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Abstract—This paper addresses the problem of reducing
the size of Craig interpolants generated within inner steps of
SAT-based Unbounded Model Checking. Craig interpolants are
obtained from refutation proofs of unsatisfiable SAT runs, in
terms of and/or circuits of linear size, w.r.t. the proof. Existing
techniques address proof reduction, whereas interpolant com-
paction is typically considered as an implementation problem,
tackled using standard logic synthesis techniques. We propose an
integrated three step process, in which we: (1) exploit an existing
technique to detect and remove redundancies in refutation proofs,
(2) apply combinational logic reductions (constant propagation,
ODC-based simplifications, and BDD-based sweeping) directly
on the proof graph data structure, (3) eventually apply ad hoc
combinational logic synthesis steps on interpolant circuits. The
overall procedure is novel (as well as parts of the above listed
steps), and represents an advance w.r.t. the state-of-the art. The
paper includes an experimental evaluation, showing the benefits
of the proposed technique, on a set of benchmarks from the
Hardware Model Checking Competition 2011.

I. INTRODUCTION

Craig interpolants (ITPs for short) [1], [2], introduced by
McMillan [3] in the Unbounded Model Checking (UMC)
field, have shown to be effective on difficult verification
instances. Though recently challenged by new techniques
(IC3, Incremental Construction of Inductive Clauses for In-
dubitable Correctness [4]), our experience within the field of
HWMCC competitions [5] and industrial cooperations shows
that interpolation-based approaches still play an important role
within a portfolio-based tool.

From a (high-level) Model-Checking perspective, Craig
interpolation is an operator able to compute over-approximated
images. The approach can be viewed as an iterative refinement
of proof-based abstractions, to narrow down a proof to relevant
facts. Over-approximations of the reachable states are com-
puted from refutation proofs of (unsatisfied) BMC-like runs,
in terms of AND/OR circuits, generated in linear time and
space, w.r.t. the proof.

Craig interpolants’ most interesting features are their com-
pleteness and the automated abstraction mechanism. Whereas
one of their major challenges is the inherent redundancy of
interpolant circuits, as well as the need for fast and scalable
techniques to compact them. Improvements over the base
method [3] were proposed in [6], [7], [8], [9] and [10], in order
to push forward applicability and scalability of the technique.

Going to the details of interpolant computation, we need
to consider SAT solvers and inner aspects of their deduction
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mechanism. An unsatisfiability proof is a series of applications
of the resolution rule, i.e., if (a V b) A (—a V ¢) holds then we
can deduce bV c. In the application of the rule, a is known as
pivot. A resolution proof is generated by repeatedly applying
the resolution rule on the clauses of an unsatisfiable Boolean
formula, to deduce false. Modern SAT solvers (Boolean satis-
fiability checkers) implement some variation of DPLL [11],
[12] that is enhanced with conflict driven clause learning [13].

Such solvers can produce resolution proofs as byproducts
of unsatisfiable runs, with an almost negligible overhead [14].
Due to the nature of the algorithms employed by SAT solvers,
a resolution proof may contain redundant parts. An extensive
discussion on resolution proofs and their applications is beyond
the scope of this paper. More details on proof transformation-
s/reductions can be found in [15], [16], [17].

As our main purpose is to optimize interpolant generation,
in this paper we address a more focused and specialized issue,
than mere proof reduction.

e  We start from low complexity algorithms for reduction
of resolution proofs, as proposed in [16], but mere
proof reduction is just a preliminary step,

e We further minimize a proof, taking into account
interpolant generation. The resulting data structure
is not an equivalent proof any more. we can rather
consider it as an intermediate step between proof and
interpolant.

e  We finally apply combinational logic simplifications,
targeted to highly redundant interpolant circuits.

Though mostly relying on known techniques, The overall
approach is novel. This work also has a practical value, in its
seek for a scalable, well balanced, and experimentally tuned
approach to interpolant compaction.

