
Multi-output Functional Decomposition
with Exploitation of Don't Cares

ChristophScholl

Instituteof ComputerScience,Albert-Ludwigs-University
79110Freiburg im Breisgau,Germany

email: scholl@informatik.uni-freiburg.de

Abstract

Functional decompositionis an important technique in
logic synthesis,especiallyfor the designof lookup table
basedFPGA architectures.

We presenta methodfor functionaldecompositionwith
a novel conceptfor theexploitationof don't caresthereby
combiningtwo essentialgoals: the minimizationof the
numberof decompositionfunctionsin the currentdecom-
positionstepand the extraction of commonsubfunctions
for multi-outputBooleanfunctions.

The exploitation of symmetriesof Boolean functions
plays an important role in our algorithm as a meansto
minimizethe numberof decompositionfunctionsnot only
for thecurrentdecompositionstepbut alsofor the(recur-
sive)decompositionalgorithmasa whole.

Experimentalresultsprove theeffectivenessof our ap-
proach.

1 Intr oduction

Functionaldecompositionwas introducedby Ashenhurst
[1], Curtis [4], Roth and Karp [17, 8]. During recent
years functional decompositionattracteda lot of inter-
estespeciallyin connectionwith the synthesisof lookup
table basedFPGA architectures(seee.g. [15, 9, 10, 11,
19, 25, 22]). Efficient functionaldecompositionmethods
basedon Binary Decision Diagrams(BDDs) were pro-
posed;therewereimprovementson thebasicdecomposi-
tion techniqueswith respectto the extractionof common
sublogic in the decompositionof multi-output Boolean
functions [12, 25, 22]. In [3, 2] a BDD basedmethod
waspresentedwhichcomputesextensionsof incompletely
specifiedsingle-outputfunctionswith a minimal number
of decompositionfunctionsin the currentdecomposition
step.

The exploitation of don't caresis an important step
in functionaldecompositionevenfor completelyspecified
functions,sincedecompositionis appliedrecursively and
at leastat higherlevelsof therecursionwe usuallyobtain
incompletelyspecifiedfunctions.

In our decompositionprocedurewe usean improved
methodto exploit don't careswhich doesnot only mini-
mizecommunicationcomplexity in the currentdecompo-
sitionstepbut hasalsoaneffect on the(recursive)decom-
positionof thedecompositionfunctionsin our procedure.
We assigndon't caresto maximizethenumberof symme-
triesto achievethis `global' effect (seealso[21]).

In additionwe developeda new methodfor don't care
assignmentwith respectto the computationof common
decompositionfunctionsof multi-output functions. This
methodis intendedto increasethepotentialof sharingde-
compositionfunctionsbetweenseveralsingle-outputfunc-
tions.

Finally we apply the method of Changand Marek-
Sadowska[3, 2] to minimizethenumberof decomposition
functionsfor single-outputfunctionsin thecurrentdecom-
positionstep.

Thecrucialpoint in our don't careassignmentconcept
is thefactthatall stepsin thisprocedurearecompatiblein
thesensethat onestepdoesnot destroy the resultsof the
previousone.

Recently, Eckl et al. [5] developeda methodfor multi-
outputfunctionaldecompositionexploiting don't caresin-
dependentlyof us.Howevertheirapproachhasonly alocal
effect to thecurrentdecompositionstepanddoesnot take
into accountglobaleffectsof thedon't careassignment.

Thepaperis organizedasfollows: In Section2 we de-
fine basicnotations. In Section3 we briefly review our
methodto computecommondecompositionfunctionsfor
multi-output functions [22]. The role of symmetriesin
logic synthesisis discussedin Section4 andour concept
for don't careassignmentis givenin Section5. In Section
6 experimentalresultsaregiven andSection7 concludes
thepaper.

2 Preliminaries

Werestatesomewell–knowndefinitionsfor decomposition
of Booleanfunctions.

A single-outputBooleanfunction
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compositionfunction.

�
� � �	�	���	��� � 

is calledboundsetand�
� � 6 �����	���	�"� � 
 is called freeset.
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is saidto be decom-
posablewith respectto
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, if thereis a decom-

positionwith
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decompositionfunctions.
If the Booleanfunction is to be realizedby an FPGA

with
(?>A@�B

-input lookup tablesand if
%C.D(?>A@�B

, *FEG * � �	���	�!� * 5
H canberealizedby
3

lookuptables(similarly
for 4 ). If thenumberof inputsof * or 4 is still too large,
decompositionhasto beappliedrecursively to * and 4 .

