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ABSTRACT: Binary DecisionDiagramshavebeenwidely used
to solvethe BooleanSatisfiability(SAT) problem.Theindividual con-
straints can be representedusing BDDs and the conjunctionof all
constaints providesall satisfyingsolutions. Howerer, BDD-related
SAT tedhniquessufer from size explosion problems. This paper
presentstwo BDD-basedalgorithmsto solvethe SAT problemthat
attempto containthe growth of BDD-sizewhile identifyingsolutions
quidckly. Thefirstalgorithm,calledBSA, is a recussive badtracing
algorithmthat usesan exhaustiveseach to find a SAT solution. The
well knownunaterecusive paradigmis exploited to solvethe SAT
problem. The secondalgorithm, called INCOMPLETE-SEARCH-
USAT (abbreviatedIS-USA), incorporatesan incompleteseach to
find a solution. Thesearh is incompleténasmua asit is restricted
to only thoseregionsthat havea high likelihoodof containingthe so-
lution, discading therest. Usingour techniqueswve were ableto find
SAT solutionsnot only for all MCNC & ISCASbendmarks,but also
for a variety of industrystandad designs.

I. INTRODUCTION

The Boolean satisfiability problem (henceforthcalled SAT) be-
longsto the classof NP-completeproblems,with algorithmic solu-
tions having exponentialworst-casecompleity [1]. This problem
hasbeenwidely investigatedandcontinueso besobecausefficient
techniguexangreatlyimpactthe performancef satisfiabilitytools.
With respectto applicationsin VLSI-CAD, mostinstancesof SAT
formulationsstart from an abstractcircuit description,for which a
givencircuit property- typically, valuerequirementst primary out-
puts- needgo bevalidated.Theresultingformulationis thenmapped
onto an instanceof SAT, in mary casesusing Conjunctive Normal
Form (CNF) formulae. Classicalapproacheso SAT are basedon
variationsof the well known Davis and Puthamprocedurd?2]. Typ-
ical versionsof the above [3] [4] [5] [6] incorporatea chronological
backtrackbasedsearchhat,ateachnodein thesearchree,selectsan
assignmenand prunessubsequensearchby iterative applicationof
the unit clauseand pureliteral rules[7]. Recentapproache$g] [9],
incorporatdearningtechniquesndotherconflictanalysigprocedures
with non-chronologicabacktrackgo prunethesearctspaceln spite
of theseadvances CNF-SAT modelsandassociatea@lgorithmshave
several dravbackswhich promptedus to considerother resources,
namely Reducedrderedinary DecisionDiagramg ROBDDs)[10]
[11].

If multiple instance®f SAT needto besolved, mappingeachprob-
lem descriptiononto CNF-SAT canrepresent large percentagef
thetotal runningtime [5] [9]. This canbe a performancebottleneck
for otherapplicationsthat rely extensively on information provided
by SAT tools (e.g., ATPG[5] [6], equivalencechecking[12], func-
tional vector generationetc.). Moreover, the requirementthat the
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constraintsbein CNF form leadsto formulaewith too mary clauses
[13]. Thechoiceof ROBDDswasthusdictatednot only by theissue
of inter-operabilityof our SAT engineswith variousBDD-basedver-
ification/testingframawvorks, but also becauseof their compactness
andtheir easeof manipulation.

Let us briefly describethe SAT problemasit appearsn the con-
text of our work andanalyzethe limitations of previous BDD-based
solutions.Considerthecircuit shavn in Fig. 1. Givenasetof output
valuerequiementssay{u = 1,v = 1,w = 1}, how dowe find an
inputassignmenthatsatisfiegheserequirements?
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Fig. 1. An Examplecircuit.

