bit-err or-rate per-
formanceof communicationlinks. It is desirableto predictthe rate
of occasionaldetectionerrors and the lossof synchronization due
to the non-ideal operation of suchcircuits. In high-speeddata net-
works, the bit-err or-rate specificationon the systemcan be very
stringent, i.e., 10~14. It is not feasibleto predict sucherror rates
with straightforward, simulation based,approaches.This work in-
tr oducesa stochasticmodel and an efficient, analysis-basednon-
Monte-Carlo method for performance evaluation of digital data
and clock recovery circuits. The analyzedcircuit is modeledasfi-
nite statemachineswith inputs describedasfunctions on aMark ov
chain state-space.Systemperformance measures,such as proba-
bility of bit errors and rate of synchronization loss,can be evalu-
ated thr ough the analysisof a larger resulting Mark ov system. A
dedicatedmulti-grid method is usedto solwe the very large associ-
ated linear systems.The method s illustrated on a real industrial
clock-recovery circuit design.

1

High-speedcommunicationsystemshave extremely tight bit-
errorrate(BER) specifications For SONET/SDHapplications
it is not uncommonto have BER requirementsn the order of
10-14. Suchspecificationsare practically impossibleto ver-
ify throughstraightforvardsimulationbecausef theextremely
long sequencehat would needto be simulatedin orderto get
meaningfulerror statistics. In the absenceof an analysistool,
designersely on the experienceof previous designsjntuition,
andgoodluck. This ervironmentdiscouragesnovative solu-
tionsandnon-incrementahpplications.

On the other hand, the designprocessof communication
systemavould benefitsignificantlyfrom the existenceof areli-
abledesignperformancesvaluationcapability Sucha capabil-
ity would permitthe evaluationof anumberof alternatve algo-
rithms, architecturesgircuit techniqguesandtechnologiesn a

Intr oduction

shorttime andwithout the commitmenif expensveresources.

A situationthatillustratesthe needfor areliableevaluation
capabilityof the BER occurredin the designof a SONEFtype
applicationat a well-known micro-electronicscompary. The
specificationfor a multiplexer chip requireda BER of 10714,
The prototypeimplementation,basedon the modification of
an existing designdeliveredperformancethat was more than

an orderof magnitudebellow the specification.The designers
suspectedhat the main causefor the errorsis the interference
noisein the PLL-basedclock recovery circuit, inducedby the
restof the chip’s circuitry. A numberof circuit, technology
andpackagingemediesvereproposedbut the designersvere
frustratedby their inability to predicttheir effectiveness.

This paperintroducesa methodfor performancevaluation
of a digital clock-datarecovery circuit design. Clock-datare-
covery (CDR) circuitsimplementthe mostcritical functionthat
is performedat the recever of a synchronousiatacommuni-
cationsystem. Their functionis to determinenot only the fre-
queng at which theincomingsignalneedgo be sampled put
alsotheoptimalchoiceof thesamplingnstantwithin eachsym-
bolinterval.

Our analysismethodcomputeshe probability of error di-
rectly from thedesigndescriptionwithoutrelying onthe simu-
lation of long sequencesThe systemunderevaluationis de-
scribedas a finite-statemachine(FSM) with someof its in-
puts beingrandom. The randomvariablesdescribeincoming
data,noise,andjitter. Therandominputsaremodeledasfunc-
tionson the state-spacef Markov chains.lt is shovn thatun-
derthesecircumstanceshe entiresystemcanbe modeledby a
larger Markov chain. The quantitiesof interestfor our system,
suchasthe probability of a samplingerror, or the meantime
betweerfailuresdueto samplingerrorsarethusavailablefrom
standardMarkov chainanalysis.Theremainingchallengeis to
performcomputationsvith the extremelylargetransitionprob-
ability matricesassociatedavith Markov chainsthat caneasily
reachmillions of statefor moderately}complex systemsin this
work we employ a specializednulti-grid methodwhich takes
adwantageof theunderlyingproblemstructureandis capableof
solvingmillion stateproblemsn lessthananhouronabeefed-
up workstation.

2 Modeling and Performance Evaluation

Throughoutthe paper we will be usingthe CDR circuit [1, 2]
shavn in Figure 1 to illustrate the stochasticmodel and the
performancesvaluationtechniquesThe frameavork we present
hereis by no meangrestrictedto this particularcircuit, andthe
generalmodelwe describecanbe usedfor otherdiscrete-time
mixed-signaprocessingircuits.

