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ABSTRACT: Binary DecisionDiagramshavebeenwidely used
to solvetheBooleanSatisfiability(SAT) problem.Theindividualcon-
straints can be representedusing BDDs and the conjunctionof all
constraints providesall satisfyingsolutions. However, BDD-related
SAT techniquessuffer from size explosion problems. This paper
presentstwo BDD-basedalgorithmsto solvethe SAT problemthat
attemptto containthegrowthof BDD-sizewhile identifyingsolutions
quickly. Thefirst algorithm,calledBSAT, is a recursive, backtracking
algorithmthat usesan exhaustivesearch to find a SAT solution. The
well knownunaterecursive paradigm is exploited to solvethe SAT
problem. The secondalgorithm, called INCOMPLETE-SEARCH-
USAT (abbreviatedIS-USAT), incorporatesan incompletesearch to
find a solution. Thesearch is incompleteinasmuch as it is restricted
to only thoseregionsthathavea high likelihoodof containingtheso-
lution, discarding therest.Usingour techniqueswewere ableto find
SAT solutionsnot only for all MCNC& ISCASbenchmarks,but also
for a varietyof industrystandard designs.

I . INTRODUCTION

The Booleansatisfiability problem (henceforthcalled SAT) be-
longsto the classof NP-completeproblems,with algorithmicsolu-
tions having exponentialworst-casecomplexity [1]. This problem
hasbeenwidely investigated,andcontinuesto besobecauseefficient
techniquescangreatlyimpacttheperformanceof satisfiabilitytools.
With respectto applicationsin VLSI-CAD, most instancesof SAT
formulationsstart from an abstractcircuit description,for which a
givencircuit property- typically, valuerequirementsat primaryout-
puts- needsto bevalidated.Theresultingformulationis thenmapped
onto an instanceof SAT, in many casesusingConjunctive Normal
Form (CNF) formulae. Classicalapproachesto SAT are basedon
variationsof thewell known Davis andPutnamprocedure[2]. Typ-
ical versionsof theabove [3] [4] [5] [6] incorporatea chronological
backtrackbasedsearchthat,ateachnodein thesearchtree,selectsan
assignmentandprunessubsequentsearchby iterative applicationof
theunit clauseandpureliteral rules[7]. Recentapproaches[8] [9],
incorporatelearningtechniquesandotherconflictanalysisprocedures
with non-chronologicalbacktracksto prunethesearchspace.In spite
of theseadvances,CNF-SAT modelsandassociatedalgorithmshave
several drawbackswhich promptedus to considerother resources,
namely, ReducedOrderedBinaryDecisionDiagrams(ROBDDs)[10]
[11].

If multiple instancesof SAT needto besolved,mappingeachprob-
lem descriptiononto CNF-SAT canrepresenta large percentageof
the total runningtime [5] [9]. This canbea performancebottleneck
for otherapplicationsthat rely extensively on informationprovided
by SAT tools (e.g., ATPG [5] [6], equivalencechecking[12], func-
tional vector generation,etc.). Moreover, the requirementthat the
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constraintsbein CNF form leadsto formulaewith too many clauses
[13]. Thechoiceof ROBDDswasthusdictatednot only by theissue
of inter-operabilityof our SAT engineswith variousBDD-basedver-
ification/testingframeworks, but also becauseof their compactness
andtheir easeof manipulation.

Let us briefly describethe SAT problemasit appearsin the con-
text of our work andanalyzethe limitationsof previous BDD-based
solutions.Considerthecircuit shown in Fig. 1. Givena setof output
valuerequirements, say �����
	���
��
	������
	�� , how do we find an
inputassignmentthatsatisfiestheserequirements?
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Fig. 1. An Examplecircuit.