Building the productof the outputfunctionrequirementsn terms
of the primaryinputsresultsin all satisfyingsolutions.Let f repre-
sentthe productof the outputs.So, f = u - v - w = ac + bc + ab.
It follows thatary of the cubesac, be, or ab provide the satisfying
assignmentsPrevious BDD-basedSAT approache$l14][13] model
theoverall constraintgi.e. conjunctionof u, v, w) usingamonolithic
BDD. Thus,if the productf is representetdy a monolithicROBDD,
selectingary cubeasa SAT solutionamountgo traversingary path
from theroot nodeto theterminalvertex 1 [13] [14][15]. While this
simpleformulationis appealingoecausét leveragegshe BDD manip-
ulation algorithms,it is often the casethat constructingand storing
the productBDD f for large problemsis not feasible. If the prod-
uct f is large enoughthatit cannotbe storedusinga BDD, how do
wefind a satisfyingassignmentvithout attemptingto constructsud
a prohibitively large productBDD? Solutionsto this problemarethe
subjectof this paper

Using the techniquesof [14] [13] [15] (termedBDD-SAT in this
paper),we carriedout a few experimentsby constructinga BDD for
the productof all outputfunctionsfor the benchmarkcircuits. Our
obsenrationswere asfollows: Sucha straightforvard approachper
formswell for a wide rangeof mediumsizedcircuits. However, for
large circuitsthe conjunctionoperationis eithertoo slow or it results
in a prohibitiviey large BDD that cannotbe storedin memory Fur-
thermorewhile theendproductBDD is generallyquitesmall,thesize
of the intermediateproductscanbe prohibitively large. This means
thattheintermediatgproductscontainvastregionsof emptysolution
space.

This issueof BDD-size explosionsof intermediatecomputations
hasbeenobsered beforeand someremedieshave beenproposed:
functionally dependentvariables[16], implicitly conjoined BDDs



[17], partitionedROBDDs [18], amongothers. While thesetech-
niqueg17][16][18] canbeusedto avoid BDD-sizeblow-upsby using
someform of intermediataepresentationghe SAT solutionsareul-

timately requiredin termsof the primary input variables.Resolving
theseintermediatg(dependentyariablesin termsof the primary in-

put (independentyariablesagainleadsto BDD-sizeexplosionprob-

lems. Thus,in orderto prevent BDD-size explosion of intermediate
computationsit becomesmportantto discardtheseregionsof empty
solution spacefrom further consideration. This issuemotivatesthe

techniquegpresentedh this paper

We presenta comprehense infrastructureto efficiently solve the
Booleansatisfiability problemusing BDDs. In particular two effi-
cientsearchalgorithmsarepresentedThealgorithmsexploit charac-
teristicsof unatefunctionsin orderto intelligently discardregionsof
thesearchspacdrom furtherexploration,thusarrestinghegrowth of
BDD size. The first algorithm presentedn this paper called BSAT,
is a recursve, backtrackingalgorithmto find a SAT solution. The
well knowvn unaterecusive paradigm[19] [20] is exploitedto solve
the SAT problem. We recursvely apply orthonormalexpansionon
highly binatefunctionsthat may eventuallyleadto cofactorsthatare
unate.Searchfor SAT solutionson the resultingunatecofactorscan
be efficiently performed. While experimentsover a wide rangeof
benchmarksevealthatBSAT successfullarrestghegronth of BDD
size,becaus®f the(semi-)exhaustve natureof searchit sufersfrom
higher computationtimes. The secondalgorithm presentedn this
papercalledINCOMPLETE-SEARCH-USA, attemptgo overcome
this deficieng.

INCOMPLETE-SEARCH-USA (abbreviatedas|S-USAT in the
sequel)s aniterative, non-backtrackingearchalgorithmto solve the
SAT problem. The searchis incompleteinasmuchasit is restricted
to thoseregionsthat have a high likelihood of containinga solution,
while discardingthe rest. Storinga restrictedsearchspacein BDDs
avoids BDD-sizeexplosionproblemsandfurtherreduceghetime of
search. However, sinceonly a part of the searchspaceis explored,
feasibleSAT solutionsthatmayexist only in unexploredregionscan-
not be found by this technique.We presenta heuristic(basedon the
unatenespropertiesof functions)that attemptsto explore thosere-
gionsof searchspacewherethereis a high chanceof finding a solu-
tion. While this techniquecannotberelied uponto prove unsatisfia-
bility in unequvocalterms,we demonstratavith experimentsthatit
is ableto computefeasibleSAT solutionsquickly for alarge number
of SAT instancesUsingtheabore SAT engineswe wereableto find
SAT solutionsnot only for all ISCAS’85andMCNC benchmarlcir-
cuits,but alsofor avariety of industrystandardiesignbtainedrom
[21].

