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ptb,nmadrid,cdk� @it.uc3m.es�

Departmentof ComputerScience,TheUniversityof Reading
WhiteknightsPOBox 225,Reading,BerksRG66AY, UK

J.P.Bowen@reading.ac.uk�
Departmentof ComputerScienceandEngineering,FloridaAtlantic University

777GladesRoad,BocaRaton,FL, USA 33431-0991�
robert,maria� @cse.fau.edu

Abstract

This paper introducesa denotationalsemanticsfor a
core of the draft IEEE standard analogand mixedsignal
designlanguageVHDL-AMS,and derivesgeneral results
aboutthe behaviourof VHDL-AMSprogramsfrom it. We
include,for example,a demonstrationthatVHDL-AMSpar-
allelism is benignin the absenceof shared initializations.
Asproof of conceptwehavebuilt an interpretedsimulator
thatprototypesthesemanticsandwhich runsmulti-process
mixedanaloganddigital descriptionscorrectly.
Keywords: Languagedesign,VHDL-AMS,Languagese-
mantics,mixed-signalsimulation.

1 Introduction

VHDL-AMS seeksto conservativelyextend the IEEE
standarddigital designlanguageVHDL [7] to cover mixed
analogueanddigital systems.It adjoinslinguistic elements
thatmodelcontinuouslyvaryinganaloguesystems.VHDL
is intendedto beconservedin thesensethat,firstly, it forms
a correctsubsetof theextendedlanguagesyntax,and,sec-
ondly, codein the VHDL subsetshouldrun underVHDL-
AMS in sucha mannerthat, whenviewed at integer unit
time points,its traceis exactly thatunderVHDL. It would
beusefulto have formal assurancesof this, elseuserscan-
notbecertainthattheresultsfromnew VHDL/VHDL-AMS
simulatorsarevalid for VHDL alone.

* This researchhasbeenpartially fundedby NATO grantCRG.960228
CARE4HW.

Proving anything abouta real-worldlanguage,andim-
possiblewithout a suitablebasisfor proof, so this article
first setsout a denotationalsemanticsfor VHDL-AMS. We
cover a coresubsetof theelaboratedlanguage(a subsetin
termsof which the rest of the languageis defined). The
subsetincludesscheduledsignal assignments,wait state-
ments,analoguedifferentialequationsfor quantities, their
re-initializations,andall standardimperative languagecon-
trol constructs.

The semanticspresentedhereis oneof two modelsfor
VHDL-AMS that we know of. The otherhasbeendevel-
opedby Sasakiet. al. [9] andextendsa modelof VHDL
’93 given in termsof Evolving Algebrasin thechapterby
Börgeret. al. in [6]. Thepresentsemanticsis derivedfrom
the denotationalsemanticsof Breueret. al. for unit delay
VHDL, aspresentedin [6] in functionalstyle, later recast
asrelationalsemanticswith a completeaxiomaticseman-
tics andrefinementcalculusin [1, 2, 3]. In [2], time was
treatedascontinuouswith integerunit observationpoints,
whichpavestheway for thedevelopmenthere,sketchedin
[8], in whichobservationsmayalsobecontinuous.

Althoughdenotationalstylesemanticshave provedsuc-
cessfulin thedevelopmentof formalmethods,no“theorems
in thelarge”havebeengeneratedfromthem.Thatis in con-
trastto the situationin operationalsemantics,whereKees
Goosens’operationalsemanticsfor VHDL’93 [5] wasused
by him to prove that theparallelismin VHDL wasbenign,
in thesensethatnoambiguityderivesfrom it (Goosenswas
heretalking abouta subsetthatexcludedsimultaneousini-
tializationsof sharedvariables). In other words, VHDL
simulationrunsare intrinsically repeatable.In this article
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weshow thatdenotationalsemanticsis capableof thesame
result, this time in the extendedcontext of VHDL-AMS.
We alsoshow or sketchproofsthat VHDL-AMS doesin-
deedextend VHDL conservatively, and that VHDL-AMS
hasreasonablepropertieswith respectto thenumericalim-
precisions,unavoidablein analoguesystemssimulation.

