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Abstract

Functional decompositionis an important technique in
logic synthesisgspeciallyfor the designof lookup table
basedrPGA architectures.

We presenta methodfor functionaldecompositionvith
a novel conceptfor the exploitation of don't caresthereby
combiningtwo essentialgoals: the minimizationof the
numberof decompositiorfunctionsin the currentdecom-
position stepand the extraction of commonsubfunctions
for multi-outputBooleanfunctions.

The exploitation of symmetriesof Boolean functions
plays an importantrole in our algorithm as a meansto
minimizethe numberof decompositiofunctionsnot only
for the currentdecompositiorstepbut alsofor the (recur
sive)decompositiomlgorithmasa whole

Experimentakesultsprove the effectivenessf our ap-
proach.

1 Intr oduction

Functionaldecompositionvasintroducedby Ashenhurst
[1], Curtis [4], Roth and Karp [17, 8]. During recent
years functional decompositionattracteda lot of inter

estespeciallyin connectionwith the synthesiof lookup

table basedrFpPGA architecturegseee.g.[15, 9, 10, 11,

19, 25, 22])). Efficient functionaldecompositiormethods
basedon Binary Decision Diagrams(BDDs) were pro-

posed;therewereimprovementson the basicdecomposi-
tion techniqueswith respecto the extractionof common
sublogic in the decompositionof multi-output Boolean
functions[12, 25, 22]. In [3, 2] a BDD basedmethod
waspresenteavhich computesxtensionof incompletely
specifiedsingle-outputffunctionswith a minimal number
of decompositiorfunctionsin the currentdecomposition
step.

The exploitation of don't caresis an important step
in functionaldecompositiorevenfor completelyspecified
functions,sincedecompositions appliedrecursvely and
atleastat higherlevels of the recursionwe usuallyobtain
incompletelyspecifiedfunctions.

In our decompositiorprocedurewe use an improved
methodto exploit don't careswhich doesnot only mini-
mize communicatiorcompleity in the currentdecompo-
sition stepbut hasalsoan effect on the (recursve) decom-
positionof the decompositiorfunctionsin our procedure.
We assigndon't caresto maximizethe numberof symme-
triesto achieve this “global' effect (seealso[21]).

In additionwe developeda new methodfor don't care
assignmentvith respectto the computationof common
decompositiorfunctionsof multi-outputfunctions. This
methodis intendedo increasehe potentialof sharingde-
compositiorfunctionsbetweerseveral single-outpufunc-
tions.

Finally we apply the method of Changand Marek-
Sadavska[3, 2] to minimizethenumberof decomposition
functionsfor single-outpuftunctionsin thecurrentdecom-
positionstep.

The crucial pointin our don't careassignmentoncept
is thefactthatall stepsin this procedurearecompatiblen
the sensethat one stepdoesnot destry the resultsof the
previousone.

Recently Eckl et al. [5] developeda methodfor multi-
outputfunctionaldecompositiorexploiting don't caresin-
dependentlpf us. Howevertheirapproacthasonly alocal
effectto the currentdecompositiorstepanddoesnot take
into accounglobaleffectsof thedon't careassignment.

The paperis organizedasfollows: In Section2 we de-
fine basicnotations. In Section3 we briefly review our
methodto computecommondecompositiorfunctionsfor
multi-output functions[22]. The role of symmetriesin
logic synthesids discussedn Section4 andour concept
for don't careassignmenis givenin Section5. In Section
6 experimentalresultsare given and Section7 concludes
thepaper

2 Preliminaries
We restatesomewell-knovn definitionsfor decomposition

of Booleanfunctions.
A single-outpuBooleanfunction f : {0,1}" — {0,1}



p+l

Figure 1: Decompositiorof f : {0,1}" — {0,1} with
respecto {z1,...,zp}.

with input variableszy, ..., z, is decomposedvith re-
spectto a subset{zy,...,z,} (1 < p < n) of thein-
put variablesaccordingto Figure 1. The functionsa; :
{0,1}? — {0,1} (1 < i < r) arecalleddecomposition
functionsandthefunctiong : {0,1}"+% — {0,1} iscalled
compositiorfunction {z1, ..., z,} is calledboundsetand
{Zp+1,-..,2,} is calledfreeset f is saidto be decom-
posablewith respecto {z1,...,z,}, if thereis a decom-
positionwith » < p decompositiorfunctions.

If the Booleanfunction is to be realizedby an FPGA
with npyr-input lookup tablesandif p < npyr, a =
(a1,...,a,) canberealizedby r lookuptables(similarly
for g). If the numberof inputsof « or g is still too large,
decompositiorhasto be appliedrecursvely to « andg.