Il. PRELIMINARIES

A binary variable is a symbolrepresenting singlecoordinateof
theBooleanspaceA literal is avariableor its negation(e.g. a or a).
A cubeis aproductof literalsandit denotespoint, or asetof points,
in the Booleanspace. A Booleanfunction is a mappingbetween
Booleanspaces : B" — B. Let f(z1,...,z,) beaBooleanfunc-
tion of n variables.Theset{z1, z2, ..., z, } is calledthesupport of
the function f. Thecofactor of f(z1,...,;,...,z,) with respect
to variablez; (the positive cofactor)is f., = f(z1,...,1,...,2Zx).
Thecofactorof f with respecto variablez; (thenegative cofactor)is
fz; = f(x1,...,0,...,20).

The Boole’s expansionof a function over a variable (also called
Shannors expansion)s givenasfollows[22] [23]: Let f : B® — B.
Then,f(z1,2z2,...,%i, ..., Tn) = Ti - fo, + Ti - sz

Let f and g be two functions with supportvariables{z;,7 =

1,2,...,n}. Let ® bean arbitrary binary operator representinga
Booleanfunction of two arguments. The orthonormalexpansionof
f © g with respectto z; is givenas[24] [23]: f © g = zi(fz; ©
9z;) +Ti(fz, ©9z,), Vi =1,2,...,n Afunctioncanberepresented
asa sumof productsof n literals, calledthe minterms of the func-
tion. Operationson Booleanfunctionsover the samedomaincanbe
viewed asoperationon the setof their minterms.In particular sum
andproductof two functionsaretheunion (U) andintersectior(N) of
their mintermsets,respectiely. Implication betweentwo functions
correspondso the containmen{C) of their mintermsets.

A function f(z1,...,%s,...,Z,) IS positive (negative) unate in
variable z; if fz; O fz, (fz; 2 fz;). Otherwiseit is binate in
thatvariable. A functionis unateif it is (positive/neyative) unatein
all variablesin its support. Otherwiseit is binate. Let f andg be
two functionsand z be a variablecommonto their support. Then,
we define f and g to be consistently unate in variable z if both
functionsareeitherpositive unatein x or negative unatein zx.

Let f beafunctionpositive unatein variablez. Then,by applica-
tion of Boole’s expansiorandthe unatenespropertyit canbe shavn
[24] thatf = x - f» + fz. Similarly, if f is negative unatein x, then
f=f+z fz

From the above, the following obserationstrivially follow. If a
function f is positive unatein z, thenif a SAT solution exists for
f =1, it canalwaysbefoundwith theassignment = 1. Also, since
fz D fz, all SAT solutionsin fz arecontainedin f,. Thus,if there
doesnot exist a solutionin f,, therecannotexist a solutionin fz.
Hence,a searchfor a SAT solutionin f canberestrictedto a search
inz - fy. Similarly, if f is negative unatein z, the searchfor a SAT
solutioncanberestrictedo = - fz. Theseobserationsform thebasis
of the satisfiabilitysolutionsproposedn thefollowing sections.

I11. UNATE FUNCTIONS AND SATISFIABILITY

In this section,we demonstratdion we canutilize the properties
of unatefunctionsin orderto solve the SAT problemefficiently using
BDDs. Considerthefollowing problem:

Probleml: Let therebe two functions f andg suchthatboth are
consistentlyunate(say positive unate)in variablez in their support.
We are requiredto solve aninstanceof the SAT problemgiven the
requirementgf = 1) AND (g = 1). Furthermoreassumehatthe
BDDsfor eachf andg canbe built within computermemorylimita-
tions,while theBDD for their product(f - g) cannotbe built because
of its prohibitively large BDD size. How do we find a satisfyingas-
signmento theinput variableswithout usinga backtrackingsearch?