Building theproductof theoutputfunction requirementsin terms
of theprimary inputsresultsin all satisfyingsolutions.Let � repre-
senttheproductof theoutputs.So, ��������
������������! "���!�  .
It follows that any of the cubes�#� ,  $� , or �  provide the satisfying
assignments.Previous BDD-basedSAT approaches[14][13] model
theoverall constraints(i.e. conjunctionof �%��
&��� ) usingamonolithic
BDD. Thus,if theproduct � is representedby a monolithicROBDD,
selectingany cubeasa SAT solutionamountsto traversingany path
from theroot nodeto theterminalvertex 1 [13] [14][15]. While this
simpleformulationis appealingbecauseit leveragestheBDD manip-
ulation algorithms,it is often the casethat constructingandstoring
the productBDD � for large problemsis not feasible. If the prod-
uct � is large enoughthat it cannotbe storedusinga BDD, how do
wefind a satisfyingassignmentwithoutattemptingto constructsuch
a prohibitively large productBDD? Solutionsto this problemarethe
subjectof this paper.

Using the techniquesof [14] [13] [15] (termedBDD-SAT in this
paper),we carriedout a few experimentsby constructinga BDD for
the productof all output functionsfor the benchmarkcircuits. Our
observationswereasfollows: Sucha straightforward approachper-
formswell for a wide rangeof mediumsizedcircuits. However, for
largecircuitstheconjunctionoperationis eithertoo slow or it results
in a prohibitivley largeBDD that cannotbe storedin memory. Fur-
thermore,while theendproductBDD is generallyquitesmall,thesize
of the intermediateproductscanbe prohibitively large. This means
thatthe intermediateproductscontainvastregionsof emptysolution
space.

This issueof BDD-size explosionsof intermediatecomputations
hasbeenobserved beforeand someremedieshave beenproposed:
functionally dependentvariables[16], implicitly conjoinedBDDs



[17], partitionedROBDDs [18], amongothers. While thesetech-
niques[17][16][18] canbeusedto avoid BDD-sizeblow-upsby using
someform of intermediaterepresentations,theSAT solutionsareul-
timately requiredin termsof theprimary input variables.Resolving
theseintermediate(dependent)variablesin termsof the primary in-
put (independent)variablesagainleadsto BDD-sizeexplosionprob-
lems. Thus,in orderto prevent BDD-sizeexplosionof intermediate
computations,it becomesimportantto discardtheseregionsof empty
solutionspacefrom further consideration.This issuemotivatesthe
techniquespresentedin thispaper.

We presenta comprehensive infrastructureto efficiently solve the
BooleansatisfiabilityproblemusingBDDs. In particular, two effi-
cientsearchalgorithmsarepresented.Thealgorithmsexploit charac-
teristicsof unatefunctionsin orderto intelligently discardregionsof
thesearchspacefrom furtherexploration,thusarrestingthegrowth of
BDD size. Thefirst algorithmpresentedin this paper, calledBSAT,
is a recursive, backtrackingalgorithm to find a SAT solution. The
well known unaterecursiveparadigm[19] [20] is exploitedto solve
the SAT problem. We recursively apply orthonormalexpansionon
highly binatefunctionsthatmayeventuallyleadto cofactorsthatare
unate.Searchfor SAT solutionson theresultingunatecofactorscan
be efficiently performed. While experimentsover a wide rangeof
benchmarksrevealthatBSAT successfullyarreststhegrowth of BDD
size,becauseof the(semi-)exhaustivenatureof search,it suffersfrom
higher computationtimes. The secondalgorithm presentedin this
paper, calledINCOMPLETE-SEARCH-USAT,attemptsto overcome
thisdeficiency.

INCOMPLETE-SEARCH-USAT (abbreviatedas IS-USAT in the
sequel)is aniterative,non-backtrackingsearchalgorithmto solve the
SAT problem. The searchis incompleteinasmuchasit is restricted
to thoseregionsthathave a high likelihoodof containinga solution,
while discardingthe rest. Storinga restrictedsearchspacein BDDs
avoidsBDD-sizeexplosionproblemsandfurtherreducesthetime of
search.However, sinceonly a part of the searchspaceis explored,
feasibleSAT solutionsthatmayexist only in unexploredregionscan-
not befoundby this technique.We presenta heuristic(basedon the
unatenesspropertiesof functions)that attemptsto explore thosere-
gionsof searchspacewherethereis a high chanceof finding a solu-
tion. While this techniquecannotberelieduponto prove unsatisfia-
bility in unequivocal terms,we demonstratewith experimentsthat it
is ableto computefeasibleSAT solutionsquickly for a largenumber
of SAT instances.Usingtheabove SAT engines,wewereableto find
SAT solutionsnot only for all ISCAS’85andMCNC benchmarkcir-
cuits,but alsofor avarietyof industrystandarddesignsobtainedfrom
[21].