Giventhesubset
���I���	���	���"� �<


of theinputvariables,the
minimumnumber

3
of decompositionfunctionshasto be

computed.To dosothenotionof equivalentboundsetver-
ticesis used.Two boundsetverticesJ�K �"L andJ�KNM L?O �
���	��
 �
are called equivalent( J�K �PLRQ J	KSM L ), if f TIU O �
���	��
��<V �

:� G J	K �PL � U H E � G J�KNM L � U H . For completelyspecifiedfunc-
tions equivalenceof boundset verticesforms an equiv-
alencerelation,which partitions

�����	��
 �
into equivalence

classes. The numberof different equivalenceclassesof�����	��
 ��W�X
is denotedby

(?Y�Z G �[�	�������	���	�!��� � 
 H . It is easy
to seethat a decompositionwith decompositionfunction*=E G * � �	�	���!� * 5�H exists,if f TIJ�K �PL � J	KSM L\O �
���	��
 �

:

J K �"L^]Q J KNM L E?_`* G J K �"L H ]Ea* G J KSM L H �
Thus, the minimum numberof decompositionfunctions
in thedecompositionof

�
with respectto

��� � �	���	�	��� � 

isbdcNegf M G (?Y�Z G �[�	�������	���	�	��� � 
 H�Hih .It is well-known thatthenumberof equivalenceclasses(?Y�Z G �[�!���I�����	�	�	�"� � 
 H can be easily determinedbasedon

BDD representations,if the variablesof the bound set�
� � ���	���	�"� � 

are locatedbeforethe variablesof the free

setin theBDD variableorder[10].

3 Multi-output Decomposition

In thissectionwewill briefly review ourmethodto decom-
posemulti-outputfunctions[22].

Given an j -output function
� E G �g���	���	���7��k H ������	��
 � � �
���	��
 k

we have to compute j decomposi-
tionswith respectto boundset

��� � �	���	���"� � 

� + G � � ���	�	�	�"� �AH El4�+ G * K + L� G � � �	���	���"� � H �	�	���	�

* K + L5Pm G �I�����	�	���"��� H �"��� 6 �����	�	�	�"� � H .
Unlike [11] we

choosedecompositionswith minimal numbersof decom-
positionfunctions

3 + E bdcNegf M G (?Y�Z G � + �!�
�����	�	���	��� �<
 H"Hnh for
each

� + (
�o.'0p. j ), sinceour goal is to minimize the

numberof inputs of decompositionfunctionsand com-
positionfunctions,suchthat they canbe realizedby one
LUT as soonas possible. (In [11] the total numberof
decompositionfunctionsfor

�g���	���	�!�q��k
is minimized,but

the numberof inputs of 4�+ can be (much) larger than(srt%�u bvcSe�f M G (?Y�Z G � + �!�
�������	���	�"���w
 H"Hnh .)Thus,underthecondition3 + E bdcNegf M G (?Y�Z G � + �!�
�����	�	���	��� �<
 H"Hnh
we minimize the number of decompositionfunctionsx7y k+Sz � � * K +

L� �	�	���!� * K + L5 m 
 x .
This is doneby a BDD basedcomputationof common

decompositionfunctions for subsets
��� +v{ ���	���!�7� +}| 
 [22].

The computationis significantlyspedup by a restriction
of the searchspaceto the so-calledstrict decomposition
functions. A decompositionfunction * K +

L~ is calledstrict,
if f T�J�K �"L � J�KNM L\O �����	��
 �

:

J K �"L Q +IJ KSM L E?_`* K + L~ G J K �"L H E$* K + L~ G J KNM L H �
(
Q + is theequivalencerelationfor

� + .)
However, the restrictionto strict decompositionfunc-

tions has not only this `technical' reason. It can be
shown, thatstrict decompositionfunctionspreserve struc-
turalpropertiesof thefunctions

� + , which is crucialfor our
decompositionalgorithm(seeSection4).

4 Symmetries

Logic synthesiscan take advantageof symmetriesof
Booleanfunctions. In the decompositionapproach,e.g.,
symmetriesin the set of boundvariableslead to smaller
numbersof decompositionfunctions.For theextremecase
of

�
beingsymmetricin theboundset

�������	���	�!��� � 

(i.e.