Solution:Let usexpand f andg with respecto the variablez, so
thatf = = - fo + fz andg = = - g, + gz. Fromthe orthonormal
expansionandthe factthat f and g are positve unatein z, we get
f-9==z- fz-g= + fz- gz Thecofactorsof afunctionarenogreater
in size(in termsof thenumberf cubesthanthefunctionitself. Thus,
boththe products(f, - g.) and(fz - gz) arenogreateiin sizethanthe
productof f andg. Thus,in orderto searchor asolutionin f - g (a
prohibitively large BDD), we cansearchfor solutionsin the product
of their cofactors(f, - g.) and (fz - gz), the BDDs for which are
smallerin sizeandcanpossiblybe built. However, it is unnecessary
to searchfor a SAT solutionin the product fz - gz, asstatedin the
following Lemma.

Lemmal: Let functionsf andg be positive unatein variablez.
In orderto searchfor a satisfiabilitysolutionfor f - g, it is suficient
to searchfor the solutionin the productz - f, - g.. If f andg are
negative unatein z, thenit is sufficient to searchfor a SAT solution
inT- fz- gz

Proof: Theproofis trivial. |



The abore approactcanbe generalizedo an arbitrarynumberof
functionsf!, f2,..., f*, all consistentlyunatein variablez. Search
for a SAT solutionfor (f* - 2 - ... - f™) canthenbe restrictedto a
searchinz-fi-f2 ... f™ (orz- f2-.. .- f2, dependingntheunateness
polarity of z). In casethe size of the cofactorsis still prohibitively
large, we canexpandthesecofactorswith respecto anothewariable
over which all functionsare consistentlyunate.Suchaniterative co-
factoringwill eventuallyleadto functionsof relatively smallersize,
the productof which canbe possiblybuilt. Notice that“backtracks”
areeliminatedfrom thesearch Thetechniquentelligently pruneshe
searchspaceby discardingthoseregionsfrom furtherexplorationfor
which the searchis deemedunnecessaryThe abore techniquecan
beprogrammedisa subrouting SUBROUTINE-USAT) aspresented
below.

SUBROUTINE-USAT( f_list)
f_list = list of outputfunctionrequirements;
solution=1; /* Initialize the product(solution)*/
while TRUE do
getthevariablez over which all functionsareconsistentlyunateandits unatenes:
polarity;
/* Polarityis implicit. if +ve polarity, z = a. elsex = @. */
if nomoreconsistentlyunatevariablesfound then
break;
end if
for eachfunction f in f_list do
f=fa;
end for
solution = solution AND z;
end while
/* not-so-mammotiproductof cofactors*/
for eachfunction f in f_list do
solution = f AND solution;
end for
SAT assignment anycubein theBDD representing solution”

Clearly, the above approachis ratherlimited in scopeto find SAT
solutionsby itself. It is too naive to believe thatenoughvariablescan
befound over which all functionsare consistentlyunate.In practice,
awide mix of unateandbinatefunctionsis found. We needto device
amethodthatcanhandlea diversemix of unateandbinatefunctions.
In the next section,we presentanalgorithmthat usesthe subroutine
USAT extensvely to solve the SAT problemefficiently.

IV. SAT SOLUTIONSUSING THE UNATE RECURSIVE PARADIGM

Therecursve approacho handlinglogic functionshasbeenknown
for quite sometime andits potentialdemonstratedver awide variety
of applicationsn logic synthesig19] [20], suchastautologycheck-
ing, containmentcheck,complementationetc. Recursve paradigm
appliestheorthonormakxpansion:f - g = = - (fz - 9=) + T(fz - gz),
where f andg aretwo Booleanfunctionsandz is a variablein their
support.The meaningof this expansionis thatoperationon f andg
canbedoneonavariable-by-ariablebasis memging theresultsof the
operationappliedto their cofactorswith respecto a choservariable.
While mary logic functionsare not unate, the recursve expansion
may leadto cofactorsthat are unate,and whoseprocessings very
efficient (asdemonstratedh sectionlll). In this section,we present
arecursve backtrackingalgorithmto solwve the satisfiabilityproblem
usingtherecursve paradigm.