I I . PRELIMINARIES
A binary variable is a symbolrepresentinga singlecoordinateof

theBooleanspace.A literal is avariableor its negation(e.g. � or � ).
A cube is aproductof literalsandit denotesapoint,or asetof points,
in the Booleanspace. A Booleanfunction is a mappingbetween
Booleanspaces�('*),+.-/) . Let �%021%3��54"4545��1 +76 bea Booleanfunc-
tion of 8 variables.Theset ��1%35��1:9���454545�;1 + � is calledthesupport of
the function � . The cofactor of �%021%3��54"4545��1:<;��454"45��1 +76 with respect
to variable 1 < (thepositive cofactor)is �>=�?@���%021 3 �545454��5	A�545454��;1 + 6 .
Thecofactorof � with respectto variable1:< (thenegativecofactor)is
� = ? �B�%021%3��54"4545��C#��454545��1 +&6 .

The Boole’s expansionof a function over a variable(also called
Shannon’sexpansion)is givenasfollows[22] [23]: Let ��'D)E+.-/) .
Then, �%021%3���1F9>�545454���1&<��"454545��1 +G6 �H1:<F�>� = ?I� 1&<J��� =�?

Let � and K be two functions with supportvariables ��1:<;��L!�

	��NM*��454545��8%� . Let O be an arbitrarybinary operator, representinga
Booleanfunction of two arguments.The orthonormalexpansionof
��OPK with respectto 1 < is given as[24] [23]: �QOHKR�S1 < 0T�>= ? O
K = ? 6 � 1G<N0T� = ? O�K = ? 6 �VU:L%��	A�$M#��454"45��8 A functioncanberepresented
asa sumof productsof 8 literals, calledthe minterms of the func-
tion. Operationson Booleanfunctionsover thesamedomaincanbe
viewedasoperationson thesetof their minterms.In particular, sum
andproductof two functionsaretheunion( W ) andintersection( X ) of
their mintermsets,respectively. Implication betweentwo functions
correspondsto thecontainment( Y ) of their mintermsets.

A function �%021 3 �545454"��1 < �5454�45�;1 + 6 is positive (negative) unate in
variable 1 < if �>= ?�Z � = ? ( � = ? Z ��= ? ). Otherwiseit is binate in
that variable. A function is unateif it is (positive/negative) unatein
all variablesin its support. Otherwiseit is binate. Let � and K be
two functionsand 1 be a variablecommonto their support. Then,
we define � and K to be consistently unate in variable 1 if both
functionsareeitherpositive unatein 1 or negative unatein 1 .

Let � bea functionpositive unatein variable 1 . Then,by applica-
tion of Boole’s expansionandtheunatenesspropertyit canbeshown
[24] that ���[1.���>=\�!� = . Similarly, if � is negative unatein 1 , then
�Q�[�>=\� 1���� = .

From the above, the following observationstrivially follow. If a
function � is positive unatein 1 , then if a SAT solution exists for
�Q��	 , it canalwaysbefoundwith theassignment1Q��	 . Also, since
��= Z � = , all SAT solutionsin � = arecontainedin �>= . Thus,if there
doesnot exist a solution in � = , therecannotexist a solution in � = .
Hence,a searchfor a SAT solutionin � canberestrictedto a search
in 1��A� = . Similarly, if � is negative unatein 1 , thesearchfor a SAT
solutioncanberestrictedto 1,�"� = . Theseobservationsform thebasis
of thesatisfiabilitysolutionsproposedin thefollowing sections.

I I I . UNATE FUNCTIONS AND SATISFIABIL ITY

In this section,we demonstratehow we canutilize the properties
of unatefunctionsin orderto solve theSAT problemefficiently using
BDDs. Considerthefollowing problem:

Problem1: Let therebe two functions � and K suchthat both are
consistentlyunate(say, positive unate)in variable 1 in their support.
We arerequiredto solve an instanceof the SAT problemgiven the
requirements( �]�S	 ) AND ( K^�S	 ). Furthermore,assumethat the
BDDs for each� and K canbebuilt within computermemorylimita-
tions,while theBDD for theirproduct( ���NK ) cannotbebuilt because
of its prohibitively largeBDD size. How do we find a satisfyingas-
signmentto theinput variableswithoutusinga backtrackingsearch?