Giventhesubsef{z, ..., z,} of theinputvariablesthe
minimum numberr of decompositiorfunctionshasto be
computedTo dosothenotionof equivalenboundsetver-
ticesis used.Two boundsetverticese™") ande(?) € {0,1}?
are called equivalent(e™) = €®), iff V§ € {0,1}"P:
f(eM 8) = f(e?,5). For completelyspecifiedfunc-
tions equivalenceof bound set verticesforms an equi-
alencerelation, which partitions{0, 1} into equivalence
classes. The numberof differentequivalenceclassesof
{0,1}?/= is denotedby nec(f, {z1,...,2p}). It is easy
to seethat a decompositiorwith decompositiorfunction
a=(ay,...,aq,) exists,iff Ve ) € {0,1}7:

e 2 @ = a(eM) £ a(e?).

Thus, the minimum numberof decompositiorfunctions
in the decompositiorof f with respecto {z1,...,z,} is
Mg, (nec(f, {z1,-..,z,}))].

It is well-known thatthe numberof equivalenceclasses
nec(f,{z1,...,z,}) canbe easily determinedbasedon
BDD representationsif the variablesof the bound set
{z1,...,2,} arelocatedbeforethe variablesof the free
setin the BDD variableorder[10].

3 Multi-output Decomposition

In thissectiorwe will briefly review ourmethodto decom-
posemulti-outputfunctions[22].

Given an me-output function f = (f1,...,fm)
{0,1}" — {0,1}™ we have to computem decomposi-

tionswith respecto boundset{z1,. .., z,}
filz1,. ., zn) = gi(agz)(ajl, T 5 IR
(1)
Qr (T1y- ey @), Tpgds - vy )
Unlike [17] we
choosedecompositionsvith minimal numbersof decom-
positionfunctionsr; = [log, (nec(fi, {z1,...,2,}))] for

eachf; (1 < i < m), sinceour goalis to minimize the
numberof inputs of decompositionfunctionsand com-
positionfunctions, suchthat they canbe realizedby one
LUT assoonas possible. (In [11] the total numberof
decompositiorfunctionsfor fi, ..., f., iS minimized,but
the numberof inputs of g; can be (much) larger than
n —p+ [logy(nec(fi, {1, ,})1.)
Thus,underthecondition

Ty = |—10g2 (nec(fia {-7517 v axp}))]

we minimize the number of decompositionfunctions
UL {0},

This is doneby a BDD basedcomputatiorof common
decompositiorfunctionsfor subsets{f;,,..., fi. } [22].
The computationis significantly spedup by a restriction
of the searchspaceto the so-calledstrict decomposition

functions. A decompositiorfunction agi) is calledstrict,
iff Ve e € {0,1}P:

€D =; ¢ = alD (M) = af) (@)

=, istheequvalencerelationfor f;.)

However, the restrictionto strict decompositiorfunc-
tions has not only this “technical' reason. It can be
shawn, thatstrict decompositiorfunctionspresere struc-
tural propertiesof thefunctionsf;, whichis crucialfor our
decompositioralgorithm(seeSectiord).

4 Symmetries

Logic synthesiscan take adwantageof symmetriesof
Booleanfunctions. In the decompositiorapproache.g.,
symmetriesin the setof boundvariablesleadto smaller
numbersf decompositiorfunctions.For theextremecase
of f beingsymmetricin theboundset{z1,...,z,} (i.e. f
doesnotchangeif ary pairof variablefrom {z1,...,2,}
is exchanged)it is easyto seethatthe numberof decom-
positionfunctionsneededn a decompositiomwith respect
to{z1,...,z,} cannotbelargerthan[log(p + 1)]. Anal-
ogousresultshold when f is symmetricin notall pairsof
variablesrom {z1,...,z,}.



Strict decompositiorfunctions have the propertythat
they presere symmetryproperties:If f is symmetricin
apairz;, z; of variablesfrom {z1, . .., z, }, thenall strict
decompositiorfunctionsof f aresymmetricin z; andz;.
This factis alsotrue for moregeneraltypesof symmetry
like G-symmetriesn theboundset! [7].

5 Incompletely SpecifiedFunctions

If in adecomposition

floe,...,my) =

gloa (1, -, 2p), -y (X1 Tp), Tpgds - - - Ty
somecodes(ay, - - -, a,) do notoccurin theimageof «,
then(ai,...,a,,601,...,0,_p) isadon't careof g for all

(01,...,0n—p) € {0,1}"P. Becauseof that we have
to deal with incompletelyspecifiedfunctions during the
recursve decompositiorproceduregvenif we startwith
completelyspecifiedfunctions.

Our conceptto assignvaluesto don't caresconsistsof
threesteps:

Step1 Firstof all, we assigndon't caresin orderto ob-
tainasmary symmetriesaspossiblefor theresultingfunc-
tion. As mentionedin the previous sectionthis will lead
to a reductionof the numberof decompositiorfunctions.
Thereis not only an effect on the currentdecomposition
step,but alsoon later (recursve) decompositions.