Problem2: Supposewe needto solve an instanceof the satis-
fiability problem, given certainvalue requirementgor n functions
fL, f2,..., f*. Assumethat their productcannotbe built because
of BDD sizelimitations. Assume,further, that thesefunctionsare

highly binatesothatwe cannotefficiently applythe subroutindJSAT
presentedh theprevioussection.How dowe solvethe SAT problem?

Solution: In orderto generatesmallerfunctionsso asto be able
to build their product,let us expandall thesefunctionsw.r.t. some
variable. The choiceof splitting variableis important. Braytonet al.
in [19] proposecdh heuristicthatconsistsof selectingbinatevariables
thataremostlikely to createunatesub-problemsWe follow a similar
approach.For eachinput variablez, we evaluatehow mary output
functionsare binatein . We selectthat variable over which most
functionsare binate. We definethis variableasthe most active bi-
nate variable. After expandingall the functions f!, ..., f* overz,
we searchfor the solutionin the positive cofactors. If the solution
is not found, we backtrackand searchfor the solutionin the nega-
tive cofactors.Theabove processs appliedrecursvely until no more
binatevariablesarefound or the (userdefined)recursiondepthlimit
hasbeenreached At the endof therecursiontree,if no morebinate
variablesare found, it meansthat all resultingfunctions(cofactors)
areunate,andwe cannow usesubroutindJSAT to efficiently search
for the SAT solution. If notall resultingcofactorsareunate the sub-
routine attemptsto build the productof all functions. This product
canpossiblybebuilt, now thatthe BDDs representinghesecofactors
are significantly smallerthan the original functions. This approach
wasprogrammedasan algorithmcalledBSAT (splitting over Binate
variables)whichis describedn Algorithm 1. Usingthisapproachwe
wereableto obtainSAT solutionsfor all benchmarlexamplegshavn
in Tablel), includingthosefor the 16x 16 multiplier.

flist= f1, f2,..
BSAT(f_list)
z = next mostactively binatevariable;
if nomorebinatevariablesOR maxrecurdepththen
[* terminalcase*/
result= SUBROUTINE-USAT(f_list );
returnresult;

ST

endif

cofflist=f2, f2, ..., f™
result= BSAT( cof_f_list );
result=resultAND z ;

if solutionfoundthen returnresult;
cofflist=f1, f2,..., f2;
result= BSAT( cof_f_list);
result=resultAND T ;
returnresult;

Algorithm 1:
paradigm.

The experimentsverecarriedout over a wide rangeof benchmark
circuits and are reportedin Table | underthe BSAT column. The
performanceof BSAT is comparedwith that of GRASP[8]andthe
basicBDD-SAT approact14] [13]. The datafor feasibleandinfea-
sible instancess reportedin separatecolumns(as“Sol.” and“No
Sol”, respectrely). The column“Max. BDD nodes”corresponds
to the maximumBDD-size (in termsof BDD nodes)obsered over
all intermediateproductsfor all probleminstances.Becauseof the
data/netlisincompatibility problemswe have beenunableto experi-
mentwith GRASPon the benchmarkseceved from [21], andwith
DIMA CSbenchmarksisingBDDs.

SAT solutionsfor the 16x 16 multiplier needfurtherexplanation.It
is well knowvn thatBDDs for the 16x 16 (andhigher)multiplierscan-
not be built in termsof primary input variables. We usepartitioned
ROBDDs [18] with intermediatevariablesto representhe Boolean
functionsfor the primary outputs. Only the primary input variables
are usedto carry out the recursve expansion. At the bottom of the

BSAT: Satisfiability using the unate recursve



TABLE |
COMPARISON OF PERFORMANCE OF VARIOUS SAT ENGINES. CPU TIMES AVERAGED OVER 20 DIFFERENT INSTANCES OF SAT PROBLEMS.