For example, we have studied a small mixed-signal
single-processprogramdrawn from thediscussionsoverthe
VHDL-AMS draft thatis intendedto simulateaball bounc-
ing underthe influenceof gravity, andfeelingsomeair re-
sistance(Simulationin Figure1 andFigure2). In thecore
syntaxin whichweexpressVHDL-AMS, theprogramis:

process ball(qout: h=1, v=0; var g = 9.8, a = 0.1)
d v/dt == -g - sign(v) * a * vˆ2;
d h/dt == v;

begin
wait until h < 0
break h => 0;
break v => -v;

end

Surprisingly, insteadof a decayingbounceheight,a com-
putersimulationmayeasilyproduceanincreasingbounce.
The most interestingaspectis that if the computeris late
in seeingthebounce,theball will betraveling a fasterthan
it would have beenat the correctmoment. Reversingthe
signof the velocity (break v => -v ) andtranslatingit
to its correctbounceposition (break h => 0) hasthe
effect of moving it up a potentialenergy gradientwithout
decreasingthe extra kinetic energy. That shows up as in-
creasedbouncenext timeroundtheloop.

The astuteprogrammerwill correctfor possibleexcess
energy:

process ball(qout: h=1, v=0; var g = 9.8, a = 0.1)
d v/dt == -g - sign(v) * a * vˆ2;
d h/dt == v;

begin
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wait until h < 0
break h => 0;
break v => - sqrt(2) * sqrt(vˆ2 / 2 + g * h);

end

But the programmercannotalwaysknow or guardagainst
this kind of problem. Insteadheor shemusthopethat in-
creasingnumericalprecisionandsamplingfrequency leads
to increasingoverall accuracy. Wecanprove thatthatis the
caseunderreasonablehypotheses,but that even then the
assuranceonly holdsfor “all but a finite numberof points
of discontinuity” in any finite interval. Whatmayhappen,
for example, is that the approximantsto, say, a sawtooth
waveform all err timewise by somepositive epsilon. Ep-
silonshrinksto zeroasthemeshusedto solve thedifferen-
tial equationsgetsfiner. But theerrorat thediscontinuities
in thesawtoothwill alwaysbeof theorderof thesizeof the
wave. It is not trivial to prove eventhatmuch.

The approachrequiredto prove this requiresa second
semanticsfor VHDL-AMS, this timebasednotonacontin-
uoustime line,but onameshof anarbitraryminimalpreci-
sion. In thisarticlewewill sketchtheapparatusrequiredto
studytherelationbetweenthe“ideal” andthe“approxima-
tion” semanticsin thelimit.

We would wish to alsoderive otherguaranteesof good
behaviour. For example,that “reality is a fixpoint of the
schedulingsemantics”:if we run a simulationonce,andit
givesriseto acertainsequenceof events,thenwecanrerun
the simulation,this time giving the last simulationresults
asan initial scheduleof events,andthe samesequenceof
eventswill ensue.

This observation is the basis for a prototypeVHDL-
AMS simulatorthatwe have built. But we do not have as
yet a denotationalproof of the result. The simulatorcal-
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culatestheschedulethat is thejoint ‘reality’ fixpoint of all
processes.TheFigures1 and2 areoutputsfrom thatsimu-
lator.

The layout of this paper is as follows. In Section2
the simple core languagesyntax is set out. In Section3
an “ideal” formal denotationalsemanticsis givenin terms
of classicaldynamicsystems,andgeneralobservationson
the behaviour of VHDL-AMS programsarederived from
it. Section4 commentsbriefly on thetranslationof this se-
manticsinto a prototypesimulatorimplementation.

2 Core Syntax

This sectiondescribesa core syntaxfor VHDL-AMS,
into whichwe translateotherconstructsof thelanguage.It
is intendedto approximatean abstractsyntaxfor standard
elaborated VHDL-AMS (macrosand non-primitive con-
structsexpanded).

prog ::= ;�<=;?>.;?@ ...
proc ::= process A�< ( BC< ; BD> ; BD@ ;...)E < ; E > ; ...

beginF < ; F > ; ...
end

decl ::= qout GH< [= IC< ], GJ> [= ID> ], ...
| qin GH< [= IC< ], GJ> [= ID> ], ...
| out KL< [= IM< ], K+> [= IH> ], ...
| in KL< [= IM< ], K+> [= IH> ], ...
| var NM< [= IM< ], ND> [= ID> ], ...

eqn ::= d GH< /dt == O�<
expr ::= IM< | - O�< | O�< + OL> | O�< * OL> | ...