Solution:Let usexpand � and K with respectto thevariable 1 , so
that �]�_1`�D��=a�B� = and K��_1`�AK�=b�cK = . From the orthonormal
expansionand the fact that � and K arepositive unatein 1 , we get
�b�VK��P1b��� = �dK = ��� = �VK = . Thecofactorsof a functionarenogreater
in size(in termsof thenumberof cubes)thanthefunctionitself. Thus,
boththeproducts( ��=e�;K�= ) and( � = �;K = ) arenogreaterin sizethanthe
productof � and K . Thus,in orderto searchfor a solutionin �f��K (a
prohibitively largeBDD), we cansearchfor solutionsin theproduct
of their cofactors( � = �#K = ) and ( � = �#K = ), the BDDs for which are
smallerin sizeandcanpossiblybebuilt. However, it is unnecessary
to searchfor a SAT solutionin the product � = ��K = , asstatedin the
following Lemma.

Lemma1: Let functions � and K be positive unatein variable 1 .
In orderto searchfor a satisfiabilitysolutionfor �Q�>K , it is sufficient
to searchfor the solution in the product 1`�*��=��DK�= . If � and K are
negative unatein 1 , thenit is sufficient to searchfor a SAT solution
in 1���� = �"K = .

Proof: Theproof is trivial.



Theabove approachcanbe generalizedto an arbitrarynumberof
functions � 3 ��� 9 �545454��N� + , all consistentlyunatein variable 1 . Search
for a SAT solutionfor ( � 3 �D� 9 ��4"4�4���� + ) canthenberestrictedto a
searchin 1I� � 3= � � 9= 454"4g� �&+= (or 1%� � 3= �h4�454i� �&+= , dependingontheunateness
polarity of 1 ). In casethe sizeof the cofactorsis still prohibitively
large,we canexpandthesecofactorswith respectto anothervariable
over which all functionsareconsistentlyunate.Suchaniterative co-
factoringwill eventually leadto functionsof relatively smallersize,
theproductof which canbepossiblybuilt. Notice that “backtracks”
areeliminatedfrom thesearch.Thetechniqueintelligentlyprunesthe
searchspaceby discardingthoseregionsfrom furtherexplorationfor
which the searchis deemedunnecessary. The above techniquecan
beprogrammedasasubroutine(SUBROUTINE-USAT) aspresented
below.

SUBROUTINE-USAT( f list )
f list = list of outputfunctionrequirements;
solution= 1; /* Initialize theproduct(solution)*/
while TRUE do

get thevariable j over which all functionsareconsistentlyunateandits unateness
polarity;
/* Polarityis implicit. if +ve polarity, jlk(m . else jlk m . */
if no moreconsistentlyunatevariablesfound then

break;
end if
for eachfunction n in f list don\k(nNo ;
end forp�q�rgsAtvuwq$x = pNq�ris�tvuwqNx AND j ;

end while
/* not-so-mammothproductof cofactors*/
for eachfunction n in f list dop�q�rgsAtvuwq$x = n AND p�qNris�tvuwqNx ;
end for
SAT assignment= anycubein theBDD representing“ pNq�ris�tvuwqNx ”

Clearly, theabove approachis ratherlimited in scopeto find SAT
solutionsby itself. It is toonaive to believe thatenoughvariablescan
befoundover which all functionsareconsistentlyunate.In practice,
awidemix of unateandbinatefunctionsis found.Weneedto device
amethodthatcanhandlea diversemix of unateandbinatefunctions.
In thenext section,we presentanalgorithmthatusesthesubroutine
USAT extensively to solve theSAT problemefficiently.