Section II introduces background notions on notation, BMC
and UMC, SAT-based Craig interpolant Model Checking,
refutation proofs. Sections III and IV present our main con-
tributions. Section V discusses the experiments we performed.
Section VI concludes with some summarizing remarks.

II. BACKGROUND
A. Model and Notation

We address systems modeled by labeled state transition
structures and represented implicitly by Boolean formulas.
From our standpoint, a system M is a triplet M = (S, Sy, T),
where S is a finite set of states, Sy C S is the set of initial
states, and 7' C S x S is a total transition relation. The system



state space is encoded with an indexed set of Boolean variables
X = {z1,...,2,}, so that a state s € S corresponds to a
valuation of the variables in X, and a set of states can be rep-
resented with a Boolean formula over X. A literal is a Boolean
variable or its negation. A clause is a disjunction of literals. A
CNF formula is a conjunction of clauses. Most modern SAT
solvers [18], [19] adopt clauses as their main representation
and manipulation formalism for Boolean functions. Whenever
necessary, given a Boolean function F', we will use notation
Fopnp for its CNF representation.

B. Bounded and Unbounded Model Checking

Given a sequential system M and an invariant property
p, SAT-based BMC [20] is an iterative process to check the
validity of p up to a given bound. To perform this task, the
system’s transition relation 7" is unrolled & times

Tk(XO..k) _ /\f;olT(Xi7Xi+1)

in order to implicitly represent all state paths of length k. BMC
tools use SAT checks such as:

bmc®(X0F) = So(XO) ATH(XOF) A Vi, —p(X7)

to look for counterexamples (of length < k), that start from
the initial states Sy and falsify p.

Though BMC tools are effective at finding bugs, their veri-
fication method is not complete. Therefore, specific techniques
are required in order to support Unbounded Model Checking
(UMC). The ability to check reachability fix-points and/or
to find inductive invariants, is thus the main difference (and
additional complication) between BMC and UMC.

C. Craig Interpolants

Let A and B be two inconsistent Boolean formulas,
ie., such that A A B = 1. An ITP I for (A, B) is
a formula such that: 1) A = I, 2) I AB = 1, and
3) supp(I) € supp(A) N supp(B).

INTERPOLANTMC (Sp, T', —p)
k=0
do
Coneg..;;, = CIRCUITUNROLL(—p, 4, k)
res = FINITERUN (Sy, T', Coneg. k)
k=k+1
while (res = undecided)

FINITERUN (S, T, Cone)
if SAT(So AT A Cone) return (reachable)
R =5y
while (true)
Image = ITP(R AT, Cone)
if (Image = undefined)
return (undecided)
if (Image = R) return (unreachable)
R =R V Image

Fig. 1.

An interpolant I = ITP(A, B) can be derived, as an
AND/OR circuit, from the refutation proof of A A B. McMil-
lan [3] proposed an effective fully SAT-based Unbounded

Interpolant-based Verification.

Model Checking algorithm, exploiting interpolants, as sketched
in Figure 1.

While INTERPOLANTMC is the entry point of the algo-
rithm, routine FINITERUN operates a forward traversal, where
interpolation is used as an over-approximate image operator.
The latter function may end up with three possible results:

e  reachable, if it proves —p reachable in k steps, hence
the property has been disproved

e unreachable, if the approximate traversal using the
IMG T, , Image computation reaches a fix-point. In this
case the property is proved

e  undecided, if —p intersects the over-approximate state
sets. Then, k in increased for a new FINITERUN call.

The previous algorithm is sound and complete [3].

D. From Resolution Proofs to Interpolants

Most modern SAT solvers rely on variants of the DPLL
algorithm [12], where resolution is at the base of conflict driven
learning. Given two clauses C; = (IV 13 V... V10,) and Cy =
(mlviiVv..vl,), aresolution step is an application of the
binary resolution inference rule

(Vi V..Vi) (RIvIpv.vi)
(LV..Vip VI Vv. VL)

where variable [ is called the pivor (or resolution) variable.
The resolvent C' is thus defined as: C' = Res(Cy,Ca) = (I V
NV VIV V).