| PQ< ( O�< , OL> ,...) | NM< | KL< | GD<
| if RS< then OL> else OL@ fi

bool ::= T | F | RS< && R�> | O�< < OL> | ...
stmt ::= if RS< then

F < ;... else
F > ;... fi

| while RS< do
F < ; F > ;... od

| do
F < ; F > ;... until RS<

| null
| wait [on O�< ] until RS<
| send KL< <= O�< [after OL> ]
| break GH< => O�<
| NM< := O�<
| relax

T�UWV3X�Y[Z�\
, ] U(V^Y5_�` , a UbVc_�d�e , f U(VhgLd5i�d , j UWV3k�l5m ,n UoVpgLq�`�\
, r U8Vts�u�u�\

, v UwVxY5y�z%m , { U8VpZL`�gCd
, | U8V}%~ `�Z

, � U V�z�m�u[Z , � U V�z��MX , �2�����D���D���M�M�?� .
���
���[�����������%���D���:�����+ ��.¡L�����1¢6�������������

The languagecontains the following additional con-
structsover andabove whatwould berequiredfor VHDL,
reflectingtheextensionsmadein VHDL-AMS:

1. Processesmay declarequantities, as well as signals
andlocalvariables.

2. Differentialequationsgoverningquantitiesmaybede-
clared.

3. Expressionsmayreferencequantitiesaswell assignals
andvariables.

4. The break statementreinitializes a quantity at the
next entryinto thedifferentialequationsolver.

5. The wait statementmay wait upon a condition
that referencesan analogquantity, aswell assignals
and variables. In the draft standarda processcan
wait upona quantitycrossinga threshold(wait ona ’above( v )).

Resolutionfunctions,which in VHDL areusedto arbitrate
the resultsof simultaneouswrites to the samesignal, are
not allowedhere.They maybesimulatedby replacingev-
ery referenceto a resolvedsignalby theexpressionthat its
resolutionfunctiondenotes.

The following aspectsmay be regardedaseitheraddi-
tions or restrictionswith respectto the VHDL-AMS stan-
dard.They chiefly providefor localizationof thecontrolof
quantitiesin a singleprocess,which formeda part of our
experimentation.

1. Export(via
_�u ~ d

) of a quantityis allowedin a process
declaration.

2. The equationsgoverning a quantity are local to the
processthatexportsthequantity.

3. Relaxis a new pseudo-statement.

4. Only differential equations of the simple form£ j5¤ £�¥ �¦�M�M� , in which the r.h.s. containsno differ-
entials,areallowed.Theoretically, this is sufficient.

In theVHDL-AMS standard,quantitiesmayonly beglob-
als.Thatapproachmaybeduplicatedhereby encapsulating
all quantitiesin oneprocess.

Relaxis thetrivial caseof break. It hastheeffectof reap-
plying the currentdifferentialequationsin orderto obtain
new forwardprojectionsin thescheduler.

All quantities,variablesandsignalsarerealvalued.The
namespaceis shared.

3 Denotational Semantics

The semanticsgiven to VHDL-AMS hereis basedon
ourpublishedsemanticsfor (unit delay)VHDL [1, 2]. The
only essentialchangesto the domainequationsare (1) in
theunderlyingdomainof time,whichfor VHDL is integer-
based,and for VHDL-AMS is basedon the real numbers

3



plusdeltas,and(2) in thepredicationof thesemanticfunc-
tions on an oracle, the ‘black box’ charged with solving
differentialequationsto givea statetrajectory.

The terminationsemantics§©¨
ªD«=¬x� of a statementª
is a (causal)relation betweenthe systemstatebeforethe
executionof ª , andafterits termination.

Thedynamicstateof asystemis capturedin aworldline,
time point pair. A worldline is a recordof the historical,
current,andprojectedstatesof the systemat all possible
times, and the time point identifiesthe statein the world
line thatis consideredcurrent.Asasystemevolves,thetime
pointmovesforward,andtheprojectedfuturestateschange,
in accordancewith thoseVHDL schedulingcommandsthat
have beenexecuted. The historicalpart of the world line
never changesas the time point movesforward,reflecting
causalbehaviour.