Don't careassignmentb obtainsymmetrieganbedone
befoe the selectionof a bound set for the decomposi-
tion. Thenwe use symmetricsifting [13, 16] to deter
minea startingpoint of our gradualimprovementheuristic
to searchfor good candidategor boundsets. During the
searchfor a goodboundsetwe exchangegroupsof sym-
metricvariables.

The difficulty in the don't careassignmentonsistsof
the fact, that an assignmento obtainsymmetryin a pair
(x;,x;) candestry symmetryin anotherpair (z;,zy).
Theoryand an algorithmto solwve this don't careassign-
mentproblemheuristicallyaregivenin moredetailin [21].
We considerboth nonequvalencesymmetryand equiva-
lencesymmetry[6].

Step2 In general,the functionsto be decomposedtill
have don't caresafterstepl. Theseremainingdon't cares
areassignedvith respecto logic sharing. Thedon't care
assignmentakesinto accounthatfor a multi-outputfunc-
tion f = (f1,..., fm) thefunctions f1,..., f,, arede-
composedwith computationof commondecomposition

1 G—symmetriesin the boundset {z1,...,zp,} consistof all pos-
sible combinationsof exchangesand negations of variables from
{z1,...,zp}. Varioustypesof symmetriescan be expressedas G—
symmetries: Equivalencesymmetry[6] in z; andz;, e.g., meansthat
f doesnot changeunderapplicationof the following sequencenegation
of z;, exchangeof z; andzx;, negationof z;.

functions. We minimize not only the numberof decom-
positionfunctionsfor the single-outputfunctions f;, but
alsothetotal numberof decompositiorfunctionsto obtain
asmuchlogic sharingaspossible.

To achieve this goal we proposeto minimize a lower
boundon thetotal numberof decompositiorfunctionsfor
f17 ) fm

If f1,...,fm arecompletelyspecified,a lower bound
on the total numberof decompositiorfunctionsis com-
putedasfollows:

Now we call two boundsetverticese(*) ande® € {0,1}?
equivalent(e™) = €(2)), iff V6§ € {0, 1}7:

fi(€M),8) = fi(e?),8) forall 1 < i < m.

If nec(f,{z1,...,z,}) is the numberof differentequi-
alence classesaccording to this definition of equiv-
alence, a lower bound on the total number of de-
composition functions for fi,...,f, is given by
Mog, (nec(f, {z1,...,z,}))]. Let {ai?,...,al)} be
the set of decompositionfunctions for f; (r; =
log, (nec(fi, {z1,--.,z,}))] asdefinedin Section2) and

let r = |U§i1{a§i),...,a£’;)}| be the total numberof
decompositionfunctions in the decompositionof f =
(f1,---, fm). Thenwe have

[logy(nec(f,{z1,...,2p}))] <r <

S Z[log2(nec(fi7 {:L'la .- 7'771)}))-' = Zri-
i=1

i=1

Thus, [logy(nec(f, {z1,...,2p}))] is not only a lower
bound on Z;’;l r;, but it also provides an estimation
to the extent we can expect to find common decom-
position functions in the decompositionof f,..., fm.
If [log,(nec(f,{z1,...,zp}))] is smalland 3°1" | r; is
large, thenwe can hopethat thereis a large potentialto
sharedecompositioriunctionsin the decompositiorof the
single-outpufunctionsf;.

If fi,...,fm are incompletely specified functions,
we assignvaluesto don't caresto compute extensions
fis-ooy £l Of fi,..., fm, suchthatfor f' = (f{,..., fl,)
nec(f',{z1,...,2p}) is minimal. Thisis donein orderto
minimize the lower bound[log, (nec(f', {z1,...,zp}))]
on the total number of decompositionfunctions for
f{? st f’:n'

For incompletelyspecifiedfunctionswe have to distin-
guish betweenequivalentand compatiblebound setver
tices:

Two boundsetverticese!) ande(?) arecalledequiva-
lent(eM) = ), iff V1 < i < m andVs € {0,1} 7.

1. (¢M, §) and (e(?), §) arein thedon't caresetof f;
or
2. fz(e(l)aa) = fz(6(2),5)

Two boundsetverticese(!) ande®) arecalledcompat-
ible () ~ €),iff V1 < i < m andV¥s € {0,1}"7:



1. (¢!, §) or (@), §) arein thedon't caresetof f;
or
2. fi(eM),8) = fi(e?),4).

Thus,if €1) ande(?) arecompatiblewrt. f, thenthereis
anextensionf’ of f, suchthate(!) ande(?) areequivalent,
i.e.,if e ande® arecompatiblewrt. f, thenthey canbe
madeequialentby don't careassignments.