Craig interpolants are generated from resolution proofs
using the following rules [3]. Let (A, B) be a pair of Boolean
functions, and (AcnF, Bonr) the corresponding sets of CNF
clauses. Let g = AAB = 1 (aSAT run on ¢cnp = AcnrpU
Benr returns UNSAT). Let IT be a proof of unsatisfiability
(a resolution proof) of ¢pcon . The proof II can be represented
by a directed acyclic graph (Vir, Er1), where Vg is a set of
vertices (nodes) and FEpy is a set of directed edges, such that:

e  aunique leaf v is associated to the empty clause L.
e oot nodes are associated to original clauses in ¢¢cnp-

e  cach other vertex v; € Vy is associated to a resolution
step. Let Cl(v;) denote the resolvent clause. The
v; vertex has exactly two predecessors v; o and v; 1
(connected by edges (v; 0, v;) and (v; 1, v;)), such that
Cl(v;) is the resolvent of Cl(v;) and Cl(v; 1).

Let us call global variable, a variable appearing both in A
and B, and global literal a literal of a global variable. Non-
global variables are called local. Let ¢ € Acnr be a clause,
g(c) is a clause generated by ¢ by removing all non-global
literals. Then the II-interpolant of (A, B), or ITPy(A, B), is
defined as p(v | ), with p(v;) a Boolean formula defined as

e if v; is a root node, then p(v;) = g(v;) Gf Cl(v;) €
Acnr), otherwise p(v;) = T,

e else, let v; 9, and v; 1 be the predecessors of v; in Vi
and let pivot(v;) be the pivot variable, then p(v;) =
p(vi0) OP p(v; 1), with OP being V (A), depending
on pivot(v;) being local (non-local) to A.



We denote as proof node chain a linear tuple of Vi1 nodes
Chy = (Ugy, Uy, -, Uk, ), Where all nodes (except the first
one) have exactly one successor in V. More formally, for
each couple of adjacent nodes wvy,,vk,,, in Chy, they are
connected by an edge (vk,,,,vx;,) € Em, and vy, , has no
other successor in Vi (out-degree(vy,,,) = 1). We call node
vg, header of the chain (Header(Chy)). Node chains are
explicitly available in SAT solvers such as Minisat [19], given
the way refutation proofs are generated from conflict clauses.
Though not strictly necessary for interpolant generation, we
found them very useful for low cost identification/management
of tree sub-graphs of proofs.

III. PROOF REDUCTION

The first part of our interpolant compaction approach
relies on proof compaction techniques, that we split in two
contributions. In Section ( III-A) we discuss how to transform
a given proof into a simpler one, that can still be considered as
a proof of the original problem. More aggressive techniques,
potentially losing the proof equivalence property (but guaran-
teeing equivalent interpolants) are described in Section III-B.
As reduction procedures are visiting a proof graph from leaf
(v ) to roots, in the following we’re using the transposed
graph ViT, instead of Vi;. We're also using node chains,
as intermediate groups of nodes that help visiting the graph
topology.

A. Equivalent Proof

We follow the RECYCLE-PIVOTS linear-time reduction
of [16], whose main ideas can be summarized as follows:

e simplifications are done on tree sub-graphs, in order
to keep linear complexity. let us denote it proof sub-
tree (notice that trees are rooted towards leafs of the

proof).
e  given a proof sub-tree, a node is redundant if its pivot

is found again on the (unique) path to the sub-tree
root.

REDUCEPROOFREDUNDANTPIVOTS(V;Y)
foreach node v; € Vi¥ following pre-order
ReduceNode (v;, L)
RestoreResGraph(VHT )

REDUCENODE(v;, recurred)

if v; is a chain header
if recurred and in — degree(v;) > 1 then return
Mark v; as visited

if root then return

piv = pivot(v;)

if implied piv then
v;,0 = nil; ReduceNode (v;,1, T)

else if implied —piv then
v;,1 = nil; ReduceNode (v, T)

else
imply piv; ReduceNode (v;,0, T); unimply piv
imply —piv; ReduceNode (v;,1, T); imply —piv

Fig. 2. Proof reduction.