GRASP BDD-SAT: BDD Product BSAT IS-USAT

CPU(s) CPU(s) Max BDD size CPU(s) Max BDD size CPU(s) | Max BDD size
Benchmark | #P1 | #PO Sol No sol Sol | NoSol Sol No Sol Sol No Sol Sol No Sol Sol No Sol Sol No Sol
C1355 41 35 2 9 6 4 6,786 3,718 233 317 4,851 559 6.5 9 6,740 1,047
C7552 207 108 3 17 40 6.5 415K 16K 24 44 40K 33K 31 4.5 214K 139K
C5315 178 | 123 2 2 435 133 1,920K 840K 62 840 60K 44K 31 18 21K 18K
11x 11mult 22 22 185 44 12 6.5 35K 2K 15 133 379 17K 8.9 4 34K 25K
13x13mul 26 26 813 319 102 16 423K 52K 137 520 2K 40K 109 49 401K 47K
32-dpath 73 32 483 - 106 - 315K 15 - 67K - 12.2 - 18K -
pair 173 137 1.8 1 136 382K 23K 410 761 112K 14K 46 5 92K 1K
des 256 | 245 | abort | abort - nomem | nomem 967 1839 18K 69K 109 48 624K 148K
16x 16mul 32 32 2920 417 - nomem | nomem 6216 11320 | 331K 761K - - nomem | nomem
Cubic[8] 28 2 - - 1 - 1.2K 4 - 533 - 2 - 429 -
Square[10] | 30 2 - - 3 - 1.3K 3 - 392 - 4 - 670 -
Square[16] | 48 2 - - - - nomem | nomem || 1102 - 894K - 183 - 1,478K -

recursiortree,we substituteheintermediatesariablesn thesecofac-
torsto obtainBDDs in termsof the primary inputsandtheninvoke
SUBROUTINE-USAT. If the size of the resulting cofactorsis still
relatively large, the substitutionof intermediatevariablescanbe pro-
hibitive in both spaceandtime. In orderto simplify the problem,we
performa disjunctive decompositiorof thesecofactorsinto smaller
BDDs (f = f1 + f2) accordingto [25], andthensubstitutetheinter-
mediatevariables.Sincethesedecompose@®DDs aremuchsmaller
the substitutionprocesss quite fast,asverified by experimentation.
The authorswish to point out thatthe algorithmBSAT is not partic-
ularly targetedfor solving SAT problemsfor multipliers. Thereexist
moreefficienttechnique$12] [26] thataregearedspecificallytoward
solvingthe SAT problemfor multipliers. While BSAT is ableto suc-
cessfullycomputeSAT solutionsfor all benchmarksit spendsa lot
of time backtrackingfor solutionsthat are eitherhardto find or do
notexist atall. In thefollowing section,we presentinalgorithmthat
attemptdo overcomethis deficieng.
V. AN INCOMPLETE SEARCH FOR SAT SOLUTIONS

Analysisof theresultspresenteth Tablel revealsthatBDD-SAT is
effective in detectingnfeasibility of SAT instanceslf asolutiondoes
notexist, theproductof all theconstraintequalszero,andBDD-SAT
terminatesquickly for almostall benchmarks.BSAT, being an ex-
haustve searchspendsa lot of time andeffort backtrackinghrough-
out the searchspaceto prove infeasibility. On the otherhand,when
SAT solutionsdo exist, BDD-SAT suffers from BDD size explosion
problemdor largedesignswhereaBSAT arrestghegronth of BDD
sizeandis ableto computethe SAT solution. It would be desirable
to developatechniquehathastheadwantage®f bothBDD-SAT and
BSAT, while overcomingtheirrespectie limitations. We now present
asearchechniquecalledINCOMPLETE-SEARCH-USA (abbrevi-
atedIS-USAT), thatattemptdo leveragethe advantageof theabove
techniques.