�
doesnotchange,if any pairof variablesfrom

��� � �	���	�	��� � 

is exchanged),it is easyto seethat thenumberof decom-
positionfunctionsneededin a decompositionwith respect
to
���I�����	���!�"���<


cannotbelargerthan
bvcSe�f�G %�u�� Hnh . Anal-

ogousresultshold when
�

is symmetricin not all pairsof
variablesfrom

�
�������	���	�"��� 

.



Strict decompositionfunctionshave the property that
they preserve symmetryproperties:If

�
is symmetricin

a pair
� + ��� ~ of variablesfrom

�������	���	�!��� � 

, thenall strict

decompositionfunctionsof
�

aresymmetricin
� + and

� ~ .
This fact is alsotrue for moregeneraltypesof symmetry
like � –symmetriesin theboundset

�
[7].

5 Incompletely SpecifiedFunctions

If in a decomposition� G �����	�	���!�"� � H E
4 G * � G � � �	���	�	��� � H ���	���!� * 5 G � � �	�	���	��� � H ��� � 6 � �	�	���!�"� ��H

somecodes
G�� ���	���	�!� � 5 H do not occur in the imageof * ,

then
G�� � �	�	���!� � 5 � U � �	���	�!� U �<V � H is a don't careof 4 for allG U �����	���	� U �<V � H O �
���	��
��<V �

. Becauseof that we have
to deal with incompletelyspecifiedfunctionsduring the
recursive decompositionprocedure,even if we startwith
completelyspecifiedfunctions.

Our conceptto assignvaluesto don't caresconsistsof
threesteps:

Step1 First of all, we assigndon't caresin orderto ob-
tainasmany symmetriesaspossiblefor theresultingfunc-
tion. As mentionedin the previous sectionthis will lead
to a reductionof the numberof decompositionfunctions.
Thereis not only an effect on the currentdecomposition
step,but alsoon later(recursive)decompositions.

Don't careassignmenttoobtainsymmetriescanbedone
before the selectionof a bound set for the decomposi-
tion. Then we use symmetricsifting [13, 16] to deter-
minea startingpointof ourgradualimprovementheuristic
to searchfor goodcandidatesfor boundsets. During the
searchfor a goodboundsetwe exchangegroupsof sym-
metricvariables.

The difficulty in the don't careassignmentconsistsof
the fact, that an assignmentto obtainsymmetryin a pairG � + �"� ~ H can destroy symmetryin anotherpair

G � ~ �"�[� H .
Theoryandan algorithmto solve this don't careassign-
mentproblemheuristicallyaregivenin moredetailin [21].
We considerboth nonequivalencesymmetryand equiva-
lencesymmetry[6].

Step 2 In general,the functionsto be decomposedstill
have don't caresafterstep1. Theseremainingdon't cares
areassignedwith respectto logic sharing.Thedon't care
assignmenttakesinto accountthatfor amulti-outputfunc-
tion

� E G �g�����	�	�	�7��k H the functions
�������	�	���7��k

are de-
composedwith computationof commondecomposition���

–symmetriesin the boundset ��� �q�"�P�"�"� �
��� consistof all pos-
sible combinationsof exchangesand negations of variables from��� � �P�"�"�P� �
��� . Various types of symmetriescan be expressedas

�
–

symmetries:Equivalencesymmetry[6] in ��� and �	� , e.g., meansthat�
doesnot changeunderapplicationof thefollowing sequence:negation

of ��� , exchangeof ��� and �	� , negationof ��� .

functions. We minimize not only the numberof decom-
position functionsfor the single-outputfunctions

� + , but
alsothetotalnumberof decompositionfunctionsto obtain
asmuchlogic sharingaspossible.

To achieve this goal we proposeto minimize a lower
boundon thetotal numberof decompositionfunctionsfor�����	���	�!�q��k

.
If
�������	���	�7��k

arecompletelyspecified,a lower bound
on the total numberof decompositionfunctionsis com-
putedasfollows:
Now wecall two boundsetverticesJ K �"L and J KNM L O �
���	��
 �
equivalent( J�K �"L\Q J�KNM L ), if f T�U O �����	��

�<V �

:� + G J K �"L � U H E � + G J KNM L � U H for all
��.�0�. j �

If
(?Y�Z G �[�	���I���	���	�!��� � 
 H is the numberof differentequiv-

alence classesaccording to this definition of equiv-
alence, a lower bound on the total number of de-
composition functions for

� � �	���	�	�q� k
is given bybdcNegf M G (?Y�Z G �[�	�������	���	�	��� �<
 H�Hih . Let