More in detail, given a resolution step that produces a
clause using some pivot piv, the resolution step is called

redundant if each deduction sequence from the clause to v
contains another resolution step with piv as pivot. A redundant
resolution can easily be removed by local modifications in the
proof structure. After removing the redundant resolution step,
a strictly smaller proof is obtained. Detecting and removing all
such redundancies in the most general case (a DAG-structured
proof) is hard. RECYCLE-PIVOTS is a single pass algorithm
that partially removes redundant resolutions. From each clause,
the algorithm follows the deduction sequences to find equal
pivots. The algorithm stops looking for equal pivots if it
reaches a clause used in other deductions, i.e. it has more
than one successor in V7.

Proof sub-trees are thus identified by considering in-degree
of nodes in V;I. Sub-trees of ViI can be identified by DFS
visits stopping at nodes with in-degree greater than 1.

Our procedure, though similar to RECYCLE-PIVOTS
of [16] (and of same linear complexity), follows a two-level
scheme, that allows us to use a simple data structure for sets
of implied pivots. Whereas in [16] a single depth-first visit of
Vi is done, and several sets of implied pivots (one for each
sub-tree) are dynamically created and updated.

Our strategy for sub-tree visit (function REDUCE-
PROOFREDUNDANTPIVOTS) is based on first sorting nodes
in pre-order, to be iteratively selected as roots of sub-trees,
visited by function REDUCENODE. A single set of implied
pivots is kept, encoded by an array of Booleans (one for each
literal). Parameter recurred is exploited to block tree visit at
nodes with in-degree > 1, in all cases but the first (non recur-
sive) call from REDUCEPROOFREDUNDANTPIVOTS. Function
RestoreResGraph(VHT ) is finally called to clean-up the data
structure after removals of redundant edges (and nodes).

B. Proof Reduction for Interpolants

In this second phase, we operate another set of simplifi-
cations that work on the proof graph, and reduce it, taking
into account the corresponding interpolant circuit. Due to
variable quantification on root nodes (clauses) of Vi, and to
transformation of internal nodes into AND/OR gates, we
simplify the proof graph by applying combinational reductions:
(forward) propagation of constants/equivalences, and (back-
ward) propagation of Observability Don’t Cares.

Forward propagation of constants and node equivalences is
done by exploiting both (cheaper) structural equivalences and
(more expensive) BDD-based sweeping.

The potentially high impact of constant propagation heavily
relies on literal and/or full clause substitutions at root clauses
(see Section II-D). Starting from root nodes, we propagate
constants and equivalences to intermediate proof nodes. Due
to non canonical representations, equivalences are enforced by
(canonical) BDD-based sweeping [21]. As a cost-efficiency
trade-off, we just store BDDs for chain header nodes, we
disable dynamic reordering, and we adopt a threshold on BDD
sizes. Whenever the BDD size of a node is greater than the
threshold, BDD computation is disabled on node successors.

The procedure is represented in figure 3, where function
PROPAGATEEQUIV is called for each node (in post-order),
in order to forward propagate equivalences and implications.



REDUCEITPPROOF (V4T)

/I init sweepHash and equiv classes

foreach node v; € VHT
ldrvi] = v;

foreach node v; € Vi following post-order
PROPAGETEEQUIV (v;)

MERGEEQUIV(V{)

foreach node v; € Vi1 following pre-order
ODCREDUCE (v;, 0)

RESTORERESITPGRAPH(V{Y)

PROPAGATEEQUIV(v;)
if v; is root then compute p(v;) with ITP rule
else
OP = choose between V and A with ITP rule
const; = propagateConstants (vj,0, vs,1, OP)
if is constant then Idr[v;] = const;
else
/I try computing BDD
BDD; = computeBddWithSizeThresh(v; o, vi,1, OP)
// Hash if chain header
if not aborted and v; is chain header then
v; = lookup(sweepHash,BD D)
if not nil v; then
ldr{v;] = ldr{v;] // merge v; to v;