The CDR circuit in Figure 1 consistsof two coupledfeed-
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Figurel: Clock anddatarecovery circuit

backloops. The first one (upperleft) is a traditional “ana-
log” chage-pumpphase-lockdloop (PLL) with a crystalref-

erenceanda voltage-controlledscillator(VCO) thatcangen-
eratemulti-phaseclocks (e.qg., a ring-oscillator). The second
loop (lower right) is digital, and hasthe purposeof selecting
“the best” of the clock phasegeneratedby thefirst loopin or-

derto retime/alignthe data. This phaseselectionis continually
updatedby the loop. The currently selectedphaseandthein-

comingdataare“compared’in the phasedetector(PD) which

producesa digital phaseerror signal. The digital outputof the

PD is further filtered to producethe actualdigital signal that
controlsthe phaseselectiormultiplexer.

For atiming recovery circuit, the BER specificatiorfor the
retimeddatahasto be metfor agivendatacharacteristicin the
presencef jitter. Moreover the phasedetectorcanproducea
phaseerrorsignalonly whenatransitionoccursin the datasig-
nal. The input datastreamis usually specifiedin termsof the
longestpossiblebit sequenceavith notransitionsanda maximal
drift in frequeng. Theinputdatajitter is specifiedby eye open-
ing, usually definedas uncorrelatediming jitter from a bit to
thenext. Sometimesorrelatedor cumulatie jitter, i.e., aran-
domwalk, may alsobe specified. Therearealsospecifications
ontherecoveredclockjitter.

In this paper we are going to concentrateon the digital
phaseselectionloop. The major jitter sourcein most CDR
applicationsis the incomingdata, but the internally generated
clock jitter dueto device noiseor interferencefrom other cir-
cuitscanalsobecomesignificant.Oncetheinternalclock jitter
hasbeencharacterizedisingtechniquesoveredelsavhere, it
caneasilybe capturedn our modelsandanalysis.

It is virtually impossibleto simulatethe BER for thewhole
clock recovery systemat once using detailed transistorlevel
modelsfor thewhole circuit. The sizeof the problem(in terms
of the variablesand the numberof differential equationsthat
describat) is simplytoo largeto handle now or in theforesee-
ablefuture. Moreover, we areconfrontedwith a mixeddigital-
analogcircuit with largetime constanfeedbackoops,i.e., stiff.
The only useof transientsimulationat the circuit level is for

connectvity verification,and simple functional verification of
the laid-out circuit. Obviously, sucha verificationis far from
ensuringhatthedesignmeetsthe BER specification.To tackle
the systemlevel problem,we have to developintelligentmod-
elsthatsimplify the problem,but at the sametime, capturethe
characteristicef the circuit thatis essentiafor its operation.

The componentsn the digital phaseselectionloop, such
asthe phasedetectorandthe digital filter, are highly nonlinear
circuits with switching behavior if viewed from a differential
equation(DE) perspectie. A DE modelnoiseanalysisbased
on linearization(time-invariantor time-varying)is neitheruse-
ful for, norapplicableo, this problem becaus¢henoiseor data
jitter istoolargefor thelinearizationto remainvalid. Moreover,
theinternaldevice noisesourcege.g.,thermalnoise)have little
significance. The loop componentare “almost” ideally func-
tioning digital circuits and hencecan be modeledas discrete-
time digital systems. On the other hand, jitter and the phase
errorbetweerthe selectedclock phaseanddataarecontinuous
variables.

The simplestmodelthat captureshe essentiabehaior of
the digital phaseselectionloop in Figure 1 canbe expressed
with thefollowing differenceequation

Olk+1] = D[k - Gsgr®[K +nfk) +nelkd (1)

where® is the phaseerror betweerthe incomingdataandthe
recoveredclock. The phasedetectoris simply modeledas a
memorylessionlinearfunction which produceghe signumof
its input at the output. n, andn, arerandomprocesseshat
modelthejitter of theincomingdata.ny, is a zero-mearwhite,
i.e.,uncorrelatedn time, noiseprocesghatis usuallyGaussian.
nyw Modelsthe eye openingof the dataandits characteristics
can be readily deducedfrom the systemspecifications.n, is
usuallya nonzeo meanwhite noiseprocessFrom(1) onecan
seethatif n, hasnonzeromeanthanthe phaseerrorwill have
a deterministicdrift in the absenceof the signumterm which
is responsibldor phasecorrections.Onecanalsoobsene that
therandompartof n, hasa cumulative effect on the phaseer
ror: If the signumterm andn,, wasnot presentin (1) thanthe
phaseerror would be a randomwalk with drift for a nonzero
meanwhite n,. Almost all jitter specificationson the incom-
ing datacanberepresentetbgetherby n,, andn; by assigning
appropriateamplitudedistributions(e.g.,Gaussiarwith certain
meanandvariance).For instancepnecaneven“mimic” deter
ministic sinusoidallyvaryingjitter by assigningthe amplitude
distribution of n, appropriately