Time is a two-dimensionalpair ®$¯ consistingof (1) the
currentreal time ®°¬²± of the systemand (2) the index
of the currentsimulationdelta cycle ³´¬¶µ . I.e time ex-
tendsthe reals, associatingan infinite numberof points®¸·1¹º®+»�¹º®¸¼½¹¿¾M¾M¾ to eachreal time ®�¬x± . The extra
points ®+»?ÀJ®¸¼LÀ?¾M¾M¾ representrepeatedsimulationcyclesat the
sameinstantof time, or deltas. Processesmay engagein
communicationnotonly at the“ordinary” times®¸· , but also
at thedeltatimes ®+»?À4®¸¼5ÀM¾?¾M¾ . Progressin time is represented
eitherby anincrementof thedeltaordinatewhile realtime
staysconstant,or anincreasein therealtimeordinate.

Time = ( ÁÃÂÅÄ )
State = Id ÆÇÁ
WL = Time Æ State

SS = (WL,TP)
causalÈ Æ (WL,TP)

SP = (WL,TP)
causalÈ Æ (WL,TP)

Semantics = (SS,SP)

É�Ê6Ë�Ì�Í�Î�Ï�Ð�Ñ�Î�Ò.Ó�Ô�ÕHÊ6ÖØ×ÚÙ�Ò.Ó�Ê�Ô�Û

Whilst a terminationsemanticsis appropriatefor state-
mentswithoutduration,it is inadequatefor constructsª that
may never terminate,or terminateonly after an indefinite
time in which they do somethingobservable. A VHDL-
AMS processnever terminates,but producesanobservable
trace.Thereforewedefinea suspensionsemanticsÜ:¨
ªD« .Üw¨
ªH« is therelationbetweena systemat theonsetof ex-
ecutionof ª , andthesystemat any point at which theexe-
cutionof ª is still in progress.Thelattermaybethoughtof
astheobservablesystemstatewhentheobserverchoosesto
senda suspendsignalto a runningprocess.

Thesuspensionsemanticsfor statementsthathavenodu-
ration, suchasassignment,is empty. The terminationse-
manticsfor statementsthat do not terminateis the chaotic
(causal,historypreserving)relation.

The semanticfunctionsarepredicatedon an oracle Ý .
This is anagentthat predictsthe trajectoriesof quantities.
An oracle,givenaninitial stateandtime,andqueriedabout
a futuretime,will pronounceon thestatethen:

Oracle = (State,Time) Æ Time Æ State

Sequencesof statementscomposeassequencesof rela-
tions.Theloopfixpoint is thelargest(i.e. leastdetermined)
relationthatsatisfiesthecausality(historypreserving)con-
straint.Causalityis necessarybecauseotherwisetheseman-
ticsof astatementfollowedby anonterminatingloopwould
be historically indeterminate,even thoughthe preceeding
statementhadbeenwell-behaved.Þ

[-] :: stmt Æ Oracle Æ SS

Þ
[if ßSà then á$áHà else á$áJâ fi] ã (w,t) =
if [ ßSà ](w t) then

Þ
[ á$áHà ] ã (w,t) else

Þ
[ á$á4â ] ã (w,t)Þ

[while ßSà do á$áHà od] ã =Þ
[if ßSà then á$áHà ;while ßSà do á$áDà od else null] ãÞ

[ áHà ;...; á$ä ] ã =
Þ

[ áDà ] ã ; ... ;
Þ

[ á$ä ] ãÞ
[null] ã (w,t) = å (w,t) æÞ
[do á$áHà until ßSà ] ã =

Þ
[ á$áHà ;while ßSà do áSáDà od] ã

Assignmentshereconsistof a systemstatechangefol-
lowed by a relax. So long as at leastone relax precedes
theentry into thenext wait statement,thewait will seethe
correctsystemprojections.Thelaziestandsimplestimple-
mentationis to placeaprior relaxaspartof eachwait state-
mentsemantics,but wealsoplacerelax’s immediatelyafter
assignmentsherein order to keepthe denotationlooking
natural.Þ

[send çLà <= è�à after èLâ ] ã (w,t é ) =
Þ

[relax](w’,t é )
where d = [ èLâ ](w t)
w’ = wê�å t’ ëÆ wt’ ê�åSçLàJëÆ [ è�à ](w t) æ |t’ ì t+d æ , d í 0