To find an extension f' of f with a minimal
nec(f’,{z1,...,2,}) we have to assignvaluesto don't
caressuchthat mary compatiblebound set verticesare
madeequivalent

This optimizationproblemcanbe reducedto a clique
cover problemfor agraphG (or equivalentlyto a coloring
problemfor theinversegraphG).

The numberof nodesof this graphG is equalto the
numberof equivalenceclassesnec(f, {z1,...,2p}) =
|{0,1}?/=| for the equivalencerelation= of f asdefined
above.

G canbe easily computedbasedon BDD representa-
tionsof theincompletelyspecifiedfunctionsf; [20].

For reason®f efficiency —in contrasto [5] —wedo not
computeand representll possiblesolutionsof coloring
problemswith nec(f, {z1,...,z,}) nodes.

Step3 Finallywe exploit remainingdon't caresafterstep
2 to further minimize the numberof decompositiorfunc-
tions for single-outputfunctions f; using the methodof
ChangandMarek-Saduwska[3].

We canprove thatthe don't careassignmenof step3
cannot increasethe lower boundfrom step2. Moreover
we canprove thatthe proceduredoesnot destry symme-
tries, if eachgroup of symmetricvariablesis completely
containedn theboundsetor in thefreeset[20].

6 Experimental Results

6.1 Arithmetic Functions

First of all we demonstratéhat our automaticlogic syn-
thesistool is able to producecompetitve designseven
for arithmeticfunctionswhich werealreadystudiedinten-
sively usinghumanintelligence.

Applied to addersof variousoperandengthsour tool
automaticallyproducesealizationsvhich arevery similar
to the well-known conditional-sumadder[23]. Figure2
shavs the exampleof atwo-inputgaterealizationof an 8-
bit addergeneratedby ourtool. Differencesn detailseven
leadto asmallernumberof gatesfor our realization(in the
exampleof Figure2, 49 two-input gatescomparedo 90
two-inputgatesfor the conditional-sunadder)

We alsoappliedour synthesigool to partialmultipliers,

i.e. functionspm,, : {0,1}"2 — {0,1}?" wherethein-

0ena|
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Figure2: Automaticallygeneratedircuit for a8-bitadder

putsaregivenby thebits of then partialproductd andthe
outputsaregivenby the2n productbits.

Figure3 shavstheresultfor pmy4. Theresultcanbein-
terpretechsa nev multiplier schemevith a“column-wise'
additionof the bits of the multiplication matrix. Note that
thedon't careassignmentonceptrom Section5 is essen-
tial for theseresults. A realizationwithout this don't care
assignmenieadsto acircuit with 75%moregatedor pm..

A generalizationof the principle to various operand
lengthsleadsto a multiplier with 8% - n? + O(nlog” n)
two-inputgatesanddepth5.13 -logn + O(log*n log log n)
(comparedo 10n2 — 20n gatesfor the Wallacetreemulti-
plier [24] with depth5 logn — 5).2

6.2 Benchmark Cir cuits

We appliedthe decompositiorproceduredescribecabove
to several MCNC and ISCAS benchmarksto compute
FPGA realizationsfor Xilinx XC3000device (wherethe
numberof inputsof thelookuptablesis npyr = 5).

We comparedhe numbersof CLBs for our new algo-
rithm mulop-dcto the resultsof mulopll [22], wherewe
didn't useary don't careassignmenproceduré.

Theresultsof Table1 shav a considerableeductionof
CLB countsfor our new algorithm. Therearereductions
of CLB countsof upto 35%for alu2andtheoverallreduc-
tion is morethan10%. Note thatthe benchmarkunctions
areall completelyspecifiedfunctionsanddon't caresoc-
curonly athigherlevelsof therecursion For thisreasorit

2j.e. conjunctionsp; ; = a;b; of bits of the operandgay , . .
and(bi,...,bn)

3log*n := min{m | log{™)(n) < 1} with log(®(n) := n and
log(¥(n) := log(log*=")(n)) fori € N

4All don't careswereassignedo 0.
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Figure3: Automaticallygeneratedtircuit for a partial4-bit multiplier.

is clearthatimprovementscanbe obtainedonly for larger
benchmarks.

Finally, Table 2 shavs a comparisonbetween our
tool mulop-d¢ FGMap [9], mis-pga(n&) [15, 18] and
IMODEC|[25] proving the advantage®f our procedure.

7 Conclusions

We presenteda method for functional decomposition
which combinegheexploitationof don't careswith theex-
ploitation of symmetrieof Booleanfunctionsandthe ex-
tractionof commonsubfunctiongor multi-outputBoolean
functions.

Applied to FPGA synthesis,our methodsto exploit

don't caredeadto considerableeductionsof CLB counts
evenfor completelyspecifiedoenchmarkunctions,since
incompletelyspecifiedfunctionsariseduringtherecursve
applicationof thedecompositiomprocedure.
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