The hardwareimplementatiorof the phasedetectorhasto
operateat thefull dataspeedhenceit needso beimplemented
by arelatively simplestatemachine. The sameis true for ary
digital filtering thatmightbe doneat the outputof thephasele-
tector Let usassumehatSk] is a vectorrepresentinghe state
of the finite statemachine(FSM) that implementsthe phase
detectorand the filter. We will now rewrite/revise (1) in the
following more generalform which will capturea realimple-
mentation

® [k+1] ®[K — f (DK + [k, SK) + e[k (2)
Sk+1] 9(P[K] + nw[K], SIK)) 3)

Above, the functions f and g specify the phase-detectéfilter
FSM: g givesthenext stateof thestatemachinggivenits present



stateamdpresennoisyphaseerrorvalue.Similarly, f produces
avalueindicatingthe phasecorrection. In the implementation
of Figurel, f takesthreepossiblevalues0, G, —G indicating
no correction,phasedelay or advancerespectiely. G is the
smallestphasancrementavailablefrom theinternalclock.

ThecombinedvectorX K] = (P[K], SK]) representthestate
variablesof the systemdescribedby the nonlinear difference
equationsn (2). Sincetherearenoisesourcesasinputsto the
system X[K] is bestcharacterizedsa stochastiqprocess.We
wouldliketo analyzethis stochastiprocessn orderto evaluate
thevarioussystemperformanceneasures.

Whenthe noisesourceqy, andn, arewhite, i.e., uncorre-
latedin time, X[K] is aMarkov processthatis, givenits current
state, its future is independenof its past. One way to ana-
lyze the systemin (2) is usingthe machineryof discrete-time
Markov chains,which requiresthat we discretizethe phaseer-

ror and alsothe noisesourcedo obtaina discretestate-space.

The granularityof the discretizationof the phaseerrorandthe
noisesourcess dictatedby the numberof clock phasesandthe
magnitudeof the noisesourcen,. Thediscretizationgrid needs
to befine enoughto accuratelycaptureghesmalljumpsin phase
errordueto n;.

A Markov chainM C is completelycharacterizedly its tran-
sition probability matrix (TPM) P = [pj;]

pij = Pr (X[k+ 1] = x| X[K] = ;) )

wherethe stateset{xs,--- ,x_} is the reachablestatespaceof
the MC, which is a subsebf the Cartesiamproductof the dis-
cretizedphasevalues{@i,--- , v} andthestateset{s;,--- ,sy}
of thephasealetector/filte=SM. Theentriesof P arecompletely
specifiedby the differenceequationsn (2) andthe probabilis-
tic characterizatioof the discretizechoisesourcesP is avery
large but highly structuredmatrix. The structureis inducedby
the phasedetector/filterFSM and the differenceequations. It
can be constructedusing hierarchicalKronecler algebra-lile
techniquesasa compositionof smallercomponentsepresent-
ing building blocks of the system. This representatiomakes
it possibleto manipulateandstoreP evenwhenthe total state
spaceis very large. Figure 2 shovs a more detailedcomposi-
tionalmodelof theclockrecovery systemof Figurel described
graphicallyin the above formalism. This representatioganbe
generalizedo networks of FSMswith stochastidnputsto de-
scribevarioushigh-speedommunicatiortircuits.

Now thatwe describedursystenin theM C formalism,we
cancomputevariousquantitiesthatcharacterize¢he stateof the
systemasa stochastiqrocess.For the clock recovery system,
whenever the phaseerror plus the datajitter, i.e., ®[k] + nw[K]
in (2), becomedarger/smalleithanhalf a clock cycle, the sys-
tem might potentially producebit errors. It would be highly
desirableto computethe probability of this event happening.
This probability canbe directly obtainedform the steady-state
probability distribution of reachablestateswhich is the most
basicanalysisfor M Cs. Thisinvolvescomputingthe eigervec-
tor correspondingo the eigervalue 1 of the stochastiamatrix
P [3]. Anothermeasuref performancdor CDR circuitsis the
averagetime betweercycle slips. This translatesnto the com-
putationof meantransitiontimesbetweencertainsetsof MC
stateswhich is anotherstandarccomputationin MC analysis.
It involvessolvinga linearsystemwith the (modified) TPM.
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Figure2: Model of clock anddatarecovery circuit