= wê�å t’ ëÆ wt’ ê�åSçLàJëÆ [ è�à ](w t) æ |t’ í t æ , d î 0Þ
[send çLà <= è�à ] ã =

Þ
[send çLà <= è�à after 0] ãÞ

[break ïDà => è�à ] ã (w,t) =Þ
[send ïDà ’break <= not( ïDà ’break);relax] ã (w’,t)

where w’ = w êðå t’ ëÆ wt’ ê�å+ïHàJëÆ [ è�à ](w t) æ |t’ í t æÞ
[ ñMà := è�à ] ã (w,t) = å (w’,t) æ
where w’ = w êðå t’ ëÆ wt’ ê�åDñMà$ëÆ [ è�à ](w t) æ |t’ ì t æÞ

[relax] ã (w,t) = å (w’,t) æ
where w’ = w êðå t’ ëÆ8ã (w t)t’|t’ í t æÞ

[wait until ßSà ] ã =Þ
[do å wait on ïDà ’break||... until ßSàJæ until ßSà ] ãÞ

[wait on è�à until ßSà ] ã (w,t é ) = å (w,t’) æ
where t’=min åDò�í t é |[ ßSà ](w ò ) ó [ è�à ](w ò ) ôõ [ è�à ](w t é ) æ
Note that a break ö » => ÷ » generatesa pseudo-

signal öMø » break . Theeffect of thebreakis not felt until the
next deltacycle, aswith a zerodelaysignalassignment.A
positively (non-zero)delayedsignalassignmentwill always
be felt in the zero’th deltaat thescheduledtime, provided
it hasnot beenpre-empted.A variableassignmentis felt
immediately.

The relaxstatementprojectsforwardsthetrajectoriesof
thequantities,accordingto theoracle.Theoraclesolvesthe
differentialequations.
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A wait statementalways takesat least one delta. It
exits momentarilyon receipt of a break signal and up-
datesthe projectedstatesusing relax, then reentersthe
wait. A subtlety is that the wait should leave uncon-
strainedall non-localsignalsandquantities,andthat is im-
plementedthroughtheoraclesemantics.Parallelismis rep-
resentedby intersectionof relations,andthusimplements
synchronousconcurrency – thejuxtaposedprocessessimul-
taneouslyagreeonthestateof thewholesystematall times.

Thesuspensionsemanticsis emptyfor assignments,and
nonemptyfor waits. Sequencesfollow the laws setout in
[1, 2]. Two statementsin sequencemay eithersuspendin
the first or the first maycompleteandthenthe suspension
mustoccurin thesecond.

ù
[-] :: stmt ú Oracle ú SPù
[if ûSü then ýSýDü else ý$ýJþ fi] ÿ (w,t) =
if [ ûSü ](w t) then

ù
[ ýSýDü ] ÿ (w,t) else

ù
[ ýSý4þ ] ÿ (w,t)ù

[while ûSü do ýSýDü od] ÿ =ù
[if ûSü then ýSýDü ;while ûSü do ý$ýDü od else null] ÿù

[ ýHü ; ý4þ ] ÿ =
ù

[ ýDü ] ÿ���� [ ýDü ] ÿ ;
ù

[ ý4þ ] ÿù
[null] ÿ (w,t) = ���ù
[do ýSýDü until ûSü ] ÿ =

ù
[ ý$ýDü ;while ûSü do ý$ýHü od] ÿù

[ �Mü := ��ü ] ÿ (w,t) = �	�ù
[send 
Lü <= ��ü after �Lþ ] ÿ (w,t � ) = ���ù
[send 
Lü <= ��ü ] ÿ = ���ù
[break �Hü => ��ü ] ÿ (w,t) = ���ù
[relax] ÿ (w,t) = ���ù
[wait until ûSü ] ÿ =ù

[do wait on �Dü ’break||... until ûSü until ûSü ] ÿù
[wait on ��ü until ûSü ] ÿ (w,t � ) = � (w,  )|t ��� �� t’ �
where t’= min ���� t � |[ ûSü ](w  ) � [ ��ü ](w  ) �� [ ��ü ](w t � ) �
Thesuspensionsemanticsdefinestheexternallyobserv-

ablebehaviour. The terminationsemanticsdefinesinternal
changesof state.Assignmentsarenot observablein them-
selves,but their indirecteffectsareobservablelaterduring
a followingwait statement.