Insteadof searchingfor SAT solutionsover the completesearch
space,IS-USAT exploresonly thoseregions that have a high like-
lihood of containinga solution, discardingthe rest. Hence,an in-
completesearch. Storing a restrictedsearchspacein BDDs avoids
BDD-sizeexplosionproblemsandfurtherreduceshetime to search
for a solution. However, for someSAT instancesa feasiblesolution
may exist only in the regionsdiscardedrom exploration. IS-USAT
would then erroneouslyclassify this instanceas infeasible. This is
a penaltythat we may have to pay by exploring only a part of the
searchspace.For certainapplications suchas ATPG and automatic
functional vector generation sacrificinga few feasiblesolutionsin
lieu of fastcomputationof easysolutionsmay be an acceptablde-

haviour. However, this emphasizeshe needfor anintelligent tech-
nigueto guidethe searchso that searchspacecontainingsignificant
numberof solutionsis not discardedIn whatfollows, we presentan

intelligent heuristicthat identifiesregionsto searchthat have a high

likelihoodof containinga solution. The heuristicexploits properties
of unatefunctions(namely unatecontainment}o guidethe search.
We describethe intuition behindthis approachand demonstratets

effectiveneswia experimentsover awide rangeof benchmarks.

Problem3: Let f andg betwo functionssuchthat f is unate(say
positive unate)in z andg is binatein z. Assumethatthe productof
f andg cannotbe built becaus¢he BDD sizeof the productexceeds
the memorylimits. How do we find a satisfyingassignmento the
inputswithout usinga backtrackingsearch?

Solution: Let us just expandthe unatefunction f over variablex
andleave g intact. Thenf = z - f» + fz. Theproductf - g =
(- fotfz) 9=z fo-g+fz-9.ASfa D fz, fo-92 fz-g,the
cubegqSAT solutions)containedn f5 - g arealsocontainedn f - g.
This may suggesthat the regions correspondingo f5 - g could be
discardedClearly, if f, - ¢ = 0, thenbecausef, - ¢ 2 fz-9,. fz- ¢
is alsoequalto O (dueto unatenes®f f) andthe solutiondoesnot
exist. Thisunderlinegheintuition behinddiscardingheregion fz - g
from further exploration. However, the binatenes®f g cancreate
problems Becauseheliteral z maybepresentn g, theproductz - g
may be equalto 0. In sucha case,we have to searchfor the SAT
solutionin fz - g anddiscardz - f, - g. If - g # 0, thenwe search
for thesolutionin z - f, - g. Thedecisionto guidethe searchcannow
bemadew.r.t. theproductz - g.

Now considerthe following case:xz - g # 0, fz - g # 0, but
z - fo - g = 0. Thesolutionmaybe containedn fz - g, but accord-
ing to our decisionprocessthis region is discarded.Our technique
would thenincorrectly suggesinfeasibility. However, experimental
evidencesuggestshatsuchcasesrerelatively infrequent.

The above processcan be generalizedo an arbitrary numberof
functionsf! - ... - f™. First, we identify all thosefunctionsthatare
consistentlyunatein variablez (i.e. all thosefunctionsthatareeither
positive unateor negative unatein z). The remainingfunctionsare
separate@ndtheir productyg is built. If all functionsareconsistently
unatein z, Lemmal applies.Otherwiseadecisionis madeaccording
to the productz - g (or T - g dependinguponthe unatenesgolarity
of z) to guide the searchfor a solution. Theseconceptsform the
basisof the algorithm (IS-USAT) presentedn Algorithm 2. Central
tothealgorithmis aheuristictechniqueo identify thevariablez, over
which theunatefunctionsareto be expandedFor eachinputvariable
z, we evaluatehow mary outputfunctionsare positive and negative