IV. SAT SOLUTIONS USING THE UNATE RECURSIVE PARADIGM

Therecursiveapproachto handlinglogic functionshasbeenknown
for quitesometimeandits potentialdemonstratedoverawidevariety
of applicationsin logic synthesis[19] [20], suchastautologycheck-
ing, containmentcheck,complementation,etc. Recursive paradigm
appliestheorthonormalexpansion:�,��Ky�P1,��0T� = ��K = 6 � 1z0T� = ��K = 6 ,
where � and K aretwo Booleanfunctionsand 1 is a variablein their
support.Themeaningof this expansionis thatoperationson � and K
canbedoneonavariable-by-variablebasis,mergingtheresultsof the
operationappliedto their cofactorswith respectto a chosenvariable.
While many logic functionsare not unate,the recursive expansion
may lead to cofactorsthat areunate,andwhoseprocessingis very
efficient (asdemonstratedin sectionIII). In this section,we present
a recursive backtrackingalgorithmto solve thesatisfiabilityproblem
usingtherecursive paradigm.

Problem2: Supposewe needto solve an instanceof the satis-
fiability problem,given certainvalue requirementsfor 8 functions
� 3 �N� 9 �5454"45�N�&+ . Assumethat their productcannotbe built because
of BDD size limitations. Assume,further, that thesefunctionsare

highly binatesothatwecannotefficiently applythesubroutineUSAT
presentedin theprevioussection.How dowesolvetheSAT problem?

Solution: In order to generatesmallerfunctionsso as to be able
to build their product,let us expandall thesefunctionsw.r.t. some
variable.Thechoiceof splitting variableis important.Braytonet al.
in [19] proposeda heuristicthatconsistsof selectingbinatevariables
thataremostlikely to createunatesub-problems.Wefollow asimilar
approach.For eachinput variable 1 , we evaluatehow many output
functionsarebinatein 1 . We selectthat variableover which most
functionsarebinate. We definethis variableasthe most active bi-
nate variable. After expandingall the functions � 3 �54"4545�N� + over 1 ,
we searchfor the solution in the positive cofactors. If the solution
is not found, we backtrackandsearchfor the solution in the nega-
tivecofactors.Theabove processis appliedrecursively until nomore
binatevariablesarefoundor the(userdefined)recursiondepthlimit
hasbeenreached.At theendof therecursiontree,if no morebinate
variablesare found, it meansthat all resultingfunctions(cofactors)
areunate,andwe cannow usesubroutineUSAT to efficiently search
for theSAT solution. If not all resultingcofactorsareunate,thesub-
routineattemptsto build the productof all functions. This product
canpossiblybebuilt, now thattheBDDsrepresentingthesecofactors
aresignificantlysmallerthan the original functions. This approach
wasprogrammedasanalgorithmcalledBSAT (splitting over Binate
variables)whichis describedin Algorithm 1. Usingthisapproach,we
wereableto obtainSAT solutionsfor all benchmarkexamples(shown
in TableI), includingthosefor the16 { 16 multiplier.

f list = n*|"}dn�~>}�������}�n�� ;
BSAT( f list )j = next mostactively binatevariable;

if no morebinatevariablesORmaxrecurdepththen
/* terminalcase*/
result= SUBROUTINE-USAT( f list );
returnresult;

endif
cof f list = n*|o };nA~o }N���N��}dn��o ;
result= BSAT( cof f list );
result= resultAND j ;
if solutionfoundthen returnresult;
cof f list = n*|o };nA~o }N���N��}dn��o ;
result= BSAT( cof f list );
result= resultAND j ;
returnresult;

Algorithm 1: BSAT: Satisfiability using the unate recursive
paradigm.

Theexperimentswerecarriedout over a wide rangeof benchmark
circuits and are reportedin Table I underthe BSAT column. The
performanceof BSAT is comparedwith that of GRASP[8]and the
basicBDD-SAT approach[14] [13]. Thedatafor feasibleandinfea-
sible instancesis reportedin separatecolumns(as “Sol.” and “No
Sol.”, respectively). The column “Max. BDD nodes”corresponds
to the maximumBDD-size(in termsof BDD nodes)observed over
all intermediateproductsfor all probleminstances.Becauseof the
data/netlistincompatibilityproblemswe have beenunableto experi-
mentwith GRASPon thebenchmarksreceived from [21], andwith
DIMACSbenchmarksusingBDDs.