3 Numerical Methods

The TPM, P, of a MC is commonlycalled a stochastioma-
trix [3]: From its definition, we immediately deducethat it
hasnon-neative entries(they areall probabilities),andits row
sumsare equalto 1 (arow expressesll the possibilitiesin a
givenstate),.e.,

P[1,4,...,1" =[1,1,...,1"

It follows thatP has& = [1,1,...,1]" asa right-eigevector
correspondindo the eigervaluel. Let usdenotethe stationary
stateprobabilitieswith ny; = Pr (Zn] = 0i) astheentriesof the
1x L row vectorn = [np;]. n satisfieq3]

n=nP )

Being a probability distribution, the vectorn hasnonneyative
entriesandthe sumof its entriesis equalto 1, andit is a left-
eigervectorof P correspondindo the sameeigervaluel. The
computationof n is the mostbasicanalysisfor MCs. Thein-
formationin n alreadymakesit possibleto computesomeper
formancemeasurefor themodeledsystemasdiscussedh Sec-
tion 2. Moreover, computatiorof n is the prerequisitdor com-
putingotherperformancejuantitiessuchasthe autocorrelation
of afunction definedon the statesof the MC. Hence,we con-
centrateonmethoddor computingn, whichcanbeposeceither
asaneigervalueproblemthrough(5), or asthe solutionof the
following homaeneoudinearsystem

(PT=1n"=0 (6)

with the normalization

ng=1 (7)

A variety of standardterative techniquesanbe usedto solve
theseproblems.Thesetechniqueshowever, do not exploit the
propertienf MCs.

A family of iterative techniquesspecificto MC problems,
are aggregation/disagregationtype methodg4]. Thesetech-
niquesarisefrom andarerelatedto the lumpabilityanddecom-
posabilityconceptsn M Cs. Herewe discussonly lumpability.



Assumethatwe aregivenan N-stateM C. We partitiontheseN
statednto n disjoint setswith n < N, andform anew stochastic
processy definingnew statescorrespondingo then sets.The
value of the new stochastigprocessat time k is the new state
thatcorrespondso the setthatcontainsthe stateof the original
chainattime k. This procedurecould be usedto reducea MC
with a very large numberof statesto a processwith a smaller
numberof statescalledthelumpedprocessilt is oftenthecase
thatwe areonly interestedn thesecoarserstatesFor example,
in the modelof the clock recovery circuit, we areinterestedn
the phaseerror which is only a componenbf the statevector
Thereare multiple stateswhich correspondo the samephase
errorvalue. With theabove procedureye candefinea process
which is exactly equalto the phaseerror. However, the cru-
cial questionis, whetherthe nenly definedprocesss Markov
for anyinitial probability distribution for the statesof the orig-
inal MC. If so,we cantreatthe new processwith MC meth-
odsand hencereducethe size of the problem. Unfortunately
the answerto this questionin mostcasess no, otherwisethe
modelwe originally developedwasredundantandcould have
beensimplified. If we loosenthe conditionfor the newly de-
fined procesgo be Markov from anyto someinitial probability
distribution, andif suchaninitial distribution exists, the MC
is calledweaklylumpable In this case the computatiorof the
TPM for thereducedM C requireshoththe TPM of theoriginal
MC andtheinitial probabilitydistribution[3]. Thisis basically
thestartingpoint for aggreyation-disaggrgation techniquegor
M Cs thatareusedto acceleratehe corvergenceof basicitera-
tive methodssuchasJacobiandGauss-Seidedndpossiblythe
Krylov subspacenethods.For instanceet Jacobibe the iter-
ative method. After performinga numberof stepsof Jacobi,
thecurrentiteratefor the stationaryvectorandthe TPM for the
MC is usedto computea reducedstationaryvectorand a re-
ducedTPM for the weakly lumpedchain. Then,the reduced
iteratevectoris usedasthe initial guessto solve the weakly
lumpedchainexactly. Next, the solution of the lumpedprob-
lem togetherwith the initial guessis usedto producea cor-
rectionto the finer level iterate. Thesestepsare repeatedill
convergence4]. Thistechniquewasgeneralizedo morethan
two lumpinglevelsby HortonandLeutengger[5]. The multi-
level methodutilizesa setof recursvely lumpedversionsof the
original M C to achiese accelerateadornvergence.It canbein-
terpretecasanalgebraianulti-grid method.