unatein z. Thevariableover which mostfunctionsareconsistently
unatejs selectedasthe candidateover which the expansionis carried
out. We definethis variableasthe most active unate variable. For
all thosefunctionsthatarenot unatein variablex w.r.t. its unateness
polarity, we build their product. Dependinguponthe polarity of the
mostactive unatevariablez, theexpansionf = x - f, + fz or f =
fz+z- fzis performedor all consistentlyunatefunctions.A decision
is madeaccordingo the outcomeof theproductz - g (orz - g), andthe
searchis guided. The abore processs carriedout in eachiteration,
until no more active unatevariablesare found, or the (userdefined)
iterationlimit hasbeenreached.

f_list = list of outputfunctionrequirements;
g =1;/* Initialize thebinateproduct*/
while TRUE do
getthemostactively unatevariablez andits unatenespolarity;
/* Polarityis implicit. if +ve polarity, z = a. elsex = @. */
if nomoreunatevariablesfound then
break;
end if
for eachfunction f in f_list do
[* separatéunctionsunateandnon-unaten z */
if fisnotunatein z w.r.t. unatenespolarity then
g = f AND g; /* build the binateproduct*/
remove f from f_list;
end if
end for
/* now f_list only hasfunctionsconsistentlyunatein z */
if £ AND g == 0 then
for eachfunction f in f_list do
f=r=
end for
else
for eachfunction f in f_list do
= fai
end for
g =9 AND z;
end if
end while
/* not-so-mammotiproductof cofactors& binatefunctions*/
for eachfunction f in f_list do
g=fANDg;
end for
SAT assignment anycubein g

Algorithm 2: INCOMPLETE-SEARCH-USA: Incomp.search.

Experimentaldatacorrespondingo IS-USAT is presentedn Ta-
blel. As before,the CPUtimesfor feasibleSAT solutionsareaver-
agedover 20 differentinstances.Otherthanthe 16 x 16 multiplier,
we wereableto find SAT solutionsfor all benchmarks.The results
depictthat“Max. BDD nodes”obsered over all intermediatecom-
putationsis well within manageabléimits. 1S-USAT ratesbetterin
CPUtime performancehanbothBDD-SAT andBSAT. Mostimpor-
tantof all, IS-USAT incorrectlyreportednfeasiblesolutionsfor only
three (actually feasible) SAT instancespne eachcorrespondingo
benchmarksles pair andC5315 In all otherSAT instancesfeasible
solutionswerefoundquickly. While this may notreflecttheaccurag
of thesearcheuristican IS-USAT, it is quiteencouragindo obsere
thatthe lossof informationby discardingregions of searchspaceis

notsignificant.
VI. CONCLUSIONSAND FUTURE WORK

This paper has presentedtwo efficient algorithmsto solve the
Booleansatisfiability problemusing ROBDDs. The first algorithm
demonstrateghe application of the well known unate recuisive
paradigm to Booleansatisfiability Using our approach,we were
ableto obtain SAT solutionsnot only for all benchmarksn the IS-

CAS’85 and MCNC benchmarksuite, but alsofor otherlarge prac-
tical designs.We arein the processof incorporatinglearningtech-
niquesin our recursve algorithmBSAT. Withoutlearningtechniques,
BSAT spendsa lot of time backtrackingfor solutionsthat are either
hardto find or do not exist. We believe that learning techniques
incorporatedwith a non-chronologicabacktrackingstrategyy would
speedup the searchprocessin BSAT manifold. The secondalgo-
rithm, INCOMPLETE-SEARCH-USA, presentedn the paperalso
exploits characteristicsf unatefunctionsto searctor SAT solutions.
Thesearchs incompletéanasmuchasonly thoseregionsof thesearch
spaceareexploredthathave ahighlikelihoodof containingasolution.
While this techniquecannotberelieduponto prove unsatisfiabilityin
unequvocalterms,it is ableto computeSAT solutionsquickly for a
large percentagef SAT instances.The experimentalresultsclearly
demonstraté¢he memoryefficieng of the proposedalgorithms.
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