SAT solutionsfor the16 { 16multiplier needfurtherexplanation.It
is well known thatBDDs for the16 { 16(andhigher)multiplierscan-
not be built in termsof primary input variables.We usepartitioned
ROBDDs [18] with intermediatevariablesto representthe Boolean
functionsfor the primary outputs. Only the primary input variables
areusedto carry out the recursive expansion.At the bottomof the



TABLE I

COMPARISON OF PERFORMANCE OF VARIOUS SAT ENGINES. CPU TIMES AVERAGED OVER 20 DIFFERENT INSTANCES OF SAT PROBLEMS.
GRASP BDD-SAT: BDD Product BSAT IS-USAT
CPU(s) CPU(s) Max BDD size CPU(s) Max BDD size CPU(s) Max BDD size

Benchmark #PI #PO Sol No sol Sol No Sol Sol No Sol Sol No Sol Sol No Sol Sol No Sol Sol No Sol
C1355 41 35 2 9 6 4 6,786 3,718 233 317 4,851 559 6.5 9 6,740 1,047
C7552 207 108 3 17 40 6.5 415K 16K 24 44 40K 33K 31 4.5 214K 139K
C5315 178 123 2 2 435 133 1,920K 840K 62 840 60K 44K 31 18 21K 18K
11 � 11mult 22 22 185 44 12 6.5 35K 2K 15 133 379 17K 8.9 4 34K 25K
13 � 13mul 26 26 813 319 102 16 423K 52K 137 520 2K 40K 109 49 401K 47K
32-dpath 73 32 483 – 106 – 315K – 15 – 67K – 12.2 – 18K –
pair 173 137 1.8 1 136 3 382K 23K 410 761 112K 14K 46 5 92K 1K
des 256 245 abort abort – – no mem nomem 967 1839 18K 69K 109 48 624K 148K
16 � 16mul 32 32 2920 417 – – no mem nomem 6216 11320 331K 761K – – no mem nomem

Cubic[8] 28 2 – – 1 – 1.2K – 4 – 533 – 2 – 429 –
Square[10] 30 2 – – 3 – 1.3K – 3 – 392 – 4 – 670 -
Square[16] 48 2 – – – – no mem nomem 1102 – 894K – 183 – 1,478K –

recursiontree,wesubstitutetheintermediatevariablesin thesecofac-
tors to obtainBDDs in termsof the primary inputsandtheninvoke
SUBROUTINE-USAT. If the size of the resultingcofactorsis still
relatively large,thesubstitutionof intermediatevariablescanbepro-
hibitive in bothspaceandtime. In orderto simplify theproblem,we
performa disjunctive decompositionof thesecofactorsinto smaller
BDDs( ���B� 3 ��� 9 ) accordingto [25], andthensubstitutetheinter-
mediatevariables.SincethesedecomposedBDDs aremuchsmaller,
thesubstitutionprocessis quite fast,asverified by experimentation.
Theauthorswish to point out that thealgorithmBSAT is not partic-
ularly targetedfor solvingSAT problemsfor multipliers. Thereexist
moreefficient techniques[12] [26] thataregearedspecificallytoward
solvingtheSAT problemfor multipliers. While BSAT is ableto suc-
cessfullycomputeSAT solutionsfor all benchmarks,it spendsa lot
of time backtrackingfor solutionsthat areeitherhardto find or do
notexist at all. In thefollowing section,we presentanalgorithmthat
attemptsto overcomethis deficiency.

V. AN INCOMPLETE SEARCH FOR SAT SOLUTIONS

Analysisof theresultspresentedin TableI revealsthatBDD-SAT is
effective in detectinginfeasibilityof SAT instances.If asolutiondoes
notexist, theproductof all theconstraintsequalszero,andBDD-SAT
terminatesquickly for almostall benchmarks.BSAT, beingan ex-
haustive search,spendsa lot of time andeffort backtrackingthrough-
out thesearchspaceto prove infeasibility. On the otherhand,when
SAT solutionsdo exist, BDD-SAT suffers from BDD sizeexplosion
problemsfor largedesigns,whereasBSAT arreststhegrowth of BDD
sizeandis ableto computethe SAT solution. It would be desirable
to developa techniquethathastheadvantagesof bothBDD-SAT and
BSAT, while overcomingtheirrespectivelimitations.Wenow present
asearchtechnique,calledINCOMPLETE-SEARCH-USAT (abbrevi-
atedIS-USAT), thatattemptsto leveragetheadvantagesof theabove
techniques.