ODCREDUCE(v;, recurred)
if v; is a chain header
if recurred and in — degree(v;) > 1 then return
if visited then return
Mark v; as visited
if root then return
OP = choose between V and A with ITP rule
vo = choose out of chain between v; 0 and v; 1
v1 = choose other node between v; o and v;,1
if impliedNode v then vg = nil // remove edge
else
ODCREDUCE (vg, T)
if reduced to constant vy then handle constant
IMPLYNODE (vg)
if IMPLIEDNODE (v1) then v1 = nil // remove edge
else
ODCREDUCE (v1, T)
if reduced to constant v; then handle constant
UNIMPLYNODE (vg)

Fig. 3. Proof reduction taking into account interpolation.

After all propagations have been operated, function MERGEE-
QUIV (details not shown) is called, in order to re-build VT,
taking into account previously found constants and equiva-
lences. Equivalence classes are handled by the classical linear
scheme, in which an element is considered as class leader, and
all class elements point to it in the Ldr array.

On the other direction, we backward propagate Observ-
ability Don’t Cares, using linear-time constant propagations,
at each intermediate AN D/OR node. Function ODCREDUCE
is thus called in pre-order (from v | towards root clauses). A
single array table is maintained, where each v; node can be
directly implied (implyNode), or unimplied (unimplyNode).

Whenever processing the generic v; node, we consider
successor nodes with in-degree > 1 as potential ODCs. Let’s
for instance suppose that v; has two successors, named vy and
v1, and that the node is translated into an AND gate. Let

us also suppose that in-degree(vg) > 1. So we imply vp to
constant value 1, throughout all recursive processing of node
v;. Implication is undone after recurring on v;. The effect is to
remove (by redirecting to constant) all other edges to vy that
are potentially found in a proof sub-tree rooted at v;.

IV. INTERPOLANT COMPACTION BY COMBINATIONAL
SYNTHESIS

The last step of our reduction process is done on an AIG
(And-Inverted Graph [22]) representation, i.e. a combinational
circuit generated as described in II-D. We have now fully
lost the (reduced) proof graph, so our purpose is to further
simplify a Boolean function/circuit, taking into account that it
can still be highly redundant, despite the simplifications done
at previous steps.

CoMBITPCOMPACT(IT P)
for (¢ = 0; © < maxIter and enough progress; ¢ + +)
do
AIGBALANCERIGHT(IT P)
AIGBALANCELEFT(ITP)
AIGREWRITE(/T P)
AIGBDDSWEEP(IT' P)
while enough progress
if ¢ < 2 then
AIGITEDECOMPREC(/T'FE/, maxRec, Unbalanced)
else
AIGITEDECOMPREC(IT FE, maxRec, Balanced)

AIGITEDECOMPREC(F', maxRec, strategy)
if -maxzRec < 1 or [ITP| < th then
localOptimize(F')
return
do
search node NN; with highest fan-out
compute Fy, and F.n, cofactors
if ACCEPTDECOMP(N;, Fi,, F-n,, strategy) then
AIGITEDECOMPREC(/V;, maxRec-1, strategy)
AIGITEDECOMPREC(Fy,;, maxRec-1, strategy)
AIGITEDECOMPREC(F- n,, maxRec-1, strategy)
F = ITE(N;, Fn,, F-n;)
FASTOPTIMIZE(F')
else
exclude N; from decomp candidates
while not max try done

Fig. 4.