Now to thesemanticsof processes:only thesuspension
semanticsis of interest.A processis a loop,andparallelism
is expressedby intersectionof relations.

ù
[-] :: proc ú Oracle ú SPù
[process �[ü ( �Mü ;...) �Dü ;... begin ýDü ;... end] ÿ =� [ �Mü ;...; �Hü ;...] ÿ ’;

ù
[while T do ýHü ;... od] ÿ ’

where ÿ ’=D [ �Hü ;...] ÿ
ù

[-] :: prog ú Oracle ú SPù
[ �5ü ... ��� ] ÿ =

ù
[ �5ü ] ÿ�� ... � ù

[ ��� ] ÿ
Theoracleis built from differentialequations.

D[-] :: (eqn;...;eqn) ú Oracle ú Oracle
D[d �Dü /dt == ��ü ;...; d � � /dt == � � ] ÿ = ÿ ’
where ÿ ’(s,t)t’ = if t’ � t then s’ else s

where d s’ �Dü /dt’ = [ ��ü ]s’
...
d s’ � � /dt’ = [ � � ]s’

s’ � � = ÿ (s,t)t’ � � , � �!�� �Hü ,..., � �

Solvingtheequationsfor s’ requiresnumericalintegra-
tion. It hasto be carriedout using inputs from its envi-
ronmentthat may involve otherdifferentialequationsin a
mutualrecursion. To avoid infinite loops,eachnumerical
calculationmustdelayits outputsfractionallywith respect
to its inputs.

Initializations set the value at zero time only, if they
comefrom input declarations,or schedulethevaluefor all
time,if they comefrom outputdeclarations.

� [qout �Dü = "Mü ] ÿ (w,t)= � (w #$��&%ú w &#$���Dü'% ú("Mü�� | *) t � ,t) �� [qout �Dü ] ÿ = � [qout �Dü =0] ÿ� [qin �Dü = "Mü ] ÿ (w,t)= � (w #$� t %ú wt #$���Hü'%ú("Mü+��� ,t) �� [qin �Dü ] ÿ = � [qin �Dü =0] ÿ� [out 
Lü = "Mü ] ÿ (w,t)= � (w #$��&%ú w &#$� 
Lü'% ú("Mü+� | *) t � ,t) �� [out 
Lü ] ÿ = � [out 
Lü =0] ÿ� [in 
Lü = "Mü ] ÿ (w,t)= � (w #$� t %ú wt #$� 
Lü,%ú("Cü+��� ,t) �� [in 
Lü ] ÿ = � [in 
Lü =0] ÿ� [var �Mü = "Mü ] ÿ (w,t)= � (w #$��&%ú w &#$���Mü,%ú("Cü+� | -) t � ,t) �� [var �Mü ] ÿ = � [var �Mü =0] ÿ
We have omitted the interpretationof expressionsand

booleans.They interpretin the naturalway againststate,
but thereis nointrinsicreasonwhy they shouldnot interpret
againsta world line. Thatwould allow theuseof temporal
logic with schedulingsemanticsin conditionals,giving rise
to aninterestingextensionof VHDL-AMS.

Note that the semanticsis clearly conservative with re-
spectto VHDL. In theabsenceof differentialequationsand
quantities,the semanticfunctionsreduceto the formscor-
rect for VHDL, albeitover a larger time domain.Sinceall
but the wait semanticsaregiven by universallyquantified
predicates,only a little argumentandsomeextra hypothe-
sesarerequiredin order to force a VHDL traceto satisfy
thesemanticequationsfor VHDL-AMS:

Proposition 1 In theabsenceof quantities,andif the time
variable is alwaysaccessedvia truncation,and all exter-
nal signalsonly changeat integer times, then a VHDL-
AMSprogramexpressiblein thecore languagebehavesas
thoughit were running in VHDL, whensampledat integer
times.