Insteadof searchingfor SAT solutionsover the completesearch
space,IS-USAT exploresonly thoseregions that have a high like-
lihood of containinga solution, discardingthe rest. Hence,an in-
completesearch. Storinga restrictedsearchspacein BDDs avoids
BDD-sizeexplosionproblemsandfurtherreducesthetime to search
for a solution. However, for someSAT instancesa feasiblesolution
may exist only in the regionsdiscardedfrom exploration. IS-USAT
would then erroneouslyclassify this instanceas infeasible. This is
a penaltythat we may have to pay by exploring only a part of the
searchspace.For certainapplications,suchasATPGandautomatic
functional vector generation,sacrificinga few feasiblesolutionsin
lieu of fastcomputationof easysolutionsmay be an acceptablebe-

haviour. However, this emphasizesthe needfor an intelligent tech-
niqueto guidethe searchso that searchspacecontainingsignificant
numberof solutionsis not discarded.In whatfollows, we presentan
intelligentheuristicthat identifiesregionsto searchthat have a high
likelihoodof containinga solution. Theheuristicexploits properties
of unatefunctions(namely, unatecontainment)to guidethe search.
We describethe intuition behindthis approachanddemonstrateits
effectivenessvia experimentsover awide rangeof benchmarks.

Problem3: Let � and K betwo functionssuchthat � is unate(say,
positive unate)in 1 and K is binatein 1 . Assumethat theproductof
� and K cannotbebuilt becausetheBDD sizeof theproductexceeds
the memorylimits. How do we find a satisfyingassignmentto the
inputswithoutusinga backtrackingsearch?

Solution:Let us just expandthe unatefunction � over variable 1
and leave K intact. Then ����1(�7��=E��� = . The product ���*KH�
021a����=���� = 6 �dKE�H1a�N�>=l�dKe�^� = �;K . As ��= Z � = , ��=e��K Z � = �;K , the
cubes(SAT solutions)containedin � = ��K arealsocontainedin � = �NK .
This may suggestthat the regionscorrespondingto � = �DK could be
discarded.Clearly, if �>=a�5K���C , thenbecause�>=b�5K Z � = �5K , � = �5K
is alsoequalto 0 (dueto unatenessof � ) and the solutiondoesnot
exist. Thisunderlinestheintuition behinddiscardingtheregion � = �dK
from further exploration. However, the binatenessof K can create
problems.Becausetheliteral 1 maybepresentin K , theproduct1y�$K
may be equalto 0. In sucha case,we have to searchfor the SAT
solutionin � = ��K anddiscard1f�A� = ��K . If 1Q��KR���C , thenwe search
for thesolutionin 1b�N� = �dK . Thedecisionto guidethesearchcannow
bemadew.r.t. theproduct1.�$K .

Now considerthe following case: 1���K����C , �>=��#K����C , but
1Q���>=,��K���C . Thesolutionmaybecontainedin � = ��K , but accord-
ing to our decisionprocess,this region is discarded.Our technique
would thenincorrectlysuggestinfeasibility. However, experimental
evidencesuggeststhatsuchcasesarerelatively infrequent.

The above processcan be generalizedto an arbitrary numberof
functions � 3 �#45454#�A� + . First, we identify all thosefunctionsthatare
consistentlyunatein variable1 (i.e. all thosefunctionsthatareeither
positive unateor negative unatein 1 ). The remainingfunctionsare
separatedandtheir productK is built. If all functionsareconsistently
unatein 1 , Lemma1 applies.Otherwise,adecisionis madeaccording
to the product 1���K (or 1���K dependinguponthe unatenesspolarity
of 1 ) to guide the searchfor a solution. Theseconceptsform the
basisof thealgorithm(IS-USAT) presentedin Algorithm 2. Central
to thealgorithmis aheuristictechniqueto identify thevariable1 , over
which theunatefunctionsareto beexpanded.For eachinputvariable
1 , we evaluatehow many outputfunctionsarepositive andnegative