The multi-level algorithm canachieve much betterperfor
manceif the specialstructurein the MC or the underlying
modelcomposedf finite-stateamachiness exploitedto develop
acoarseningor lumpingstrateyy. For themodelof theclockre-
covery circuit in Figure 2, we employed a coarseningstratayy
which lumpsthe two statescorrespondingo consecutie dis-
cretizedphaseerrorvalues. In this way, the lumpedproblems
resembldahe original problembut with coarsephaseerrordis-
cretization. However, the coarsenegroblemsdo not capture
all the behaior of the original model. For instance for some
of the problemsthe phaseerrorgrid is too coarseor the effect
of thesmallnoisen; in (2) to berepresentedccuratelyNever
thelessthecoarseproblemsetainenoughcharacteristicsf the
fine problemso asto help acceleratéhe corvergence. In our
currentimplementation the lumping and expandingstepsare
interleaved with simple Gauss-Jacoliterationsandthe coars-
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Figure3: Nonzerapatternfor the transitionprobability matrix

estproblemis solvedexactly with adirectmethod.For now, we
useexplicit sparsestorageor boththefine andthe coarseprob-
lems,which allows solving modelsof practicalclock recovery
circuits with ~ 10° states.For solving more complex models,
we arelooking into usinghierarchicalgeneralizedronecler

algebrd6, 7] and/omprobabilitydecisiondiagram/tree/grapf8]

representationgzigure3 shavsthenonzergoatternfor thetran-
sition probability matrix of the clock recovery circuit model,
whereonecanobsene the compositionaktructureof the prob-
lem.

4 Examples

We built a compositionalmodel of the clock recovery circuit
in Figurel. It consistsof four interactingFSMswith stochas-
tic inputs. The first FSM modelsthe datastatisticstaken from
SONETsystemspecificationsThe secondoneis the modelof
the phasedetectorandhaspresentdata, previous dataandthe
noise sourceny, (model of the eye opening)asits inputs. It
producesa three-waluedoutput: LAG, LEAD and NULL. Its
outputis theinput to anup-davn counterFSM thatmodelsthe
loop filter. The counterproducesan UP-DOWN signalwhenit
overflows, which is one of the two inputsto the FSM that has
the phaseerror asits state. The otherinput to the phaseerror
FSMis thenoisesourcen,.

All figuresshaw thestationaryprobabilitydensityfunctions
of the phaseerror ® andthe input to the phasedetector i.e,
® + ny. The line above the density plots shavs the counter
length,thestandardieviation of the stationaryzero-mearnwhite
Gaussiamoiseny,, the maximumvalueof the stationarywhite
noisen, (with anon-zeramean non-Gaussiadistribution with
probability density function chosento reflect SONET system
specifications)andthe BER computedby integratingthe tails
of the distribution computedusingM C analysis. The line be-
low the densityplots shaws the size of the statespacefor the
MC generatedrom the model, the numberof multi-grid cy-
clesrequiredfor corvergencethe CPUtime for generatinghe
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TPM for the MC andthe CPU time spentfor the stationary
distribution computation.In Figure4, in thetop plot, the noise
levels are so small that the CDR systemhasnegligible BER.

Whenthestandardieviation of thenoisesourcen,, thatmodels
theeye dataopeningis increased times,the BER increaseso

1.23x 107, asseenin thebottomplot in Figure4.

In Figure 5, we study the effect of the counteroverflon
lengthonthe BER performanceall noiselevelsbeingheldcon-
stant. We setit to 4, 8 and 16. We obsene thatthe bestBER
performances obtainedwhencounterlengthis setto 8, BER
performancds 1.5 timesworsewith counterlength 4, and5
timesworsewith counterdength16.

Whenthelengthis setto 4 theloop hashighbandwidth.The
systemtendsto follow the dominantnoisesource n, andasa
consequencdetectionerrorsoccur Whenthe lengthis setto
16, the effect of the noisesourcen, becomegpredominantthe
loop responséecomegoo slow to follow thedrift causedy n;
and,again,bit errorsoccut Thelength8 is agoodcompromise,
wherebothnoisesourcesontributeto theBER. Hence thereis
anoptimal counterlengthfor givenlevelsof noise,the compu-
tationof whichis enabledy theaccurateandefficient analysis
methoddescribedn the paper

5 Conclusions

This paper introduced a new, non-Monte-Carlo analysis
method,for the stochasticanalysisof data-clockrecovery cir-
cuitsessentiatomponentsf synchronouslatacommunication
systems. The analysisis basedon the modeling of the un-
derlying systemasa combinationof finite statemachinesand
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Figure5: Effectof counteengthon BER performance

Markov chains.Therelevantsystemperformanceneasuresre
derivedfrom computationghatinvolve the transitionprobabil-
ity matrix of alarge resultingMarkov chain. Throughthe use
of a specializedmulti-grid method,very large systemscanbe
solvedin reasonabl¢éime on a powerful workstation. The use-
fulnessof the analysiswasillustratedthrougha real industrial
design.
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