Our simplifications (see figure 4) repeatedly apply pre-
liminary cheap reductions, based on AIG balancing (in two
preferred directions) and light weight rewriting, followed by a
BDD-based sweeping, more aggressive than the one described
in section III-A, as (though still disabling dynamic reorder-
ing and using a size threshold) we compute BDDs for all
internal AIG nodes and allow new variables at internal cut
points. The above described simplifications are repeated as
far as they are obtaining enough reduction. Then we operate
an ITE-based decomposition (function AIGITEDECOMPREC)
specifically thought for cases of large circuits (e.g. AIGs of
size greater than 50000 gates). Our final simplification step
is based on a more expensive procedure (LOCALOPTIMIZE)
where we apply rewriting and refactoring from [23], [24],
and, in case of limited set of support variables, BDD-based re-
synthesis. As we empirically observed that LOCALOPTIMIZE

Itp combinational compaction.



is too expensive on large circuits, we recursively split it in
sub-circuits, based on the ITE (If-Then-Else) decomposition.
Given a function (circuit) F', we select an internal node with
high fan-out, N;, and express F' in terms of NV; and of the two
cofactors of F' w.r.t. N;:

Frrg = ITE(N;, Fn,, F_n;,)

Function ACCEPTDECOMP filters out bad decompositions: a
decomposition is accepted if the shared circuit size of Firg
has an acceptable overhead w.r.t. the size of F, i.e. |Firg| <
a|F| (typical values for « are in the range 1.11.2).

V. EXPERIMENTAL RESULTS

We implemented a prototype version of our methodology
on top of the PATRAV tool [25], a state-of-the-art verification
framework which ranked within the top three tools (for single
property, UNSAT category) in all past Model Checking Com-
petitions [5]. The experimental data in this section are oriented
to provide an evaluation of the techniques proposed in this
paper, as well as a comparison with standard interpolation.
Our experiments ran on a Quad-core workstation, with 2.5
GHz CPU frequency and 16 GB of main memory. We set time
and memory limits to 1200 seconds and 2 GB, respectively.

We performed an extensive experimentation on a se-
lected sub-set of 25 publicly available benchmarks from the
HWMCC2011 [26] suite. We selected them by excluding
problems that PATRAV could solve in less than 1 minute
(at the HWMCC2011), and those that we couldn’t solve
with any technique (including the one presented here). It is
worth noticing that most of the selected benchmarks are from
industrial origin (IBM, Intel).

Table I provides detailed data, showing (column Std Itp)
the best results we could obtain, without the simplifications
described in this paper. Columns Opt 1 through Opt 5, show
an incremental application of our optimizations, starting from
(Opt 1) pure combinational logic synthesis (see section 1V),
to various flavours of techniques in section III: pure proof
reduction (Opt 2), incrementally complemented by constant
propagation and structural equivalences (Opt 3), ODC-based
simplifications, BDD-based sweeping (Opt 4 and Opt 5).
Though we generally observed a lower memory usage in the
optimized cases, we don’t explicitly report memory data, as we
consider them a secondary contribution, compared to overall
run-time and experiment completion.

Albeit table I doesn’t highlight a clear winner for all
benchmarks, it clearly shows that Opt 4 and Opt 5 (the
most complete techniques, differing only by a more aggressive
search for equivalences) are more effective/robust overall.

The plots of figures 5 and 6 give a different view
of the same results. Figure 5 plots run-times for individual
optimization strategies, with different orders for each approach,
in order to provide monotonic curves. It basically confirms
that we extended the overall capability of our portfolio, with
techniques Opt 4 and Opt 5 showing best performance.

Figure 6 provides a better comparison between best results
we could obtain without and with any of the optimization
proposed. Again, it’s easy to observe that the improvement
is not negligible.
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mized (best results for both approaches compared).

VI. CONCLUSIONS

We addressed the problem of optimizing interpolants for
SAT-based Unbounded Model Checking. Our main contri-
bution is to provide an integrated approach, that improves
over standard interpolation, by reducing memory and time
performance. Though we didn’t target a new Model Check-
ing algorithm, we experimentally observed that the proposed
optimizations have improved both performance and scalability
of our existing UMC approaches. Albeit we need to put some
extra effort in a better engineering and overall integration of
the proposed techniques, as well as more experimental work,
we deem that present experimental data clearly witness the
improvements attained.
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