unatein 1 . Thevariableover which mostfunctionsareconsistently
unate,is selectedasthecandidateoverwhich theexpansionis carried
out. We definethis variableasthe most active unate variable. For
all thosefunctionsthatarenot unatein variable 1 w.r.t. its unateness
polarity, we build their product. Dependinguponthepolarity of the
mostactive unatevariable 1 , theexpansion�(��1f�A��=@�P� = or �(�
��=�� 1z�h� = is performedfor all consistentlyunatefunctions.A decision
is madeaccordingto theoutcomeof theproduct1��iK (or 1��iK ), andthe
searchis guided. The above processis carriedout in eachiteration,
until no moreactive unatevariablesarefound,or the (userdefined)
iterationlimit hasbeenreached.

f list = list of outputfunctionrequirements;
g = 1; /* Initialize thebinateproduct*/
while TRUE do

getthemostactively unatevariable j andits unatenesspolarity;
/* Polarityis implicit. if +ve polarity, jlk(m . else jlk m . */
if no moreunatevariablesfound then

break;
end if
for eachfunction n in f list do

/* separatefunctionsunateandnon-unatein j */
if n is not unatein j w.r.t. unatenesspolarity then� = n AND � ; /* build thebinateproduct*/

remove n from f list;
end if

end for
/* now f list only hasfunctionsconsistentlyunatein j */
if j AND � k�k`� then

for eachfunction n in f list donlk(n o ;
end for

else
for eachfunction n in f list donlk(n o ;
end for� = � AND j ;

end if
end while
/* not-so-mammothproductof cofactors& binatefunctions*/
for eachfunction n in f list do� = n AND � ;
end for
SAT assignment= anycubein �

Algorithm 2: INCOMPLETE-SEARCH-USAT: Incomp.search.

Experimentaldatacorrespondingto IS-USAT is presentedin Ta-
ble I. As before,theCPUtimesfor feasibleSAT solutionsareaver-
agedover 20 differentinstances.Otherthanthe 	5��{�	�� multiplier,
we wereableto find SAT solutionsfor all benchmarks.The results
depictthat “Max. BDD nodes”observed over all intermediatecom-
putationsis well within manageablelimits. IS-USAT ratesbetterin
CPUtime performancethanbothBDD-SAT andBSAT. Most impor-
tantof all, IS-USAT incorrectlyreportedinfeasiblesolutionsfor only
three (actually feasible)SAT instances,one eachcorrespondingto
benchmarksdes, pair andC5315. In all otherSAT instances,feasible
solutionswerefoundquickly. While thismaynot reflecttheaccuracy
of thesearchheuristicsin IS-USAT, it is quiteencouragingto observe
that the lossof informationby discardingregionsof searchspaceis
not significant.

VI . CONCLUSIONS AND FUTURE WORK

This paper has presentedtwo efficient algorithms to solve the
BooleansatisfiabilityproblemusingROBDDs. The first algorithm
demonstratesthe application of the well known unate recursive
paradigm to Booleansatisfiability. Using our approach,we were
ableto obtainSAT solutionsnot only for all benchmarksin the IS-

CAS’85 andMCNC benchmarksuite,but alsofor other large prac-
tical designs.We are in the processof incorporatinglearningtech-
niquesin ourrecursivealgorithmBSAT. Without learningtechniques,
BSAT spendsa lot of time backtrackingfor solutionsthat areeither
hard to find or do not exist. We believe that learning techniques
incorporatedwith a non-chronologicalbacktrackingstrategy would
speedup the searchprocessin BSAT manifold. The secondalgo-
rithm, INCOMPLETE-SEARCH-USAT, presentedin the paperalso
exploitscharacteristicsof unatefunctionsto searchfor SAT solutions.
Thesearchis incompleteinasmuchasonly thoseregionsof thesearch
spaceareexploredthathaveahighlikelihoodof containingasolution.
While this techniquecannotberelieduponto proveunsatisfiabilityin
unequivocal terms,it is ableto computeSAT solutionsquickly for a
largepercentageof SAT instances.The experimentalresultsclearly
demonstratethememoryefficiency of theproposedalgorithms.
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