� * K + L� �	���	��� * K + L5Pm 
 be
the set of decomposition functions for

� + (
3 + EcSe�f M G (?Y�Z G � + �	��� � �	���	���"� � 
 H"Hih asdefinedin Section2) and

let
3 E x7y k+Sz � � * K +

L� �	���	�!� * K + L5 m 
 x be the total numberof
decompositionfunctions in the decompositionof

� EG �������	�	�	�7��k H . ThenwehavebvcSe�f M G (?Y�Z G �[�	�������	���	�!��� � 
 H�Hih .�3�.
.

k�
+Sz �

bvcSe�f M G (?Y�Z G � + �	��� � ���	�	�	�"� � 
 H"Hih E
k�
+Sz �

3 + �

Thus,
bvcSe�f M G (?Y�Z G �[�!�
�����	�	���!�"��� 
 H"Hnh is not only a lower

bound on � k
+Sz � 3 + , but it also provides an estimation

to the extent we can expect to find common decom-
position functions in the decompositionof

� � ���	���	�7� k
.

If
bvcSe�f M G (?Y
Z G �[�!�
�����	�	���	��� � 
 H�Hih is small and � k

+Sz � 3 + is
large, thenwe can hopethat thereis a large potentialto
sharedecompositionfunctionsin thedecompositionof the
single-outputfunctions

� + .
If

�g���	���	���7��k
are incompletely specified functions,

we assignvalues to don't caresto computeextensions���� �	���	�!�q���k
of

� � ���	�	���7� k
, suchthatfor

��� E G ���� ���	�	�	�7���k H(?Y�Z G ���d�!�
�����	�	���	��� � 
 H is minimal. This is donein orderto
minimize the lower bound

bdcNegf M G (?Y�Z G �����!�
�����	�	���!�"��� 
 H"Hnhon the total number of decompositionfunctions for���� �	���	�!�q���k
.

For incompletelyspecifiedfunctionswe have to distin-
guish betweenequivalentand compatibleboundset ver-
tices:

Two boundsetverticesJ�K �"L and J�KNM L arecalledequiva-
lent ( J�K �PL\Q J�KNM L ), if f T ��.�0�. j and T�U O �����	��

�<V �

:
1.

G J�K �"L � U H and
G J�KNM L � U H arein thedon't caresetof

� +
or
2.

� + G J�K �PL � U H E � + G J�KNM L � U H .
Two boundsetverticesJ�K �"L and J�KNM L arecalledcompat-

ible ( J�K �PL\� J�KNM L ), if f T ��.�0�. j and T�U O �����	��

�<V �
:



1.
G J�K �"L � U H or

G J�KNM L � U H arein thedon't caresetof
� +

or
2.

� + G J�K �PL � U H E � + G J	KSM L � U H .
Thus,if J�K �"L and J�KNM L arecompatiblewrt.

�
, thenthereis

anextension
���

of
�

, suchthat J�K �"L and J�KNM L areequivalent,
i.e., if J K �"L and J KNM L arecompatiblewrt.

�
, thenthey canbe

madeequivalentby don't careassignments.
To find an extension

���
of

�
with a minimal(?Y�Z G �����	�������	���	�!��� � 
 H we have to assignvaluesto don't

caressuch that many compatibleboundset verticesare
madeequivalent.

This optimizationproblemcanbe reducedto a clique
coverproblemfor a graph � (or equivalentlyto a coloring
problemfor theinversegraph� ).

The numberof nodesof this graph � is equalto the
numberof equivalenceclasses

(?Y
Z G �[�!�
� � ���	���	�"� � 
 H � Ex �
���	��
 � W�X x
for theequivalencerelation

Q
of

�
asdefined

above.� can be easily computedbasedon BDD representa-
tionsof theincompletelyspecifiedfunctions

� + [20].
For reasonsof efficiency – in contrastto [5] – wedonot

computeand representall possiblesolutionsof coloring
problemswith

(?Y�Z G �[�	�������	���	�!��� � 
 H nodes.

Step3 Finallyweexploit remainingdon't caresafterstep
2 to furtherminimize thenumberof decompositionfunc-
tions for single-outputfunctions

� + using the methodof
ChangandMarek-Sadowska[3].

We canprove that the don't careassignmentof step3
cannot increasethe lower boundfrom step2. Moreover
we canprove that theproceduredoesnot destroy symme-
tries, if eachgroupof symmetricvariablesis completely
containedin theboundsetor in thefreeset[20].