We needto show that a VHDL tracesatisfiesthe VHDL-
AMS semanticconstraintsbecausethen determinismim-
plies that it is the VHDL-AMS tracetoo. The argument
goes:imaginethattheVHDL-AMS wait semanticsis mod-
ified to includea quantificationover only integer/deltatime
points,sothatit hastheVHDL semantics.In principle,the
time minimization“the first .0/21'3 suchthat 4 ” for some
expression4 maynow give a biggerresult. But 4 hastime
accessesguardedvia truncationandall thesignalschangeat
only integertimes,soif theminimizationover 5 givesafu-
turetimevalue 1'6 7 with 1'68/91 , thenit will be(1) with :<;>=
sincesignalchangesbetweenstrictly futuredeltascannotbe
scheduledandquantitiesarenotprojectedto changeduring
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deltasand(2) with ?'@ integer. So ?'@ minimizing A is thesame
integertimevaluewhetherquantifiedover integersor reals.
On theotherhand,if thequantificationgivesthesamema-
jor time, i.e. ?+B*C0? B , thenthewait is exactly until thenext
deltacycle,asin VHDL. SotheVHDL-AMS behavioursat-
isfiesVHDL semanticequations.

Thekind of statementthatwould have differingseman-
tics,hadnotcarebeentakento excludeit, is

wait until t*2 >= 1

which might wait until D>CFEHGJI , but the only equivalent
allowedhereis

wait until trunc(t)*2 >= 1

which will wait until DKCML if D2NOL , in both VHDL-
AMS andVHDL, andotherwiseuntil thenext deltacycle,
in both. I.e. VHDL-AMS programsmustbe expressible
in the core languageas programsof the secondform if
VHDL programsareto have VHDL semanticsin VHDL-
AMS. Thetext of thedraft standardis notvery clearin this
area. Roundingthe time accessesis not sufficient to pre-
servetheVHDL behaviour. C.f. theabovewith roundingin
placeof truncation.

Giving VHDL-AMS an integer-time semanticsis at the
heartof theargumentabove. Giving VHDL-AMS a mesh-
basedsemanticsis what is requiredin orderto argueabout
its behaviour with respectto calculationerrors.Theseman-
tics requiresonly a furtherchangeof timedomain:

Time = ( PRQ , S )

in which TVU is a setof at most U -separatedmesh-pointsinW
. Thesamesemanticrelationshold asgivenearlier, with

quantizationnow over TVU whereappropriate.Exits from a
waitstatementarenow atthenext gridpointafterthecorrect
exit time. We will notprove it herebut it is truethat:

Proposition 2 If, overany boundedinterval, thesolutions
to thedifferentialequationsdependuniformlyon theinputs
overthat intervals,then: asa time-wisecomputationmesh
TVU getsuniformly finer, the behaviourof a program exe-
cutedoverthemeshtendsuniformlyto its idealbehaviourin
VHDL-AMSovereveryclosedintervalof real timein which
it doesnot loop forever, exceptpossiblythosethat contain
anexit or entryfrom/toa wait statementin theVHDL-AMS
idealsemantics.

Theproof dependson theargumentthatthecontrolflow
in a programeventuallystabilizesasthemeshgetsfiner. If
the computationmakesprogressforever, then it can only
examineits inputsto a certainprecisionin every closedin-
terval. Oncethemeshgetsfiner thanthat the controlflow
in theprogramis fixedover thatinterval. A finer meshjust
refinesthecalculationsin eachsubinterval that theprocess
spendsin a wait statement.

Wewill sketch,however:

Proposition 3 Theparallelismin thecore languageis be-
nign (and so is that in VHDL-AMS,to the extent that it is
supportedby the core), in the sensethat the resultsof a
simulatorrun never vary. I.e., everyobservablevalueis ei-
thercompletelyundefined(capableof takingeverypossible
value)or uniquelydefined.

Theproofgoesasfollows: abstractthebasedomain(the
realnumbers

W
) to thedomainX CZY\[^]0_`]>acb , in which

[ represents“no feasibleresult”and a represents“all pos-
sible values,” and _ed W

represents“unique value.” The
tablesfor basicoperationssuchasadditionareasfollows:

f g h i j
g g g g
h	k g h�k8flh imj
j g j j

The table is monotonic– the resultsget lessrefinedfrom
top to bottomandleft to right. The planof the proof is to
(1) performan abstract interpretation [4] of the semantic
relationsover this domain,(2) notethat the semanticrela-
tionsof individualprocessesbecome(monotonic)semantic
functionsover this domain. (3) notethat the interpretation
is exactfor determinateinputstates.I.e. if in theinterpreted
domainthesemanticfunction n givesa stateo @ with value
a at time ? @ for somevariablesp , thenit is becausetheun-
derlyingsemanticrelation q relatestheinputstateo�? to all
possiblevaluesof thosevariablesp , independently:

nros?t? @ p(CZavuHo @ ? @,w x y�z C>o @J@ ? @{w x y�z-| o�?+qVo @ ? @ C}o�?+qVo @J@ ? @
This propertyis preserved throughsequentialcomposition
of relations(equivalently, compositionof functionsin the
interpreteddomain).Therefore,(4) duringa simulationrun
on onethread,a statevariableis eitherfully determinedor
fully indeterminateat any moment. Whenfinally we put
theprocessesin parallelthreadstogetherto geta live thread
(onewithoutstatesthatarein forceddisagreement),all state
variablesat a giventime areeither(a) determinedandtake
the samevaluein both threads,(b) determinedin oneand
undeterminedin theother, or (c) undeterminedin both.The
latter arethe only surviving sourcesof nondeterminismin
the parallelassociation,andthey arisefrom the statevari-
ablesfully undeterminedin all threads,i.e. thosethat are
notsetin any thread.

Theinterestingpartis rereadingthenondeterministicse-
mantic relations q�~�~������8u'�8�	�r���(� �����8u ���	�r��� asdeter-
ministic functions n�~�~����8� � � | ���	�r� | �����J� � (ignore
the calculationof the new time point for clarity), where
�����J� ��C^�8�	�r� |�� D��\D��H�J� � and � D��\D��H�J� ��CZ��� | � .

We say that nHo�?t? @ p^C�_ if thereis exactly one _ such
that plC�_ holdsin the o @ with os?+q!o @ ? @ . If thereis more
thanonewe say that nros?t? @ p}C�a . If thereis nonethen
nros?t? @ p(CZa .
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Now thepropertyfor step(3) hasto becheckedfor the
atomicrelationsandtheir interpretations.It trivially holds,
for example,of assignment,becausethe semanticsgiven
hereis a function. It is the relax semanticsthat intro-
ducesnondeterminismin the variablesoutsidethe control
of the currentexecutionthread,andit introducesfull non-
determinismin those.

The reasoningabove highlights that VHDL-AMS se-
manticscould be given in a more nondeterministicstyle.
We have choseninsteadto build all the nondeterminism
into appealsto theoraclesolvingthedifferentialequations.
Therestof theprocesssemanticshereexpressesdetermin-
istic dependenceon what wasreturnedby the oracle. But
it would alsobe valid to build explicit variationin the un-
controlledvariablesinto every semanticfunction within a
process.

4 A Simulator

The semanticsgivenabove hasbeenimplementedwith
only minor modifications,chiefly to theparallelismseman-
tics.

The programconsistsof 2000 code-linesin the func-
tional programminglanguageGofer, andits extensionTk-
Gofer. TkGoferhasabuilt-in interfaceto tk /tcl andgen-
eratesdisplaysundertheX windowssystem.

The modifications eliminate the (benign) non-
determinismin parallelism. Each processis converted
into a worldline-to-worldline transformerby regardingthe
initial scheduleas input andthe final traceasoutput. We
know that the final traceis a fixpoint, whenregardedasa
schedule(not provedin this article),andsowe solve for it
asa fixpoint jointly producedby a groupof processes,and
jointly consumedby them. Greatcarehasto be takennot
to introduceextra strictnessinadvertently. For efficiency,
world lines are modelledas infinite lists (streams)rather
than as real valuedfunctions. To avoid mutual recursion
betweentwo of our “black box processsemantics”for the
numberof computationaldeltasthathave to beperformed
until stability, weseta fixedmaximumfor eachsimulation
run. In the real world of VHDL-AMS simulators, the
simulation kernel effectively peeksinto eachprocessto
see whether there are further changespending, but our
compositionalapproachprecludesthat.

Weusedaninterestingreal-valuedinterpretationof logic
in orderto applyanefficientNewton-Raphsoninterpolation
for the timepointsat which booleanconditionsflip, rather
thanhave to rely onnumericalbisection.

5 Conclusion

A denotationalsemanticsfor the core of VHDL-AMS
hasbeensetout. It hasbeenshown thatparallelismin the

coreis benign,andit hasbeenobservedthat thesemantics
is theuniquelimit of time-meshbasedapproximations.A
proof that thesemanticsconservatively extendstheVHDL
semanticshasbeensketched.
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