6 Experimental Results

6.1 Arithmetic Functions

First of all we demonstratethat our automaticlogic syn-
thesis tool is able to producecompetitive designseven
for arithmeticfunctionswhich werealreadystudiedinten-
sively usinghumanintelligence.

Applied to addersof variousoperandlengthsour tool
automaticallyproducesrealizationswhichareverysimilar
to the well-known conditional-sumadder[23]. Figure2
shows theexampleof a two-inputgaterealizationof an8-
bit addergeneratedby our tool. Differencesin detailseven
leadto asmallernumberof gatesfor our realization(in the
exampleof Figure2, 49 two-input gatescomparedto 90
two-inputgatesfor theconditional-sumadder.)

Wealsoappliedoursynthesistool to partialmultipliers,
i.e. functions

% j � �^��������

���R���
���	��
 M � wherethe in-

���d� �¡d¢

y£ 7 y£ 6 y£ 5 y£ 4 y3 y£ 2 y1 y0x7 x6 x5 x4 x3 x2 x1 x0

f0f1f2f3f4f5f7 f6

level 0
level 1

level 2
level 3

Figure2: Automaticallygeneratedcircuit for a8-bit adder.

putsaregivenby thebitsof the
(

partialproductsM andthe
outputsaregivenby the ¤ ( productbits.

Figure3 showstheresultfor
% js¥ . Theresultcanbein-

terpretedasanew multiplier schemewith a `column-wise'
additionof thebits of themultiplicationmatrix. Notethat
thedon't careassignmentconceptfrom Section5 is essen-
tial for theseresults.A realizationwithout this don't care
assignmentleadsto acircuit with 75%moregatesfor

% j ¥ .
A generalizationof the principle to various operand

lengthsleadsto a multiplier with ¦ �§t¨ ( M uª© G ( cSe�f M ( H
two-inputgatesanddepth« �S��¬ ¨ cSe�f (^us© G�cNegf�­ ( cSe�f�cNegf ( H
(comparedto

����( M r ¤ ��( gatesfor theWallacetreemulti-
plier [24] with depth« cSe�f (tr « ). §

6.2 Benchmark Cir cuits

We appliedthedecompositionproceduredescribedabove
to several MCNC and ISCAS benchmarksto compute
FPGA realizationsfor Xilinx XC3000device (wherethe
numberof inputsof thelookuptablesis

( >A@�B E®« ).
We comparedthe numbersof CLBs for our new algo-

rithm mulop-dcto the resultsof mulopII [22], wherewe
didn't useany don't careassignmentprocedure¥ .

Theresultsof Table1 show a considerablereductionof
CLB countsfor our new algorithm. Therearereductions
of CLB countsof upto 35%for alu2andtheoverallreduc-
tion is morethan10%. Notethatthebenchmarkfunctions
areall completelyspecifiedfunctionsanddon't caresoc-
curonly athigherlevelsof therecursion.For this reasonit¯

i.e. conjunctions°��v± �³²µ´	��¶d� of bits of the operands·}´ �!�"�P�"�P� ´	¸<¹
and ·S¶ �º�"�"�P�"� ¶ ¸ ¹»7¼¾½º¿	ÀºÁ=Â ²�ÃÅÄ¾Æ���ÇÉÈ ¼¾½º¿�Ê¾ËÍÌ · Á ¹ÅÎÐÏ7� with

¼¾½º¿�ÊÒÑPÌ · Á ¹ Â ² Á
and¼¾½º¿�Ê � Ì · Á ¹ Â ² ¼¾½º¿ · ¼¾½º¿�Ê �dÓ � Ì · Á ¹�¹ for ÔAÕ�Ö×

All don't careswereassignedto 0.
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Figure3: Automaticallygeneratedcircuit for a partial4-bit multiplier.

is clearthat improvementscanbeobtainedonly for larger
benchmarks.

Finally, Table 2 shows a comparisonbetweenour
tool mulop-dc, FGMap [9], mis-pga(new) [15, 18] and
IMODEC [25] proving theadvantagesof ourprocedure.

7 Conclusions

We presenteda method for functional decomposition
whichcombinestheexploitationof don't careswith theex-
ploitationof symmetriesof Booleanfunctionsandtheex-
tractionof commonsubfunctionsfor multi-outputBoolean
functions.

Applied to FPGA synthesis,our methodsto exploit

don't caresleadto considerablereductionsof CLB counts
even for completelyspecifiedbenchmarkfunctions,since
incompletelyspecifiedfunctionsariseduringtherecursive
applicationof thedecompositionprocedure.
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